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Preface 



The term "quantum group" was popularized by Drinfeld in his address to the International 
Congress of Mathematicians in Berkeley . However, the concepts of quantum groups and qua- 
sitriangular Hopf algebras are the same. Therefore, Hopf algebras have close connections with 
various areas of mathematics and physics. 

The development of Hopf algebras can be divided into five stages . 

The first stage is that integral and Maschke's theorem are found. Maschke's theorem gives 
a nice criterion of semisimplicity, which is due to M.E. Sweedler. The second stage is that 
the Lagrange's theorem is proved, which is due to W.D. Nichols and M.B. Zoeller. The third 
stage is the research of the actions of Hopf algebras, which unifies actions of groups and Lie 
algebras. S. Montgomery's "Hopf algebras and their actions on rings" contains the main results 
in this area. S. Montgomery and R.J. Blattner show the duality theorem. S. Montegomery, M. 
Cohen, H.J. Schneider, W. Chin, J.R. Fisher and the author study the relation between algebra 
R and the crossed product R# a H of the semisimplicity, semiprimeness, Morita equivalence and 
radical. S. Montgomery and M. Cohen ask whether R# a H is semiprime when R is semiprime 
for a finite-dimensional semiprime Hopf algebra H. This is a famous semiprime problem. The 
answer is sure when the action of H is inner or H is commutative or cocommutative, which is 
due to S. Montgomery, H.J. Schneider and the author. This is the best result in the study of 
the semiprime problem up to now. However, this problem is still open. Y. Doi and M. Takeachi 
show that the crossed product is a cleft extension. 

The research of quantum groups is the fourth stage. The concepts of quantum groups and 
(co)quasitriangular Hopf algebras are the same. The Yang-Baxter equation first came up in a 
paper by Yang as factorization condition of the scattering S-matrix in the many-body problem 
in one dimension and in work of Baxter on exactly solvable models in statistical mechanics. It 
has been playing an important role in mathematics and physics ( see |10| . |76j ). Attempts to 
find solutions of the Yang-Baxter equation (YBE) in a systematic way have led to the theory 
of quantum groups. In other words, we can obtain a solution of the Yang-Baxter equation by 
a (co)quasitriangular Hopf algebra. It is well-known that the universal enveloping algebras of 
Lie algebras are Hopf algebras. But they are not quasitriangular in general. Drinfeld obtained 
a quasitriangular Hopf algebra by means of constructing a quantum enveloping algebras of 
simple Lie algebra. Drinfeld also obtained a quasitriangular Hopf algebra D(H), quantum 
double, for any Hopf algebra H. D.E. Radford and R.G. Larson study the algebraic structure 
of (co) quasitriangular Hopf algebras. Kassel's "Quantum Group" contains the main results in 
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this area. 

The research of braided Hopf algebras and classification of finite-dimensional Hopf algebras 
are the fifth stage. Supersymmetry has attracted a great deal of interest from physicists and 
mathematicians (see [65], |110j . [88] ). It finds numerous applications in particle physics and 
statistical mechanics ( see [30] ) . Of central importance in super symmetric theories is the 
^-graded structure which permeates them. Superalgebras and super-Hopf algebras are most 
naturally very important. 

Braided tensor categories were introduced by Joyal and Street in 1986 [61J. It is a gen- 
eralization of super case. Majid, Joyal, Street and Lyubasheko have reached many interesting 
conclusions in braided tensor categories, for example, the braided reconstruction theorem, trans- 
mutation and bosonisation, integral, q-Fourier transform, q-Mikowski space, random walk and 
so on (see [76], [52], [S3], [SB], [73] ). 

The main results of my research consist of the following: 

In braided tensor categories we show the Maschke's theorem and give the necessary and suffi- 
cient conditions for double cross biproducts and crossbiproducts and biproducts to be bialgebras. 
We obtain the factorization theorem for braided Hopf algebras; 

In symmetric tensor categories, we show the duality theorem and construct quantum double; 

In ordinary vector space category with ordinary twist, we obtain the relation between the 
global dimension, the weak dimension, the Jacbson radical, Baer radical of algebra R and its 
crossed product R# a H. We also give the relation between the decompositions of comodules and 
coalgebras. We obtain all solutions of constant classical Yang-Baxter equation (CYBE) in Lie 
algebra L with dim L < 3. We also give the sufficient and necessary conditions for (L, [ ], A r , r) 
to be a coboundary (or triangular ) Lie bialgebra. 

These are also the points of originality of this book. 

This book is organized into three parts. In the three parts we study Hopf algebras in braided 
tensor categories, symmetric braided tensor categories and the category of vector spaces over 
field k with ordinary twist braiding respectively. Furthermore, we divide the three parts into 
twelve chapters and they are briefly described as follows. 

In Chapter [H we recall the basic concepts and conclusions of Hopf algebras living in braided 
tensor categories. 

In Chapter [21 we obtain the fundamental theorem of Hopf modules living in braided tensor 
categories. In Yetter-Drinfeld category, we obtain that the antipode S of H is invertible and the 
integral of H is a one-dimensional space for any finite-dimensional braided Hopf algebra H. 
We give Maschke's Theorem for YD Hopf algebras. 

In Chapter O the double biproduct D = A txi H of two bialgebras A and H is constructed 
in a braided tensor category and the necessary and sufficient conditions for D to be a bialgebra 
are given. The universal property of double biproduct is obtained. In particular, the necessary 
and sufficient conditions for double biproducts, double products (or bicrossed products ), double 
coproducts, Drinfeld double and smash products of two anyonic (or super ) Hopf algebras A and 
H to be anyonic Hopf algebras (or super-Hopf algebras) are obtained. 

In Chapter HI we construct the bicrossproducts and biproducts in braided tensor category 
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(C,C) and give the necessary and sufficient conditions for them to be bialgebras. We obtain 
that for any left module (A, a) of bialgebra H the smash product A^H is a bialgebra iff A is 
an H- module bialgebra and H is cocommutative with respect to (A, a). 

In Chapter [5J We show that the braided group analogue of double cross (co)product is the 
double cross (co)product of braided group analogues, we give the factorization theorem of Hopf 
algebras living in braided tensor categories and the relation between Hopf algebra H and its 
factors. 

In Chapter [6l braided m-Lie algebras induced by multiplication are introduced, which gen- 
eralize Lie algebras, Lie color algebras and quantum Lie algebras. The necessary and sufficient 
conditions for the braided m-Lie algebras to be strict Jacobi braided Lie algebras are given. Two 
classes of braided m-Lie algebras are given, which are generalized matrix braided m-Lie algebras 
and braided m-Lie subalgebras of EucIfM, where M is a Yetter-Drinfeld module over B with 
dim B < oo . In particular, generalized classical braided m-Lie algebras sl q j(GMQ(A),F) and 
osp q j(GMG(A), M, F) of generalized matrix algebra GMg(A) are constructed and their connec- 
tion with special generalized matrix Lie superalgebra sl s j(GMz 2 (A s ), F) and orthosymplectic 
generalized matrix Lie super algebra osp s ,t{GMz 2 (A s ), M s , F) are established. The relationship 
between representations of braided m-Lie algebras and their associated algebras are established. 

In Chapter [71 we construct the Drinfeld double in symmetric tensor category. 

In Chapter [81 we give the duality theorem for Hopf algebras living in a symmetric braided 
tensor category. Using the result, we show that 

(R#H)#H* 9* M n {R) as algebras 

when H is a finite-dimensional Hopf algebra living in a symmetric braided vector category. In 
particular, the duality theorem holds for any finite-dimensional super-Hopf algebra H. 

In chapter [U we give the relation between the decomposition of coalgebras and comodules. 

In Chapter [TUl we obtain that the global dimensions of R and the crossed product R# a H are 
the same; in the meantime, their weak dimensions are also the same when H is finite-dimensional 
semisimple and cosemisimple Hopf algebra. 

In Chapter [TT1 we obtain that the relation between //-radical of //-module algebra R and 
radical of R#H. 

In Chapter [121 we gi ye that the relation between //-radical of twisted //-module algebra 
R and radical of crossed product R# a H. We also obtain that if H is a finite-dimensional 
semisimple, cosemisimple, and either commutative or cocommutative Hopf algebra, then R is 
ZZ-semiprime iff R is semiprime iff R# a H is semiprime. 

In Chapterll31 all solutions of constant classical Yang-Baxter equation (CYBE) in Lie algebra 
L with dim L < 3 are obtained and the sufficient and necessary conditions for (L, [ ], A r , r) to 
be a coboundary (or triangular ) Lie bialgebra are given. 

The strongly symmetric elements in L (g) L are found and they are all solutions of CYBE. 

In Chapter [Lil we classify quiver Hopf algebras. This leads to the classification of multiple 
Taft algebras as well as pointed Yetter-Drinfeld modules and their corresponding Nichols alge- 
bras. In particular, when the ground-field k is the complex field and G is a finite abelian group, 
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we classify quiver Hopf algebras over G, multiple Taft algebras over G and Nichols algebras in 
^.yV. We show that the quantum enveloping algebra of a complex semisimple Lie algebra is a 
quotient of a semi-path Hopf algebra. 

I would like to express my gratitude to my advisors Professor Wenting Tong and Professor 
Yonghua Xu. 

I would like to express my gratitude to Professor Boxun Zhou for his support. 

I am very grateful to Professor Nanqing Ding, Professor Fanggui Wang, Professor Jianlong 
Chen, Professor Huixiang Chen, Professor Guoqiang Hu, Professor Jinqing Li and Professor 
Minyi Wang for their help. 

Finally, I wish to thank my parents, my wife and all of my friends for their support. 
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Chapter 1 

Preliminaries 



We begin with the tensor category. We define the product CxDof two category C and T> whose 
objects are pairs of objects (U, V) £ (obC, obV) and whose morphisms are given by 

Hom Cx v((V, W){V', W')) = Hom c {V, V) x Hom v {W, W'). 

Let C be a category and g) be a functor from C x C to C. This means 

(i) we have object V g) for any V", W € obC; 

(ii) we have morphism / <8) 5 from £7 g) V to X g) y for any morphisms / and g from [7 to X 
and from Fto 7; 

(iii) we have 

U®g)(f'®g') = (ff')®(99') 

for any morphisms f : U -> X, g : V -> Y, f':U' -> V and cf : V -> V; 

(iv) idu®v = idu <g idy. 

Let ®r denote the functor from C x C to C such that (<gr)(£7, V) = (V® U) and (<gr)(/, 5) = 
<7 <g /, for any objects [7, V, X, y in C, and for any morphisms / : U — > X and 5 : y — ► y. 
An associativity constraint a for tensor <g is a natural isomorphism 

a : <8>(<8> x id) — > g)(id x ®). 

This means that, for any triple (U, V, W) of objects of C, there is a morphism au,v,w '■ {U <g V) (g 
-> C7 (y VF) such that 

ac/',y,w((/ ®g)®h) = (f®(g® h))au,v,w 

for any morphisms /, 5 and /i from U to £7', from V to V and from W to W' respectively. 
Let I be an object of C. If there exist natural isomorphisms 

I : <8>(I x id) — ► id and r : g)(id x 7) — ► id , 

then I is called the unit object of C with left unit constraint I and right unit constraint r. 
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Definition 1.0.1. (C,<g>,I,a,l,r) is called a tensor category if C is equipped with a tensor 
product (8, with a unit object I, an associativity constraint a , a left unit constraint I and a right 
unit constraint r such that the Pentagon Axiom and the Triangle Axiom are satisfied, i.e. 

(idjj <8 av,w,x)au,v®w,x(au,v,w <8 idx) = au,v,w®xau®v,w,x 

and 

(idy <8 l\v) a v,i,w = r v ® idw 

for any U,V,W,X G obC. 

Furthermore, if there exists a natural isomorphism 

C : <8 -> <8r 

such that the Hexagon Axiom holds, i.e. 

av,w,uCu,v®wau,v,w = (idv <8 Cjj,w)av,u,w(Cu,v <8 i^w) 

anc? 

a w,u,v^um,wOqjy W = (^f/.w ® idv)a^ wv (idu <8 Cy,w), 

for any U, V,W G 06C, i/ien (C,®,I,a,l,r,C) is called a braided tensor category. In this case, 
C is called a braiding of C. If Cjjy = Cy\s f or an V U, V G 06C, i/ten (C, C) is called a symmetric 
braided tensor category or a symmetric tensor category. Here functor t: CxC^CxC is the 
flip functor defined by r(U xV) = VxU and r(f xg) = gx f, for any U,V G C, and morphisms 
f and g. Note that we denote the braiding C in braided tensor category (C, <8, a, I, r, C) by C 
sometimes. 

A tensor category (0,0, 1, a, I, r) is said to be strict ifa,r,l are all identities in the category. 
By Definition, the following Lemmas are clear 

Lemma 1.0.2. Let be a functor from C x C to C and I an object in C. Then (C, ®,I,a = 
id, I = id,r = id) is a strick tensor category iff 

(ST1): (U ®V)®W = U ®(V <g> W) for any U,V,W G obC; 
(ST 2): I®U = U ®I = U for any U G obC. 

Lemma 1.0.3. Let <£> be a functor from C x C to C and I an object in C. Assume that there 
exists a natural isomorphism C : <8 — > ®t. Then (C,®,I,a = id, I = id,r = id,C) is a strick 
braided tensor category iff (C, (g>, I, a = id, I = id,r = id) is a strick tensor category and 

(SBT3): Cu,v®w = (idv <8 C UtW )(Cuy <8 id w ) for any U,V,W G obC; 

(SBT4): C umw = (C U:W <8 id v )(idu <8 C v ,w) for any U,V,W G obC. 

Let (C, (8, a, I, r) and (V, (8, a, I, r) be two tensor categories. A tensor functor from C to 
V is a triple (F, fio,^), where F is a functor from C to V, fiQ is an isomorphism from I to F(I), 
and 

H(U, V) : F(U) ® F(V) -► F(E/ V) 
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is a family of natural isomorphisms indexed by all couples (U, V) of objects of C such that 

H(U, V ® W){id F{u) ® fi(V, W))a F{u ^ F( y),F(W) 
= F(a U)VtW )n(U ® V, W)(fi(U, V) ® 
^(17) = F ih)v(I, U)((f <S> id Fiu) ) 

and 

r F(C7) = F (ru)K u J)( id F(u) ® j"o) 
for any U,V,W £ obC. Furthermore, if (C, C) and (D, C") be two braided tensor categories, and 

F(C vy ,)fi(F(V), F(V')) = n{F(y'), F(y))C F (y),F(V) 

for any V, V £ obC, then (F, /i , n) is called a braided tensor functor. 

We now construct a strict tensor category (C str ,(&) by a general braided tensor category 
(C, <g>, I, a, Z, r, C) as follows. The objects of C str consist of all finite sequences S = (Vi, V2, ■ ■ ■ V n ) 
of C, including the empty sequence 0. The integer n is called the length of the sequence S = 
(Yi-, V2, • • • V ri ). The length of empty sequence is zero. As in [64, P 288 - 291], let 

F((Vi,V 2 ,--- ,V n )) = ({■■■(V l ®V 2 )®---)®V n - l )®V n , F(0) = /, 

Hom e str(S",S'") = Hom c (F(S"),F(S'")), 
/i(0, 0) = h, fi(S, 0) = r F(S) /i(0, S) = l F(S) , 

K S , (V)) = id F(S)®V, 

fj,(S, S'®(V)) = ( M (5, 5') ^y)a-J s)jF(s , )jy (1.1) 

for S,S',S",S"' £ ob(C str ) with 5^0 and 5' 7^ 0. It is shown that the two tensor categories 
C str and C are equivalent in [6i\ Proposition XI. 5.1] . If S = (V), then we write S = V in short. 
If, for any pair of objects (5, 5') in C str , we define 

F(C s ,s>) = n(s , ,S)c F{s)tFm rts,s'r 1 , 

we shall show that (C str , C) is a strict braided tensor category. 

Definition 1.0.4. let F : C —* 2?oe a functor. Then F is an equivalence of categories if there 
exist a functor G : T> —* C and natural isomorphisms 

rj : idx> — > FG and : Gi 7 — > idc- 

we now give a useful criterion for a functor F : C — ► T> to be equivalence of categories, let 
us first say that a functor : C — > 2? is essentially subjective if, for any object W of 2?, there 
exists an object V of C such that F(V) = WmD. It is said to be faithful ( resp. fully faithful 
) if, for any couple (V, V ) of object of C, the map 

F : Hom{Vy) -» #om(F(F), F(F')) 

on morphisms is injective (resp.bijective). 
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Proposition 1.0.5. A functor F : C — > V is an equivalence of categories if and only if F is 
essentially surjective and fully faithful. 

Proof, (a) Suppose that F is an equivalence. Then there exist a functor G : V — ► C and 
natural isomorphisms 77 : idv — ► FG and : GF — > zcfc. The first isomorphism shows that 
W = F(G(W)) for any object W of C. In other words. F is essentially surjective. Now consider 
a morphism / : V — > V in C. The square 

0(f) 

GF(F) — ► V 
I GF(f) I / 

GF(F') — ► V 
9{V) 

commutes. It results that if F(f) = F(f'), hence GF(f) = GF(f'), then we have / = f. 
Therefore, the functor F is faithful.Using the natural isomorphism 77 in a similar waywe prove 
that G is faithful too. Now consider a morphism g : F(V — > F(v'). Let us show that g = F(f) 
where / = ©(v 7 ) o G{g) o 0(F)- 1 . Indeed, 

o o 0(F)- 1 = / = 9(v') o G{g) o 0(F)- 1 . 

Therefore GF(f) = G(g). As G is faithful, we get 5 = This proves that F is fully faithful. 

(b) Let F is essentially surjective and fully faithful functor. For any object W in T>, we 
choose an object G(W) of C and an isomorphism rj(W) : W — ► FG(H^) in D. If 5 : IF — > IF' is 
a morphism of T>. We may consider 

r](W') ogo niW)- 1 : FG{W) -► FG(W'). 

Since F is fully faithful, there exists a unique morphism G(p) from G(W) to G(W) such that 
FG{g) = r]{W) ogo n{W)- 1 : FG{W) -► FG(W'). 

One checks easily that this define a functor G from D into C and that ry : id-p — > FG is a natural 
isomorphism. In order to show that F and G are equivalences of categories, we have only to find 
a natural isomorphism 9 : GF — ► id c . We define 0(F) : GF(F) -> F for any object F G Ob(C) 
as the unique morphism such that F(9(V)) = ??(F(F)) _1 . It is easily checked that this formula 
defines a natural isomorphism. □ 

Proposition 1.0.6. The categories C str and C are equivalent. 

Proof. The map F defined above on objects of C str extends to a functor F : C str — ► C which 
is the identity on morphisms, hence fully faithful. As any object in C is clearly isomorphic to 
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the image under F of a sequence of length one, we see that F is essentially surjective. This 
proves the proposition in view of Proposition 1.0.5. Observe that G(V) = V defines a functor 
G : C — > C str which is the inverse equivalence to F. Indeed, we h&veFG = idc- '■ GF — > id^str 
via the natural isomorphism 

0(5) = id F{s) : GF{S) 
Lemma 1.0.7. IfS,S',S" are objects on C str , we have 

fi(S, 5'<8>5") o (ids ® m(5', S")) o a F ( S ),F(S'),-F(S") = (J>(S®S', s ") ° (M5 S') ® id 5 »)- 
Proof. We proceed by induction on the length of 5". If S" = 0, we have 



n(S,S')(id s <8 K s ',®)) a F{S),F(S'),l = n(S, S'){id F{s) <8 r F ( S ")) a F(S),F(S'),i 

= m(5, S')r F ( S )®F(S') 

= r F(s®s>) 0(5, 5') (8) id/) 

= /z(5®5',0)Ou(5,5')<8id 7 ). 

The first and last equalities are by definition, the second one by [641 Lemma XI. 2. 2] and the third 
one by naturality of r. 

Let V be an object of the category. Let us prove that the equality of [631 Lemma XL 5.2] for 
the triple(5, 5', 5") implies the equality for (5, 5', 5"®(V*)). We have 



M(5, 5'® 5"® (10) (ids ® M(5', 5 ,/ ®(y)))a i?(s)jjF(SO)F(5 » My)) 
= (//(5, 5'<85") (8 *dy)a^, g j j _ p , s , (g)(S ,« )V (ids <8 /u(5', 5") idy) 

(id s «^(s'),ir(s"),v) a -p , (s),i ;, (S'),i ;, (5"®(y)) 
= (/z(5, 5'<85") id v )(id s <8 /i(5', 5" «dy))a^( 5))F(5 , )8F(s ,, ))V 

(ids 8> a ^(s'),F(S"),v) a ^(<S'),-F(S'),-F(S"®(V)) 

= (m(5, 5'®5") ® idv)(^s <8 M(5', 5" ® idy)) 

(*F(S),F(S')f(S») ® ^vO a F(S)®F(S'),F(S'')y 
= [n(S®S', S") <8 idy)(/x(5, 5') id s » i ^))«^(s)^F(S'),F(5")y 
= [n(S®S', S") (8 «dy)a~^ F(5 ^ 5;)jF(5 , /)y (^(5, 5') (8 ids" ® idy) 
= (/i(5®5', 5"®(y))(/x(5, 5') 8 ids^ (y) ). 

The first and last equalities follow from (11. lh . the second and fifth ones from the naturality of 
the associativity constraint, the third from the Pentagon Axiom, and the fourth one from the 
induction hypothesis. □ 

Theorem 1.0.8. Equipped with this tensor product C str is a strict tensor category. The 
categories C and C str are tensor equivalent. 
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Proof. It is easy to check that <S> is a functor. This functor is strictly associative by con- 
struction. Therefore C str is a strict tensor category. 

In order to prove that it is tensor equivalent to C, we have to exhibit tensor functors and 
natural isomorphisms. We first claim that the triple(i ? , idi, fx) is a tensor functor from C str to C 
where fi is the natural isomorphism defined above. By [641 Lemma XI. 5. 2] and |64l Proposition 
XI. 5. 2], the functor G of the proof of is a tensor functor. Finally, the natural isomorphism 9 is 
a natural tensor isomorphism. □ 

Theorem 1.0.9. // (C,C) is a braided tensor category, then so is (C str ,C), and the two 
braided tensor categories are equivalent. 

Proof. We first show that 

Cs,s'®s» = (id s >®C s ,s")(C 's,si®ids>>) 

and 

Cs®s',s" = {Cs,s"^ids')( i ds0C S ',s")- 

We only check the first relation. The second one can similarly be shown. 
We see that 

F ( the right side of the first relation ) 

= fx(S', S"^S)(id F{sl) ® F(C StS »))ii(S', S&S")- 1 

V(S'®S, S")(F(C s ,s>) ® idF^niS^S', S") -1 
= fj,(S', S"®S)(id F (s>) ® fJ-(S", S)C F ( S ),F(S"))f J '(S, S")^ 1 )^', S&S")' 1 fj,(S'®S, S") 

(/i(S", S)C F{ShF{s/) fi(S, S'y 1 <g> id F ( S//) )[i(S®S', S")' 1 
= /z(S', S"®S)(id F ( S >) ® K s ", S))(id F (S') ® C F ( S ),F(S"))( id F(S') ® K s , S")' 1 ) 

fiis^s^s'T^is'^s, s") 

(fi(S', S) <g> id F(s » ) )(C F( 5 )iF(5 /) <g> id F( s«) )(>(£, S'y 1 ® id F{S "))n(S®S' , S")' 1 

= fi(S'®S", S)(fJ,(S', S") (g) idF(S))a F ls>),F{S"),F{S)( idF (S') ® C F(S),F(S")) a F(S>),F(S),F(S") 

(Cf(S),f(S') ® i dF(S"))a F 1 {s))F{s , ))F{s , l) (id F{ s ) ® fJ,(S', S")' 1 )^, S'®S"y l 
by [Ml lemma XI.5.2] 

= n(S'®S", S)^(S', S") id F{s) )C F(s)>Fis/)ms//) (id Fis) ® n(S', s")- r )Ks, s'^s")- 1 
= n(S'®S", S)C F(s) , Fi s'®s»)KS, S'^S")- 1 
= F( the left side of the first relation. ) 

Therefore the first relation holds. 
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Next we can obtain that C is natural by the diagram below: 



Cf(s),f(s') 

F(S) ® F(S') — ► F(S') <8 F(5) 

\/i(5,5') /M(S",S) 



f®g{ lf®g lg®J i g ® / • 

F(T®T') F{T'®T) 

F(T) F(T') — > F(T') (8) F(T) 

Cf(t),f(t') 

Finally, we can easily check that F is a braided tensor functor and (C str ,C) and (C,C) are 
braided tensor equivalent categories. □ 

Therefore, we can view every braided tensor category as a strict braided tensor category and 
use braiding diagrams freely ( we can also see [Ml exercise 5 P337]). 

Example 1.0.10. (The tensor category of vector spaces ) The most fundamental example of 
a tensor category is given by the category C = Vect(k) of vector spaces over field k. Vect{k) is 
equipped with tensor structure for which <g> is the tensor product of the vector spaces over k, the 
unit object I is the ground field k itself, and the associativity constraint and unit constraint are 
the natural isomorphisms 

au,v,w{(u ® v) <8> w) = u® (v (& w) and Zy(l (8) v) = v = ry(v <g> 1) 

for any vector space U, V, W and u £ U,v G V,w E W. 

Furthermore, the most fundamental example of a braided tensor category is given by the 
tensor category Vect(k), whose braiding is usual twist map from U (8 V to V <g> U defined by 
sending a®b to b® a for any a G U,b G V . 

Now we define some notations. If / is a morphism from U to V and g is a morphism from 
V to W, we denote the composition gf by 



We usually omit I and the morphism idi in any diagrams. In particular, If / is a morphism 
from / to V, g is a morphism from V to /,we denote / and g by 

9, v 



V 
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If / is a morphism from U <8> V to P, g is a morphism from U <8> V to / and £ is a morphism 
from J7 <8> V to V <8> C, we denote /, 5 and £ by 

In particular, we denote the braiding Cjjy and its inverse C^ v by 

U V V u 

\ / \ / 
/\ ' /\ ■ 

Ft/ [/ y 

£ is called an i?-matrix of C if £ is a natural isomorphism from <g) to £g>r and for any U,V,W £ 
06C, the Yang-Baxter equation of C: 
(YBE): 

U V W U V w 




W V U W V u 



holds. In particular, the above equation is called the Yang-Baxter equation on V when U = 
V = W. 

Lemma 1.0.11. (i) The braiding C of braided tensor category (C,C) is an R-matrix of C, 
l ' e ' U V W U V W 




Proof, (i) 
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U V w 




u®v w 



V *\ by Hexagon Axiom 



W V U [Cv. 











Cv®u,w 



w v®u 



W V u 

u®v w 



U V w 



by naturality 



Cu®v,w 



by Hexagon Axiom 




W V U 



(ii) We have 



W v®u 



u vw u ® vw 





by naturality 



U <£> VW 
/ 




W P W P 



by Hexagon Axiom 



i/j 
W P 




W P 

Similarly, we can show the second equation. □ 

Now we give some concepts as follows: Assume that H,A 6 ob C, and 



a : H ® A — »■ A 

4>: A-> H® A 

m H : H (g> H -> H 

A H : H -> H® H 



(3:H®A^H, 
if>: H -> H®A, 
rriA ■■ A ® A -> A, 
A A : A -> A ® A, 
r) A :I^ A, 
e A :A^I. 
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are morphisms in C. 

(A,mA,rjA) is called an algebra living in C, if the following conditions are satisfied: 



AA A 



A AA 



A 



A 



-fmV \ m j" 



A 



A 



A 



A 



A 



A 



In this case, t]a and rriA are called unit and multiplication of A respectively. 

(H, Ah, en) is called a coalgebra living in C, if the following conditions are satisfied: 



H 

A 




H 

A 




H 

A 




H 

A 




H 



(Ak AA) 
HH H H HH H H H 

In this case, en and Ah are called counit and comultiplication of H respectively. 

If A is an algebra and H is a coalgebra, then Homc(H, A) becomes an algebra under the 
convolution product 




f*9 



and its unit element r] = t]a(-h- If S is the inverse of idn in Homc(H, H), then S is called 
antipode of H. 

If (H,m,H,VH) is an algebra, and (H, Ah, en) is a coalgebra living in C, and the following 
condition is satisfied: 



H H 
H H 




H H 



H H 



© 
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H H 



then H is called a bialgebra living in C. If H is a bialgebra and there is an inverse S of idn 
under convolution product in Homc(H, H), then H is called a Hopf algebra living in C, or a 
braided Hopf algebra. 

For V G object C, if there exists an object U and morphisms : 



d v : U <g> V -> I and by : / -» F ® [/ 



in C such that 



(dy ® idu~){idu ® by) = id\j and (idy <8) cZy)(6y (8) idy) = idy, 



19 



then U is called a left duality of V, written as V*. In this case, dy and by are called evaluation 
morphism and coevaluation morphism of V respectively. 

If U and V have left duality U* and V*, respectively, then V* ® U* is a left duality oiU ®V . 
Its evaluation and coevaluation are 

dum = dy(idy* ®du® idy), bum = i^du ®by ® idu*)bu, 

respectively. 

The multiplication, comultiplication, evaluation morphism and coevaluation are usually de- 
noted by 

,rS andf~^ 

in short, respectively. 

Let us first define the transpose /* : V* — > £/* of morphism / : f/ — ► V by /* = (d (8> 

idu*)(idy* <8> / (8> idu*){idy* <8> 5). 

P Q 



Lemma 1.0.12. Xei £ 



concerned have left duals . Then £ 



Proof. We see that 




6e a morphism from P <£> Q to Y '(g) Z and a// objects 




Q* P* 
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□ 



Proposition 1.0.13. (cf. \82\ Lemma 2.3, Pro. 2.4]) (i) If H is a Hopf algebra living inC, 
then Sm = ijiCh,h(S <8> S) and AS = Ch,h{S ® S)A. 

(ii) If (H, A^, nitf, t]h) is a bialgebra or a Hopf algebra living in C and has a left duality 
H* in C, then (H*, (Ah)*, (e#)*, (tjih)*, (t]h)*) is a bialgebra or a Hopf algebra in C. 

Proof, (i) 
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H H 




H 



Similarly, we can show AS = Ch,h(S <8> S)A. 

(ii) It is clear that H* is not only an algebra but also a coalgebra if we set Ah* = 

(m H )*,e H * = (m)* anci m H* = (A//)*. 

H* H* 



Now we show that 
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H*H* 



H*H* 



The left side = 



jj* //*//* 

H*H* 




the right side . 



H*H* 

Thus H* is a bialgebra living in C. If H is a Hopf algebra, then H* is also a Hopf algebra 
with antipode (£#)*. D 

If H is an algebra and the following conditions are satisfied: 

HH A H HA A A 




H H H A 



then (A, a) is called a braided //-module or an //-module living in C. 
If H is a coalgebra and the following conditions are satisfied: 

A 



A 

then (A,4>) is called a braided //-comodule or an //-comodule living in C Let h-M(C) and 
.M(C) denote the categories of //-modules in C and //-comodules in C, called a braided H- 
module category and a braided H- comodule category, respectively. Let h-M(C) = h-M and 
H M{C) = H M when C = Vect(k) in Example [nTTO! 

Similarly, we can define the concepts of algebra morphism, coalgebra morphism and H- 
module morphism. An algebra (A, a) is called an //-module algebra, if (A, a) is an //-module 
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and its unit ija an d multiplication m^ are .ff-module morphisms. Similarly, we can define the 
concepts of iJ-module coalgebra, ii-comodule algebra and //-comdule coalgebra. 

Assume that C is a concrete braided tensor category. If H is a braided bialgebra and M is 
an //-module in C, then 

M H := {x G M | hx = e(h)x,Vh G H} 

is called the invariants of M. If M is a regular module (i.e. the module operation is m ), 
then is called the integral of H and is written as . 

A bialgebra (H,m,r),A,e) with convolution-invertible in Home (I, H (8) i/) is called a 
quasitriangular bialgebra living in braided tensor category C if there is a morphism A : H —>■ 
H H such that (H, A, e) is a coalgebra and 

(QT1): 




HH H HH H 

(QT2): 



(QT3): 




H H H H 



In this case, we also say that (H, R, A) is a braided quasitriangular bialgebra in C. 

A bialgebra (H,m,r],A,e) with convolution-invertible r in Homc(H <£> H,I) is called a 
coquasitriangular bialgebra living in braided tensor category C if there exists a morphism 
m : H H ^ H such that (H, fh,rj) is an algebra and 

(CQT1): 

HH H H HH 




24 



(CQT2): 

HH H 




(CQT3): 

H H H H 




H H 



In this case, we also say that (H,r,fh) is a braided coquasitriangular bialgebra in C. 

A braided Hopf algebra H is called a braided group if there exists a braided quasitriangular 
structure (H, R, A) with A = Ah or there exists a coquasitriangular structure (H, r, fh) with 
m = fh. 

Let m op and A cop denote fnuC u x H and C : H 1 H A respectively. 

In particular, we say that (H, R) is quasitriangular if (H, R, A cop ) is quasitriangular. Dually, 
we say that (H, r) is quasitriangular if (H, r, m op ) is coquasitriangular. 

Let (H,R,A) be a quasitriangular bialgebra living in braided tensor category C. (V,a) is 
said to be symmetric with respect to (H,R,A), if (V,a) is a left ii"-module and satisfies the 
following condition: 



(SWRT) : 




H V 

Define 

0(H, A) = {V G H M I (V, a) is symmetric with respect to (if, i?, A)}. 

Let (H, r, fh) be a coquasitriangular bialgebra living in braided tensor category. (V, is 
said to be symmetric with respect to (H, r, fh) if (V, </>) is a left if-comodule and satisfies the 
following condition: 



H V 

\ / 



(SWRT) : 
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Define 



0(H,m) = {V G H M. | (V, 4>) is symmetric with respect to (H,r,m)}. 



Proposition 1.0.14. (i) If (H, R, A) is a quasitriangular bialgebra living in braided tensor 
category (C, <8), /, a, I, r, C), then (0(H, A),®, I,a,l,r,C R ) is a braided tensor category, where 



V W 



u v,w 




H V W 



and ctv®W 




W V 

for any (V, a v ), (W, a w ) G 0(H, A) 

fnj If(H, r, in) is a coquasitriangular bialgebra living in braided tensor category (C, <8>, I, a, Z, r), 
then (0(H,fh),®, I,a,l,r,C r ) is a braided tensor category, where 

V W 



CT 



v,w 




and <j)v®W 




H V W 



W V 

for any {V, fa), (W, <f>w) € 0(H, m). 

Proof. We only show part (i) since part (ii) can be shown similarly. We first show that 
0(H, A) is a tensor category. That is, we need show that V <8> W £ 0(H, A) for any V, W £ 
0(H,A). In fact, 



H V®W 




H V®W 
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H V W 



H V W 



by(SWRT) 



by(SWRT) 




Therefore 0(H, A) is a tensor subcategory of C. Next we show that C R is a braiding in 0(H, A). 

W V 



It is clear that the inverse of Cy W is 




V W 
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We see that 




W V W V 

Thus Cy W is an //-module morphism. 
We also see that 



f®l V W X 




X V w 
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V 



by(SWRT) 




{Cft x <g> id w )(id v (g> C$r X ). Thus 

Cv®w,x = (Cy,x ® »dw)(idv ® C# )X ). 
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Similarly, we have 

Cv,w®x = (idw ® Cv,x)( c v,w ®idx)- 
Therefore 0(H,A) is a braided tensor category. □ 

It is clear that 0(H, A™ p ) = H M(C) and 0(H, mf ) = H M(C) when (C, C) is a symmetric 
braided tensor category. 

Corollary 1.0.15. Let (C, <g>,I,a,l,r,C) be a symmetric braided tensor category, 
(i) If(H,R) is a quasitriangular bialgebra inC, then (h-M,®, I,a,l,r,C R ) is a braided tensor 
category. 

(%%) If (H,r) is a coquasitriangular bialgebra in C, then ( H Ai, <8>, I, a, I, r, C r ) is a braided 
tensor category. 

Let H be a bialgebra algebra in braided tensor category (C, C), and (M, a, 4>) a left ff-module 
and left H -comodule in (C,C). If 

H A 



(YD): 





H A 

then (M, a, (ft) is called a Yetter-Drinfeld .ff-module in C, written as YD ff-module in short. 
When H is a Hopf algebra algebra in braided tensor category (C,C), then the condition above 
is equivalent to 
(YD): 




H M 

Let ^yD^) denote the category of all Yetter-Drinfeld .ff-modules in C. If (C, C) = Vect(k), we 
write ^yD(C) =^ yD, called Yetter-Drinfeld category. It follows from |107| and |11| Theorem 
4.1.1] that ^yD(C) is a braided tensor category with YD C\jy = (av^idjj)(idH®Cjjy)((ftjj®idv) 
for any two Yetter-Drinfeld modules (U,(ftu,au) and (V, (ftv,ctv) when H has an invertible 
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antipode. In this case, YD C^ V = (idy <g> au){Cjj l v <g> idjj)^ -1 (8) C^ v ){C^ l H ® idy){idjj <g) </y). 
Algebras, coalgebras and Hopf algebras and so on in ^yD are called Yetter-Drinfeld ones or 
YD ones in short. 

The structure of a Nichols algebra appeared first in the paper [91] and was rediscovered later 
by several authors. 

Let V be a YD i?-module in Vect(k). A graded braided Hopf algebra R = © n>0 R(n) in 
^yT> is called a Nichols algebra of V if the following are satisfied: 

• k = R(0), 

• V = R(l) in %yV, 

• R(l) = P(R), the vector space of the primitive elements of R, 

• R is generated as an algebra by R(l). 

Remark 

Example 1.0.16. Let V be a finite- dimensional vector space over field k and V* = Homk(V, k). 
Define maps by : k —> V V* and dy : V* <g> V — » k by 

= y2 v i ® 1,1 an d ^2,dy{v l ® Vj) = v\vj) 

where {v{ \ i = 1, 2, • • • , n} is any basis of V and {v % \ i = 1, 2, ■ • • , re} is the dual basis in V* . 
It is clear that by and dy are evaluation and coevaluation ofV in Vect(k), respectively. 

Proposition 1.0.17. (i) Let (C,C) be a braided tensor category and H be an algebra living 
in C. If (V, a) is a left H-module and has a left duality V* in C, C), then V* is a left duality of 
V in h-M(C). Here the module operation ay* ofV* is defined as follows: 



H V* 




V* 



(ii) Let (C,C) be a braided tensor category and H be a coalgebra living in (C,C). If (V,ip) is 
a right H-comodule and has a left duality V* in (C, C), then V* is a left duality ofV in M.(C) . 

1 For any YD ff-module V, it follows from [7] Proposition 2.2] that there exists a unique Nichols algebra B(V) 
of V up to graded Hopf algebra isomorphism in § yV. The structure of B(V) can be described as follows: 

Let V be a YD //-module. Then the tensor algebra T(V) = ®„ >0 T(V)(n) of the vector space V admits a 
natural structure of a YD //-module, since is a braided monoidal category. It is then an algebra in %yD. 

Let T(V)&T(V) be the tensor product algebra of T(V) with itself in %yD. Then there is a unique algebra map 
A : T(V) -> T(V)g>T(V) such that A(v) = v ® 1 + 1 ® v for all v G V. With this structure, T(V) is a graded 
braided Hopf algebra in hYD. Let I(V) be the sum of all YD //-submodules / of T(V) such that 

• / is a graded ideal generated by homogeneous elements of degree > 2, 

• / is also a coideal, i.e., A(/) C / ® T(V) + T(V) <g> /. 
Then B{V) =T(V)/I(V). 
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Here the comodule operation ipy* of V* is defined as follows: 

V* 



Vv* = 




Proof . (i) We easily check that (V*,ay*) is a if-module. Now we show that dy and by 
are if-module homomorphisms. We see that 



V* V 



H V* V 



H V*®V 






Thus dy is an ii"-module homomorphism. 
We also see that 




H V* V 







V V* 
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V V* 



Thus by is an //-module homomorphism. 
(ii) is the dual case of part (i). □ 

Every algebra (coalgebra, Hopf algebra, quasitriangular Hopf algebra ) living in Vect(k) is 
called an algebra ( coalgebra, Hopf algebra, quasitriangular Hopf algebra ) or an ordinary algebra 
( ordinary coalgebra, ordinary Hopf algebra, ordinary quasitriangular Hopf algebra ) . We usually 
use (ft and 5~ to denote left comodule operations; ip and S + to denote right comodule operations; 
a and a~ to denote left module operations; (3 and a + to denote right module operations. We use 
The Sweedler's and Montgomery's sigma notations ( see |114| [87] ) for coalgebras and comodules 
are A(x) = Yl x\ (g) X2, <ft{x) = Y x^" l > (g> x^ , tft(x) = Y % ® x 5 or A(x) = Y x (i) ® x C2)i 
<ft{x) = Y x (-i) ® X(o), ip(x) = Y x (0) ® ^(1)- 

In fact, if H is an ordinary algebra and V is a finite-dimensional left //-module, then V has 
a left duality H* in category h-M. 
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Chapter 2 



The Maschke's Theorem for Braided 
Hopf Algebras 

In this chapter, we obtain the fundamental theorem of Hopf modules living in braided tensor 
categories. In Yetter-Drinfeld category, we obtain that the antipode S of H is invertible and the 
integral of H is a one-dimensional space for any finite-dimensional braided Hopf algebra H. 
We give Maschke's Theorem for YD Hopf algebras. 

Supersymmetry has attracted a great deal of interest from physicists and mathematicians 
(see [65] , |110| , [88] ) . It finds numerous applications in particle physics and statistical mechanics 
( see [30j ) . Of central importance in supersymmetric theories is the ^-graded structure which 
permeates them. Superalgebras and super-Hopf algebras are most naturally very important. 

Braided tensor categories were introduced by Joyal and Street in 1986 [61j . It is a gener- 
alization of super case. Majid, Joyal, Street and Lyubasheko have obtained many interesting 
conclusions in braided tensor categories, for example, the braided reconstruction theorem, trans- 
mutation and bosonisation, integral, q-Fourier transform, q-Mikowski space, random walk and 
so on (see [76], [82], [83], [88] , [73] ). 

In many applications one needs to know the integrals of braided Hopf algebras and whether 
a braided Hopf algebra is semisimple or finite-dimensional. A systematic study of braided Hopf 
algebras, especially of those braided Hopf algebras that play a role in physics (as, e.g. braided 
line algebra C[x] in [76] and anyonic line algebra C[£] = C{x} / < x n > in [88] ) is very useful. 

V. Lyubasheko in[7_3] introduced the integral for braided Hopf algebras and gave a formula 
about integral. S. Majid in [SB] obtained the integral of anyonic line algebra. In this chapter, we 
obtain that the antipode S of H is invertible and the integral J l H of H is a one-dimensional space 
for any finite-dimensional (super) anyonic or q-statistical Hopf algebra H. In particular, if H is a 
finite-dimensional (super) anyonic Hopf algebra, then f H is a homogeneous space. We show that 
a finite-dimensional (super) anyonic or q-statistical Hopf algebra H is semisimple iff e(f^) ^ 0. 
Furthermore, if H is a semisimple (super) anyonic Hopf algebra, then H is finite-dimensional. 

We begin by recalling some definitions and properties. Attempts to find solutions of the 
Yang-Baxter equation in a systematic way have led to the theory of quantum groups, in which 
the concept of (co)quasitriangular Hopf algebra is introduced . 
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A pair (H, r) is called coquasitriangular Hopf algebra if H is a Hopf algebra over field k 
and there exists a convolution- invertible fc-bilinear form r: H £g> H —* such that the following 
conditions hold: for any a,b,c £ H, 

(CQT1) r(a,bc) = X>(ai, c)r(a 2 , i>); 

(CQT2) r(afe,c) = £ K«, ci)r(b, c 2 ); 

(CTQ3) E r ( a i) & i)«2^2 = X)MiK a 2,& 2 )- 

Furthermore, if r _1 (a, 6) = r(b,a) for any a,b £ H, then (H,r) is called cotriangular. 
For coquasitriangular Hopf algebra (H,r), we can define a braiding C r in the category H M. 
of ii-comodules as follows: 

C T uy :U ®V — ► y ®U 

sending u®v to Yl r(v^~ 1 \u^-~ l ^)®v^u^ for any u £ U,v £ V, where (U, (f)jj) and (V, (f>v) are 
iJ-comodule and <frv(v) = ^u^ 1 ' (8> i^ - 1 (see [Ml Proposition VIIL5.2 ]). This braided tensor 
category is called one determined by coquasitriangular structure. Dually, we have the concept of 
quasitriangular Hopf algebra. We also have that (h-M. , C R ) is a braided tensor category, which 
is called one determined by quasitriangular structure. 

For example, let H = CZ n and r(a, b) = (e~) ab for any a,b £ Z n , where C is the complex 
field. It is clear that (CZ n , r) is a coquasitriangular Hopf algebra. Thus ( CZn A4, C r ) is a braided 
tensor category, usually written as C n . Every algebra or Hopf algebra living in C n is called an 
anyonic algebra or anyonic Hopf algebra (see [831 Example 9.2.4]). Every algebra or Hopf algebra 
living in C 2 is called a superalgebra or super-Hopf algebra. 

If H = CZ and r(a, b) = q ab for any a, b £ Z, then ( CZ 7W, C r ) is a braided tensor category, 
where ^ q £ C. Every algebra or Hopf algebra living in it is called a q-statistical algebra or 
q-statistical Hopf algebra (see [83 Definition 10.1.9]). 

For example, let (H, r) be a cocommutative cotriangular Hopf algebra. If (L, <f>) is a left 
.ff-comodule with an i/-comodule homomorphism [ , ] from L L to L in ( H M, C T ) such that 
the following conditions hold: 

(i) [, ](id + Cl L ) = 0; 

(ii) [,]([,]»«*)(«*+ {id L ® C£ iL )(C£ jL 8) id L ) + (C£ L ® id r )(id z ® C r L L )) = 0, 

then (L, [ , ]) is called a Lie -ff-algebra or a Lie algebra living in ( H M, C£ L ) (see [HI 
Definition 1.5]). If H = CZ 2 and r(a, b) = (— l) ab for any a,b £ Z 2 , then every Lie //-algebra is 
called a Lie superalgebra (see [65]). If H = kG and r is a bicharacter of abelian group G with 
r^ 1 (a,b) = r(b,a) for any a,b £ G, then every Lie -ff-algebra is called a Lie colour algebra (see 
[87] ) or e Lie algebra (see |1 10t Definition 2.1]). If (L, [ , ]) is a Lie colour algebra, then the 
universal enveloping algebra U(L) of L is an algebra living in ( M, C r ) (see [HUj ). Thus the 
universal enveloping algebras of Lie superalgebras are superalgebras. 

2.1 The integrals in braided tensor categories 

In this section, we obtain the fundamental theorem of Hopf modules living in braided tensor 
categories. 
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An object E in category C is called a final object if for every object V in C, there exists a 

unique morphism / from V to E. For two morphisms fi, fi : A —* S in C, set target(A, fi, $2) ='■ 

{(D,g) I ^ is a morphism from L> to A such that /i<? = f2g} and source(B, fi, $2) =: {(-D,g) | 

5 is a morphism from B to D such that 5/1 = 5/2}, the final object of full subcategory 

target(A, fi, f2) and the initial object of full subcategory source(B, /1, 72) are called equiv- 

aliser and coequivaliser of f\ and /2, written as equivaliser{f\.f2) and coequivaliser(fi, /2), 

respectively. If (M,(j>) is a left comodule over bialgebra if in C, then equivaliser(4>,r]H (8> idju) 

is called the coinvariants of M, written (M coH That is, for every if-comodule iV in A4 and 

a morphism / from N to M in A4(C), then there exists a unique a morphism / from N to 
M co in guch that j = ^ 

Definition 2.1.1. Let H be a bialgebra, (M, a) be a left H-module and (M,(p) a left H- 
comodule. If a is an H -comodule morphism and (j) is an H-module morphism, then (M,a,4>) is 
called an H-Hopf module. 

H M 



We easily know that (M, a, (ft) is an ff-Hopf module iff 



H M 

H M 

Theorem 2.1.2. (The fundamental theorem of Hopf modules) Let (C,C) be a braided tensor 
category If (M, a, (f>) is an H-Hopf module in braided tensor category (C, C) and there exists the 
equivaliser (4>,riH (g> idM), then 

H ® M coH = M (as H-Hopf modules.) 

M 

M 

M 
01 





Proof. Let u 




We have that d>u 




H M 




by Pro ll.U.iam 



H M 





Thus there exists an iT-comodule homomorphism u from M to 



H M 
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M coH such that u = iu. 



HM 



coH 



M 



Let £ 




and ip 




. We see that £,tp 



M 



H M 





M 


M 










1 O 1 






M 


4 a V 




M 



M 



M 



and 



# M 



coH 




M M coH 



Thus £ is an isomorphism. 




H M coH 




H M coH 




HM coH 

HM coH 



H M coH 



H M coH 



H M coH 



Since 



H <g> M coH 



H M coH 



coH 




and 



H HM coH H H<g)M coH 

J - \ t • 

M M 



Consequently, £ is an i^-Hopf module isomorphism. □ 

Lemma 2.1.3. If H is a Hopf algebra with left duality, then (H*,a,<f>) is a left H-Hopf 
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module, where the operations of module and comodule are defined as follows: 



H H* 




H* 



Proof. We see that 



H H H* 




H* 



Thus (H*,a) is an if -module. 
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We see that 




I H H* 

H H* 



39 



Thus 




H H* 



Consequently, (H*,a,4>) is an i^-Hopf module. □ 

2.2 The Integrals of Braided Hopf algebras in Yetter-Drinfeld 
Categories 

In this section, using the fundamental theorem of Hopf modules in braided tensor categories, we 
give the relation between the integrals and semisimplicity of Braided Hopf algebras in Yetter- 
Drinfeld Categories. 

Assume that H is a YD Hopf algebra and (M, <j>) is a H- comodule in g yT>. Obviously, 

{ieM 4>{x) = rjH <8> x} = ker{4> — t]h <8> idj^)- 
It is a straightforward verification that (M coH ,i) is the equivaliser((j),r]H <8> idu) with 

M coH := {x g M | = r? H <g> x} 
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and inclusion map i. Since (j> — t]h ® «c#m is a morphism in ^yD, ker(<p — r\n <g) id^-) is object 
in g3^- Let := {x G | hx = e(h)x, for any h G if}, called the integral space of if. 

If H is a finite-dimensional Hopf algebra living in a Yetter-Drinfeld category, then if has a 
left duality if* ( see [Ml Example 1 P347] or Lemma [TD37]) and J^„ = (H*) coH , where the 
ff-comodule operation of if* is defined in Lemma 12.1,31 

Theorem 2.2.1. (The Maschke's theorem) Assume B is an ordinary Hopf algebra over field 
k with invertible antipode. If if is a finite- dimensional Hopf algebra living in Yetter-Drinfeld 
category ^yT>, then 

(1) H ® f H „ = H* (as H-Hopf modules in %yV); 

(2) f H is a one dimensional space; 

(3) the antipode S of H is bijective; 

(4) H is semisimple iff e(f l H ) ^ 0; 

(5) Every semisimple Hopf algebra H living in ^yT> is finite- dimensional. 

Proof. (1) It follows from the above discussion. 

(2) It follows from part (1). 

(3) According to the proof of Lemma 12.1.21 and Lemma l2.1.3l we have that 

£ = (id H * <8> d H ){id H * ® C h ,h*){C h ,h* ® id H *){id H <8> A) (5 (g> id r i ) 

Jh* 

is an isomorphism from H (g) to H* , which implies that S is injective. Considering H is a 
finite-dimensional vector space, we obtain that S is bijective. 

(4) If H is semisimple then there is a left ideal I such that 

H = I © kere. 

For any y G I, h G H , we see that 

hy = ({h - e(h)l H ) + e(h)l H )y 
= (h - e(h)l H )y + e(h)y 

= e(h)y since (h — e(/i)l#)y G (kere)I = . 

Thus y G f^, and so I C f^, which implies e(J^) 7^ 0. 

Conversely, if e(J l H ) 7^ 0, let z G with e(z) = 1. Say M is a left ff-module and N is an 
ff-submodule of M. Assume that £ is a /c-linear projection from M to N. We define 

for any m G M. It is sufficient to show that ji is an //-module projection from M to N. Obviously, 
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// is a /c-linear projection. Now we only need to show that it is an if- module map. 



H M 




Thus, fi is an //-module morphism. □ 

(5) The smash product H#B is an ordinary semisimple Hopf algebra by bosonisation [79\ 
Theorem 4.1] and by [87, Theorem 7.4.2]. Thus H#B is finite-dimensional, which implies that 
H is finite dimensional. □ 

Lemma 2.2.2. Let B be an ordinary finite- dimensional Hopf algebra with left duality B* . If 
(H, <p) is a left B-comodule algebra and B-comodule coalgebra, then (H, a) is a left B* cop -module 
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algebra and B* -module coalgebra, where 



B* H 




H 

H 



Proof. It is trivial. □ 

Proposition 2.2.3. Let char k = 0. 

(i) If H is not only a kG-module algebra but also a kG-module coalgebra, then the action of 
G on j l H is stable; 

(ii) If H is a Hopf algebra living in (M kG ,C r ) and G is a commutative finite group with a 
bicharacter r, then is a homogeneous space of G-graded space H . 

In particular, j l H is an (super) anyonic space for every finite- dimensional (super) anyonic 
Hopf algebra H. 

Proof, (i) For any g G G,x € H,t € f H , we see that 

x(g ■ t) = (g ■ y)(g ■ t) since H is a /cG-module algebra, where y = g _1 • x 

= g-{yt) 
= <y)(g-t) 

= e(x)(g • t) since H is a kG- module coalgebra. 

Therefore action of G on J l H is stable. 

(ii) Since H is a left /cG-comodule algebra and fcG-comodule coalgebra, we have that H is a 
left (£;G)*-module algebra and (/cG)*-module coalgebra by Lemma 12.2.21 However, (kG)* = kG 
(as Hopf algebra) by [83^ Corollary 1.5.6], where G denotes the character group of G. Thus H 
is a left /cG-module algebra and a /cG-module coalgebra, which implies that the action of G on 
J l H is stable by part (1). That is, jL is a sub-module of (kG)* -module H, which implies that 
j l H is a homogeneous space of G-graded space H. □ 

Example 2.2.4. Let H denote the anyonic line algebra, i.e. H = C{x}/ < x n > , where 
C{x} is a free algebra over complex field C and < x n > is an ideal generalized by x n of C{x}. 
Set C{x}/ < x n >= C[£] with £ n = 0. Its comultiplication and counit and antipode are 

A(f ) = £<g)l + l(g>£ and e(f) = and S[£) = -£ 

respectively. It is straightforward to check that H is an anyonic Hopf algebra (see 188)1 ). Ob- 
viously, the dimension of H is n. It is clear that f H = C^™" 1 . Since e(f^) = 0, H is not 
semisimple. 

Example 2.2.5. (see 183[ P510 ] ) Let H = C[x] denote the braided line algebra. It is just 
the usual algebra C[x] of polynomials in x over complex field C, but we regard it as a q-statistical 
Hopf algebra with 
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A(x)=x®l + l®x, e(x) = 0, S(x) = -x, \ x n \= n 

and 

C r (x n ,x m ) = q nm {x m ®x n ). 

If U = So aiX% e Iw then ai = /or i = 1, 2, • • • , n since xy = e(x)y = 0. Thus J l H = 0. It 
follows from the proof of Theorem 1 2. 2. 1\ (5) that H is not semisimple. 

By the way, we give some properties of group graded (co) algebras. 

An algebra A is called a G-graded algebra if A = X^gG®^5' A g Ah C and 1a £ -A e) 
where e is the unity element of G. A coalgebra D is called a G-graded coalgebra if D = 
T, g eG ® D 9' A ( D g) ^ >].,..„. <•;..,„ ^ ® and e(D ft ) = for any h,g £ G and /i/e. 

Proposition 2.2.6. fi) A is a rig/ii kG-comodule algebra iff A is a G-graded algebra; 
(2) D is a right kG-comodule coalgebra iff D is a G-graded coalgebra. 

Proof. (1) It was obtained in [291 Proposition 1.3]. 

(2) If (D, tp) is a A;G-comodule coalgebra, then D = J2 g eG ®Dg ls a G-graded space by [20l 
Lemma 4.8]. For any homogeneous ^ d £ D g , let 

A(d)= ^ (d Xi ®d Vi ) 

i=l,2,---m 

where ^ d Xi £ D Xi ,0 ^ d Vi G D yi ,Xi,y.i 6 G for £ = 1, 2, ■ • • , m. Since A is a /cG-comodule 
homomorphism we have that 

/l (4, ®dy.®g) = (4 i (8) (8) x^). 

i=l,2,---m i=l,2, •••m 

Thus 

for i = 1,2, ■ ■ ■ ,m, which implies that 

A(-D s ) C ^ D x ® £>„. 

x,yeG,xy=g 

Since e is a fcG-comodule homomorphism, we have that 

t{d)g = e(d)e 

for any g £ G,d £ D g , which implies that e{D g ) = for any e ^ g £ G. Consequently, D is a 
G-graded coalgebra. 

Conversely, if D = J2geG®^g * s a G-graded coalgebra, then (D,ijj) is a right /cG-comodule 
by [201 Lemma 4.8]. It is sufficient to show that A and e are /cG-comodule maps. For any 
d £ D g , we assume that 

A(d) = d *® d y 

x,y&G,xy=g 
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where d x G D x ,d y G D y . We see that 

(A <g) idD)ip(d) = (A®id D )(d®g) 

x,y£G,xy=g 

= {idD<s>D ® mkG)(idD ®r® idkc)(ip ® ^)A(d) 

where r is an ordinary twist map. 

Thus A is a fcG-comodule map. Since 

(e (g> id kG )^(d) = e(d)g = e(d)e = e(d)l kG 

for any d G Z? 9 , we have that e is a /cG-comodule map. □ 
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Chapter 3 



The Double Bicrossproducts in 
Braided Tensor Categories 

In this chapter, we construct the double bicrossproduct D = A% txfg H of two bialgebras A and 
H in a braided tensor category and give the necessary and sufficient conditions for D to be a 
bialgebra. We study the universal property of double bicrossproduct. 

Throughout this chapter, we assume that H and A are two bialgebras in braided tensor 
categories and 

a:H®A^ A , /3:H®A^H, 
<f>: A^ H® A , V : H -> H®A 

such that (A, a) is a left //-module coalgebra, (H, (3) is a right A-module coalgebra, (A, <f>) is a 
left iJ-comodule algebra, and (H, ijj) is a right A-comodule algebra. 

We define the multiplication mjj , unit t]d, comultiplication Ad and counit cd in A <g) H as 
follows: 



A H A H A H 




A H A H A H 

and cd = £A ® £h , Vd =VA® Vh- We denote (A ® H, mD,i]D,^D, £d) by 

A&x+H, 

which is called the double bicrossproduct of A and H. We denote it by A xi H in short. 

If one of a, (3, cf>, if) is trivial, we omit the trivial one in the notation A%\xAH. For example, 
when <f> and are trivial, we denote At ixjj H by A a \x\pH. When a and j3 are trivial, we denote 
At H by A^ ^ H. We call A a Xlg H a double cross product and denote it by A\x\H in 



46 



short. We call txft H a double cross coproduct and denote it by A oo H in short. We call 
At cxi H ( A \x\t and Aa>$H ( A&iXpH ) a biproduct and a bicrossproduct respectively. 
Note that S. Majid uses different notations. 
We give some notation as follows. 



(Ml): 



(M2) : 



(M3) : 



(M4) : 



(CM1) 




H H A 



H H A 




H A 





H 



A 



47 



A 




A A 
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Let 



H HA H AHAHAHAH 




AHAHAHAH H HA A 



tta and tth are called trivial actions; %a and in are called trivial coactions. 

3.1 Double bicrossproduct 

In this section, we give the sufficient and necessary conditions for double bicrossproduct At xfg 
H to be a bialgebra. 

Lemma 3.1.1. (i) If A and H are bialgebras and H acts on A trivially, then A is an H- 
module algebra and an H-module coalgebra. 

(ii) If A and H are bialgebras and H coacts on A trivially, then A is an H-comodule algebra 
and an H-comodule coalgebra. 

(Hi) Cr,i = idj, Ct,i®i = o-ijj, Ci®i,i = a i,i,i > 

(iv) If we define: 

A/ = rj 1 , mi = n, ei = idi = ru = S , 

then I is a Hopf algebra. 

(v) If H is a bialgebra, then I is an H-module algebra, H-module coalgebra, H-comodule 
algebra, H-comodule coalgebra. Meantime, H is an I-module algebra, I-module coalgebra, I- 
comodule algebra, I-comodule coalgebra. 

(vi) If B is a coalgebra and A is an algebra, then Homc(B , A) is a monoid, i.e. Homc(B, A) 
is a semigroup with unit. 

(vii) If (Bl) and (B2) hold, then 




(viii) If (B3) and {B4) hold, then 
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Proof. The proof of parts (i)-(vi) is trivial. The proof of part (vii) and part (viii) can be 
obtained by turning the proof [1421 Lemma 1 and 2 ] into braided diagrams. □ 

Lemma 3.1.2. D = A\xsH is an algebra iff (Ml) -(M 3) hold. 

Proof. If (Ml)- (M3) hold, we shall show that D is an algebra. 

D DD DD D 




D D 

See that 

AH AH AH 



the left hand 




A H 
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A H 




A H 

Similarly, we can check that the right hand is equal to the diagram above. Therefore, the 
equation holds. 

Next we see that 

A H 




by(Ml) 



A H 



A H 



D 




D 



A H 

Thus D is an algebra. 

Conversely, if D is an algebra, we show that (Ml), (M2) and (M3) hold. By 

D 

D 



D 




D 



We have that 



H 



A 




and 



H H 

M^H (»m) 
A A 
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Similarly, we have that 

A A 




H H 



Thus (Ml) holds. 

By associative law, we have that 

HA A 




A 

Thus (2) holds. Similarly, we can show that (M3) holds. □ 

Lemma 3.1.3. D = A+ H is a coalgebra iff (CM1)-(CM3) hold. 

Proof. It follows by turning the diagram in proof of Theorem 13.1.21 upside down. □ 

Theorem 3.1.4. Assume that H and A are two bialgebras in braided tensor category C and 
(A, a) is a left H -module coalgebra, (H, (3) is a right A-module coalgebra, (A, (j)) is a left H- 
comodule algebra, and (H,tp) is a right A-comodule algebra in C. Then D = At, H is a 
bialgebra in C iff (M1)-(M3), (CM1)-(CM3), (Bl)-(B5) hold. 

Proof. It is sufficient to show that (B1)-(B5) hold iff 
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If (Bl) - (B5) hold, see that 
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A HA H 



by(B5) 




AH AH 
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60 
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Conversely, if (1) holds, we have that 



A A 




A A 



and obtain (-B1) by computation. 

Similarly, we can obtain (B2) by applying rjA®id®id®r]H to the top of relation (1) and 
id®€H®id®€H to the bottom of relation (1) . We can also obtain (B3) and (B4) by relation 
(1), riA®id(3riA®id,€A®id®€A®id,riA®id(3id(3riH and €A®id®€A®id respectively. By applying 
6A®id®id®€A to relation (1), we obtain (B5). □ 

Theorem 3.1.5. Let D = At txig H be a bialgebra. If A and H are Hopf algebras with 
antipodes Sa and Sh respectively, then D is a Hopf algebra with an antipode 



A H 



S D = 




A H 
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A H 



by (CM2) 
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A H 




A H 
A H 




Similarly, we can show that ido * Sd = €dVd- D 
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Proposition 3.1.6. Let D = A X H be a bialgebra , and let A and H be Hopf algebras with 
antipodes Sa and Sh respectively. Then 

A H 

D 




A H 

Proof. 



A <S) fjH r)H®H 

A H 




We can easily check Lemma [3. 1.71 Corollary 13.1.81 and Corollary 13. 1 .91 by Theorem 13.1.41 and 
by simple computation. 

Lemma 3.1.7. (i) If <p and tp are trivial, then (B1)-(B5) hold iff (MA) holds; 
(ii) If a and (3 are trivial, then (B1)-(B5) hold iff (CM4) holds. 

Corollary 3.1.8. (i) AxH is a bialgebra iff (M1)-(M4) hold; 
(ii) A* H is a bialgebra iff (CMl)-{CMA) hold. 

In fact, [80] already contains the essence of Corollary 13.1.81 

Corollary 3.1.9. (i) If (5 and tp are trivial, then biproduct A& txi H is a bialgebra iff (A, a) 
is an H -module algebra and (A,<j)) is an H- comodule coalgebra, (Bl) and (B6) hold; 

(ii) If a and <f> are trivial, then biproduct A \xit H is a bialgebra iff (H,P) is an A-module 
algebra and (H,ip) is an A- comodule coalgebra, (B3) and (B6') hold. 

Corollary 3.1.10. (i) If (3 and <f> are trivial , then bicrossproduct A a is a bialgebra iff 

(A, a) is an H -module algebra and (H,ip) is an A- comodule coalgebra, (B2), (Bl) and (CB4) 
hold; 

(ii) If a and tp are trivial then bicrossproduct A^ [xlg H is a bialgebra iff (H,f3) is an A- 
module algebra and (A, (ft) is an H- comodule coalgebra, (B4), (BT) and (CB2) hold. 
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Proof, (i) The necessity is clear. For the sufficiency, we only show that (B5) holds since the 
others can similarly be shown. 




A 



H 



A 



H 




the right hand of (B5). 



H A 



Thus (B5) holds. 

(ii) It is a dual case of Part (i). □ 

Lemma 3.1.11. Let H be a Hopf algebra, and A and H have left duality A* and H* respec- 
tively. 

(i) If (A, a) is a left H-module coalgebra, then (A*, a*) is a right H* -comodule algebra; 

(ii) If (A,4>) is a left H-comodule algebra, then (A*,4>*) is a right H* -module coalgebra. 

Proof. We only show part (i), since part (ii) is the dual case of part (i). 



A* 



A* 




(1) 



A* HH* 



AH* H* 



A* 



The left side of (1) = 




AHH* 



and 
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The right side of (1) 




since (A,a)is an fz-module 
It is clear that 



the left hand of (1) 
A* 



A* 




Thus (1) holds. 

A* 
A* 




AUU* 



Thus (A*, a*) is a right .£P-comodule. 

A* A 

A* A* 

iAV A F^l 

Now we show that 

A* H* 



The left side of (2 




A* A* 




A* H* 



A* H* 



A* A* 




by LemlUmj 



the right side of (2) 



A* H* 
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Thus (2) holds. Obviously, r/A* is a comodule morphism. 
Consequently, (A*, a*) is a right fP-comodule algebra. □ 

Proposition 3.1.12. Let A and H have left dualities in braided tensor category (C,C). If 
is a bialgebra or Hopf algebra, then 

(A£x$H)* H* ^lzx£*A* as bialgebras or Hopf algebras . 

Proof. By [82, Proposition 2.4] or Proposition ll.0.13l (ii). D*, H* and A* are Hopf algebras. 
By Lemma [5.1.111 we have that (A*, a*) is a right i/*-comodule algebra, (H*,(3*) is a left A*- 
comodule algebra, (A*,cf>*) is a right i7*-module coalgebra and (H*,ip*) is a left fP-module 
coalgebra. Let D = H*^,txf^lA* . Obviously, the unit and counit of D are the same of D*. 

Now we show that their multiplication are the same. 



H*A*H*A* 



and 




H* A* 



73 



H*A*H*A* 




HA* 

Thus the two multiplications are the same. Dually, we have that their comultiplications are the 
same. Similarly, we can show that their antipodes are the same. Consequently, D* and D are 
Hopf algebra isomorphic. D 

We can immediately get the following by Proposition 13.1.121 

Corollary 3.1.13. Let A and H have left dualities in braided tensor category (C,C). 

(i) If D = AatXpH is a bialgebra or Hopf algebra, then 

(A a t*ipH)* = H* A* as bialgebras or Hopf algebras ; 

(ii) If D = A (p \x^H is a bialgebra or Hopf algebra, then 

{A v \x\^ H)* = H* t p*tx} ip *A* as bialgebras or Hopf algebras . 
Now, we give an example of double cross coproduct in a strictly braided tensor category. 

Example 3.1.14. In this example, we work in the braided tensor category Vect(C) of vector 
spaces over complex field C, where its tensor is the usual tensor, and its braiding is the usual 
twist map. Let Z„ be a finite cycle group of order n, generated by element g, and let CZ n be its 
group algebra. We have that 



t-, 1 \ — ^ 2-niab i 

R =-zZ e n 9 ®9 

n. — ' 



a,b=0 

is a quasitriangular structure of CZ n and its module category cz n M becomes a braided tensor 
category . Furthermore, the category is strictly braided for n > 2 ( see JER Example 2.1.6 and 
9.2.5] ). Assume n > 2 in the following. By \26\ Theorem 2.2 and 2.5], there is a quasitriangular 
structure R of CL n \x\ R CZ n and R is not triangular. Let D = CZ n M fi CZ„. Thus (d-M, C r ) 
is a strictly braided tensor category by \64[ Proposition XIII. 1.4]- It follows from 1831 Example 
9.4-9] (transmutation) that there is a Hopf algebra D living in the strictly braided tensor category 
D-M, where ID is given by the same algebra, unit and counit as D, and comultiplication 



A(6) = hS D (R (2) ) ® > b 2 
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for any b £ D; notice that "j> " is the quantum action. Since D is commutative we have that 
rO) -b 2 = e(R^)b 2 and 

A(b) = biS D (R {2) ) ® (R {1) >b 2 ) = Y,bi®b 2 = A(b). 

That is, D_ = D as Hopf algebra. Therefore there are non-trivial 4> and non-trivial tp such that 
CZ n ixi r CZ n = CZ„^ ixi^ CZ n . Furthermore CZ„^ \xft CZ n is a double cross coproduct in 
the strictly braided tensor category pM. by I2b\ Lemma 1.3]. 

3.2 The universal property of double bicrossproduct 

In this section, we give the universal property of double bicrossproduct. Throughout this section, 
H and A are two bialgebras in braided tensor categories, (A, a) is a left -ff-module coalgebra, 
(H, (3) is a right ^4-module coalgebra, (A, (jj) is a left -£/-comodule algebra and (H, tjj) is a right 
.ff-comodule algebra. 

Lemma 3.2.1. Let B and E be bialgebras, p be a coalgebra morphism from B to D, j be an 
algebra morphism from D to E, where D = At xft H is a bialgebra. Then 

(i) {if A ® ^h)^-d = idjj, where tta an d t^h are trivial actions; 

(ii) there are two coalgebra morphisms pa from B to A and pn from B to H such that 

P = {pa®Vh)A b . 

Furthermore, if there are two coalgebra morphisms f from B to A and g from B to H such that 

p={f®g)A B , 

then f =pa = TT A p and g = p H = ir H p. 

(Hi) If two coalgebra morphisms f and g from B to D satisfy 

KAf = ng, TT H f = ir H g, 

then f = g ; 

(iv) m D (i A 8) in) = ido; 

(v) there are two algebra morphisms ja from A to E and jn from H to E such that 

j = m E {jA®3H)- 

Furthermore, if there are two algebra morphisms f from A to E and g from H to E such that 

j = m E {f ®g), 

then f = j A = ji A and g = j H = ji H . 

(vi) If two algebra morphisms f and g from D to E satisfy 

fiA = giA, fin = gin, 

then f = g 
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Proof, (i) 




A H 
A H 



(ii) Let pa = ttaP and pu = tthP, then pa and ph are coalgebra morphisms and 

p = (vr A ® TT H )A D p = (iT A <X> TT H ){P®P)^B = {pa®Ph)^B 

by part (i). On the other hand, if 

p={f®g)A B , 

then pa = TUP = Ha ® e H ){f ® g)A B = f and p H = g. 
(hi) We see that 

/ = (it a <8 7Tif)A D / = (vta <8) 7Tfl-)(/ /)A B = (7ta 7Tif)(fli (8 fiOA^ = (^A <8 1T H )A B g = g. 

Therefore / = g. 

(iv)-(vi) can dually be shown. □ 

Assume that pa,Ph, 3a and j B are morphisms from B to A, from B to H, from A to B and 
from to B, respectively. Set 



B 




A 



B B B B 




A H 
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H A 




Lemma 3.2.2. Let D = A%\x^H , B be a bialgebra and p = (pa ®ph)A-b, where pa and pn 
are coalgebra morphisms from B to A and from B to H respectively. Then 

(i) p is a coalgebra morphism iff (nl) holds; 

(ii) p is an algebra morphism iff {u2) and (uS) hold; 
(Hi) p is a bialgebra morphism iff (ul)- (u3) hold. 

Proof, (i) We see that 



B B 




AH AH AH AH 






A H A H A H A H 

If p is a coalgebra morphism, then by relation (1) and (2), we have that 




H A 




H A 



i.e. 




B 




H A 
H A 

Thus (ul) holds. 

Conversely, if (ul ) holds, by relation (1) and (2), we have that 
B B 

(p) 




and 



B 

fp) 



B 



(p) (P) 

D D D D 
Thus p is a coalgebra morphism. 
(ii) We first see that 

B B 



B B 




•>.\\ 
A H 
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and 




D AH 



If p is an algebra morphism, by the above proof, we have that 



and 




In this way, we can obtain (u2) and (u3). 

Conversely, if (ul) and (u2) hold, we can similarly show that p is an algebra morphism. 
(iii) It follows from part (i) and part (ii). □ 
Dually, we have 

Lemma 3.2.3. Let B be a bialgebra and j = msijA <8> Jh), where ja and jn are algebra 
morphisms from A to B and from H to B respectively. Then 

(i) j is an algebra morphism iff (u4) holds; 

(ii) j is a coalgebra morphism iff (u5) and (u6) hold; 

(iii) j is a bialgebra morphism iff (u4)- (it6) hold . 
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Definition 3.2.4. (UT1): Let B be a bialgebra and two coalgebra morphisms 

p A :B^A, ph:B^H 

satisfy conditions (ul)-(uS). (B,p A ,pn) is said to satisfy condition (UT1), if for any bialgebra 
E and any two coalgebra morphisms 

q A :E^A,q H :E^H, 

which satisfy conditions (ul)-(u3), there exists a unique bialgebra morphism q' from E to B 
such that 

PAQ 1 = QA, Phq' = QH, 

i.e. the diagram 



A 




H 



commutes. 

(UT2): Let B and D = Atp^H be bialgebras and p a bialgebra morphism from B to D. 
(B,p) is said to satisfy condition (UT2) if for any bialgebra E and any bialgebra morphism q 
from E to D, there exists a unique bialgebra morphism q' from E to B such that the diagram 



D 




commutes. 

(UTS): Let B be coalgebra and two coalgebra morphisms 

p A :B^A, p H :B^H 

satisfy condition (ul). (B,pa,Ph) is said to satisfy condition (UT3), if for any coalgebra E and 
any two coalgebra morphisms 

q A : E -> A,q H : E -> H , 
which satisfy condition (ul), there exists a unique coalgebra morphism q' from E to B such that 

PAQ = QA, Phq' = QH, 

i.e. the diagram 



A 




H 
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commutes. 

(UT4): Let B and D = A cxi H be coalgebras and p a coalgebra morphism from B to D. 
(B,p) is said to satisfy condition (UT4) if for any coalgebra E and any coalgebra morphism q 
from E to D, there exists a unique coalgebra morphism q' from E to B such that the diagram 



D 




commutes. 

(UT1'): Let B be a bialgebra and two algebra morphisms 

3a '■ A — ► B, jff : H — > B 

satisfy conditions (u4)-(u6). (B,jA,jii) is said to satisfy condition (UT1'), if for any bialgebra 
E and any two algebra morphisms 

q A :A^E,q H :H^E, 

which satisfy conditions (u4)-(u6), there exists a unique bialgebra morphism q' from B to E 
such that 

q'jA = QA, q'jH = QH, 

i.e. the diagram 



A 




H 

commutes. 

(UT2'): Let B and D = At>^H be bialgebras and j a bialgebra morphism from D to B. 
(B,j) is said to satisfy condition (UT2') if for any bialgebra E and any bialgebra morphism q 
from D to E, there exists a unique bialgebra morphism q' from B to E such that the diagram 

q'j = q- 

(UTS'): Let B be algebra and two algebra morphisms 

3 A '■ A — > B, ju : H — > B 

satisfy condition (ul). (B,jA,jti) is said to satisfy condition (UTS'), if for any algebra E and 
any two algebra morphisms 

q A : A^ E,q H : H -> E , 
which satisfy condition (u4), there exists a unique algebra morphism q' from B to E such that 

q'j A = qA, q'ju = qu- 




81 



(UT4'): Let B and D = A\><iH be algebras and j an algebra morphism from D to B. (B,j) 
is said to satisfy condition (UT4'), if for any algebra E and any algebra morphism q from D to 
E, there exists a unique algebra morphism q' from B to E such that the diagram q = q'j. 

Theorem 3.2.5. Let B and D = AatxitH be bialgebras. 

(I) (i) (D,tta,7Th) satisfies condition (UT1); 
(ii) (D,idr>) satisfies condition (UT2); 

(Hi) (D,iA,in) satisfies condition (UT1'); 
(iv) (D,idr)) satisfies condition (UT2'). 

(II) The following statements are equivalent; 

(i) (B,pa,Ph) satisfies condition (UT1); 

(ii) There exists a (necessarily unique ) bialgebra isomorphism p' from B to D such that 

7TAP'=PA, 7THP'=PH- 

(Hi) p is a bialgebra isomorphism from B to D and p = {pa <8>Ph)A_b; 
(iv) (B,p) satisfies condition (UT2) and p = {pa® Ph)^-b- 

(III) The following statements are equivalent. 

(i) (B,jA,jii) satisfies condition (UT1'); 

(ii) There exists a (necessarily unique ) bialgebra isomorphism j' from D to B such that 

j'iA=3A, }'iH=3H; 

(Hi) j is a bialgebra isomorphism from D to B and j = msijA ® Jh)\ 
(iv) (B,j) satisfies condition (UT2'J and j = mB{jA® 3h)- 

Proof. (I) (i) For any bialgebra E and two coalgebra morphisms 

q A :E — >A, q H :E — ► H , 
which satisfy conditions (ul)-(u3), set 

q' = («a ® 9h)A e . 

It is clear that 

tiW = <7A; ^uq' = qn 

The uniqueness of q' can be obtained by Lemma [3.2,11 (hi). Otherwise, ido = (tta ® t^h)^d 
by Lemma 13.2.11 (i) and tta and tth satisfy conditions (ul)-(u3) by Lemma 13.2.21 (iii). Thus 
(D, tta, 7Tff) satisfies condition (TU1). 

(ii) For any bialgebra E and any bialgebra morphism q from E to D, let q' = q. Obviously, 
idr>q' = q and we have the uniqueness of q'. Thus (D,idn) satisfies condition (UT2). 

(iii) and (iv) can dually be checked . 

(II) (i) =>■ (ii) Since (D,tta,^h) and (B,pa,Ph) satisfy condition (UT1), we have that there 
exist two bialgebra morphisms 

/ : B -» D and g : D -> B 



82 



such that 

VA9 = ^A,PH9 = Tr H ,KAf = VA^nf = Ph- 

Now we see that 

KAfg = ka, n H fg = n H ,PAgf = pa,ph9J = ph- 
Therefore, by uniqueness, 

fg = id D and gf = id B - 

That is, / is a bialgebra isomorphism from B to D. 

(ii) =>■ (hi) Let p = (pa ®Ph)^-b- Since 

■kap' = PA, tthp' = Ph, ttaP = PA, n H p = p H , 
considering Lemma 13.2.11 (iii) , we have that 

p = p . 

Therefore p is a bialgebra isomorphism. 

(iii) (iv) For any bialgebra E and any bialgebra morphism q from E to D, let 

q' = p _1 q. 

Obviously, pq' = q and we have the uniqueness of q'. Thus (B,p) satisfies condition (UT2). 

(iv) =>- (i) For any bialgebra E and two coalgebra morphisms 

QA '■ E —>■ A, qn : E —> H , 

which satisfy conditions (ul)-(u3), set q = (qA <8> qn)^E- By Lemma 3.2 (iii), we have that q is 
a bialgebra morphism from E to D. Thus there exists a unique bialgebra morphism q' from E 
to B such that 

pq' = q 

since (B,p) satisfies condition (UT2). It is clear that 

PAq' = QA, Phq' = Qh- 

Otherwise, pa and pn satisfy conditions (ul)-(u3) by Lemma \3. 2. 21 (iii) Therefore, (B,pa,Ph) 
satisfies condition (UT1). 

(Ill) It can dually be obtained. 

We can easily find the following two theorems from the proof of the previous theorem. 

C 

Theorem 3.2.6. Let B and D = A X H be coalgebras. 

(I) (i) (D,tta,tth) satisfies condition (UTS); 
(ii) (D,ido) satisfies condition (UT4); 

(II) The following statements are equivalent 
(i) (B,pa,Ph) satisfies condition (UT3). 
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(ii) There exists a (necessarily unique ) coalgebra isomorphism p' from B to D such that 



kap'=PA, Tr H p'=p H ; 

(Hi) p is a coalgebra isomorphism from B to D and p = (j>a ®Ph)^-b- 
(iv) (B,p) satisfies condition (UT4) and p = (pa ®Ph)&-b- 

Theorem 3.2.7. Let B and D = AtxiH be algebras. 

(I) (i) (D,iA,ii{) satisfies condition (UTS'); 
(ii) (D,idi)) satisfies condition (UT4'); 

(II) The following statements are equivalent. 

(i) (B,jA,jii) satisfies condition (UTS'). 

(ii) There exists an (necessarily unique ) algebra isomorphism j' from D to B such that 

j'iA = J A, j'ih = 3h; 

(Hi) j is an algebra isomorphism from D to B and j = msijA <8> 3h)- 
(iv) (B,j) satisfies condition (UT4') and j = tub^a® Jh)- 
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Chapter 4 



The Bicrossproducts in Braided 
Tensor Categories 

In the category of usual vector spaces with usual twist braiding, S. Majid introduced bicrossprod- 
ucts and gave the necessary and sufficient conditions for them to become bialgebras in [79\ 
Theorem 2.9]. D.E. Radford introduced biproducts and gave the necessary and sufficient con- 
ditions for them to become bialgebras in [99, Theorem 1]. In braided tensor category, S. Majid 
introduced the smash product and showed that if (A, a) is an //-module bialgebra and H is 
cocommutative with respect to (H,a), then the smash product A a ^H is a bialgebra in [8CH 
Theorem 2.4]. 

In this Chapter, we construct the bicrossproducts and biproducts in braided tensor category 
(C,C) and give the necessary and sufficient conditions for them to be bialgebras. We obtain 
that for any left module (A, a) of bialgebra H the smash product A#H is a bialgebra iff A is 
an H- module bialgebra and H is cocommutative with respect to (A, a). 

Now we give some concepts as follows: assume that H, A £ ob C, and that 



a 




A , 


f3:H®A^H, 






A , 


^:H^H®A, 


m H ■ 


H®H -> 


H , 


rriA ■ A ® A — > A, 


A H 


H — > H® 


H , 


A — ► A <g> A, 




Vh ■ I -> 


H , 


i lA ■ I -» A, 






I , 


sa-.A^I. 


a : 


H®H -> 


A , 


(i : A <g> A -> H, 


P 


: A — > H® 


H , 


Q:H^A®A 



are morphisms in C. 
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(H, a) is said to act weakly on A if the following conditions are satisfied: 

H A A 

H H A A 



(WA) : 



HA A 
A 




M _ 6 © 



,4 



A 



(A, (3) is said to act weakly on H if the following conditions are satisfied: 

H H A 



H HA 

{WA) : T^J 

H 




A A H A 

© 

H H H H 



© 


= 6 




(Si ' 



(i?, 0) is said to coact weakly on A if the following conditions are satisfied: 

A 



A 



(WCA) : 



HA A 





A A 
6 



A 




if 



A A 



H A A 

(A, ip) is said to coact weakly on H if the following conditions are satisfied: 



(WCA) : 



H 



if FA 




if H H 

A A if 





if 



if 



if if A 
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a is called a 2-cocycle from H ® H to A if the following conditions are satisfied: 
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(H, (3) is called a twisted A-module if the following conditions are satisfied: 



H A A 




H H 



(A, (ft) is called a twisted iif-comodule if the following conditions are satisfied: 



(TCM) : 




A 



(H, ip) is called a twisted -ff-comodule if the following conditions are satisfied: 



H 

H I 



(TCM) 




HA A 



H 



H 



H H 

H is said to be cocommutative with respect to (A, a) if the following conditions are satisfied: 

H A 



(CC): 




H A 




/ 
H A 



H A 



A is said to be cocommutative with respect to (H, (3) if the following conditions are satisfied: 

H A 

H A 

(CC) : 





H A 

H is said to be commutative with respect to (A, (f>) if the following conditions are satisfied: 

H A 



/ HA 



(C): 





H A 



H A 

A is called commutative with respect to (H, ip) if the following conditions are satisfied: 



H A 



(C): 




H A 




H A 



H A 

If (H, a) weakly acts on A such that (A, a) becomes a left ii-module, then we say that (H, a) 
acts on A. Dually, if (H, 4>) weakly coacts on A such that (^4, <f>) become a left if-comodule, then 
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we say that (H, <p) coacts on A. An action of H on A is called inner if there exists a morphism 
u : H — > A with a convolution inverse u~ l such that 



# A 



if 




Let 



if ii 



if 




It is clear that (if, ad) acts on itself. This action ad is called a (left) adjoint action. Dually we 
can define an (left) adjoint coaction as follows: 



if 



-(aci)- 



if if 



Bialgebra A is called an if -module bialgebra if A is an ff-module algebra and ff-module 
coalgebra . Bialgebra A is called an ff-comodule bialgebra if A is an ff-comodule algebra and 
an ff-comodule coalgebra. 

We define the relations (BBl)-(BBll) and (BBl')-(BBll') as follows: 
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H A 



(BB1) : 



(BB2) : 




H A 
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(BB9') : 




H A 

For convenience, (BB6 1 ) and (Bl) be the same; (BB7') and (B6) be the same; (BBW') be 
the same as (CB4) and ^r\n = r\n ® tja] (BBlV) be the same as (B2) and ea = e (g) e. Let 
(BB6) and (-B3) are the same; (BB7) and (-B6') are the same; (-B-B10) is the same as (B4) and 
e/3 = e <g> e; is the same as (CB2) and ^4 = r/n ® ^a- Here (-Bi), (-Be) and so on are 

defined in Chapter [3J 



AH A H 



m AarT#H = 




A H 
ARAB 




A H 
A H 




A H A H 
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A H 




A H A H 



VA a , a #H = r)A®VH = VA#(, ilt H and e A4 ,, P#H = e A (g>e H = e A #^,Q H - {A^ftH, m Aa a#H ,r) Aa a#H ) 
and (A#/3 jfJ/ H,mA# g ^h, VA# g ^h) are called crossed products of A and H. (A^ftH, 
A A 4,,p^ H ,e A 4,,p^ H ) and (A^'^H, A a ^,q h , e A ^,Q H ) are called crossed coproducts of A and 
H. If a and fi or P and Q are trivial, then they are called the smash products or smash co- 
products, written as A a #H, A#pH, A^j^H and Ajf^H. Every smash product is called a semi- 
direct product in physics. In particular, the smash product A a #H is often written as A#H. 
(A atlJ #^' Q H, A a #^,q h , e A #i,,Q H ),m Aa!tT#H ,r] Aa r7#H ) and (A^ftp^H, A A< />, P#H , e A <t,,p# H , 
mAftp^H, VA#f3^H are called bicrossproducts. (A%#H, A M#H ,e M#H , m Aa#H , VA a #H) and 
(A^H,A A#i , H ,e A# i, H ,m A#fjH ,r] A#l3H ) are called biproducts. 
Note that S. Majid uses different notations. 

4.1 Crossed Products 

In this section, we give the necessary and sufficient conditions for crossed (co)products to become 
(co) algebras . 

Theorem 4.1.1. If A is an algebra and H is a bialgebra with a(r)u <8> id A ) = id A and 
a(idtf (g) rj A ) = enVA, then D = A a>a #H is an algebra with unity element rjr> = rj A (g) r)u iff 
(H,a) acts weakly on A and (A, a) is a twisted H-module with 2-cocycle a. 

Proof. It is clear that t]d = rj A ® t]h iff a(idn <8> tjh) = o-(j}H ® idu) = Va^h- 
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If D is an algebra, then the associative law holds, i.e. 




A © 
and ais a 2-cocycle from H ® H to A. 
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and (H, a) acts weakly on A. 

Conversely, if (H, a)acts weakly on A and (A, a) is a twisted -ff-module with 2-cocycle a we 
show that the associative law holds. That is, we show that relation (1) holds. 
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the left hand of (1) J = 




A H 
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AHA HAH 



by(T_M) 




A H 
A H A H A H 




= the right hand of (1) 



A H 



Thus A a>a #H is an algebra. □ 
Dually, we have the followings: 
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Theorem 14.1. If If H is an algebra and A is a bialgebra with (5{r]H ® id a) = caiJh an d 
fliidn &> t]a) = i^A, then A#p tfi His an algebra iff (A, (3) acts weakly on if and (H,/3) is a 
twisted ^4-module with 2-cocycle /x. 

Theorem 14.1.11 ' If A is a coalgebra and H is a bialgebra with (e# <g> %dA)<\) = i^A and 
(idH <S> £a)4> = VH^A, then A^' P ffH is a coalgebra iff (i/, 0) coacts weakly on A and (A, <f>) is a 
twisted .ff-comodule with 2-cycle P. 

Theorem 14.1. IT If H is a coalgebra and A is a bialgebra with (e# (8) icU)</> = t]a£h and 
(ids (8) e^) = irffr, then Aff^^H is a coalgebra iff (.A, ?/>) coacts weakly on H and (H,ijj) is a 
twisted A-comodule with 2-cycle Q. 

Corollary 4.1.2. (i) If A is an algebra and H is a bialgebra, then A a ffH is an algebra iff 
{A, a) is an H -module algebra; 

(ii) If H is an algebra and A is a bialgebra, then AjfpH is an algebra iff (H,f3) is an 
A-module algebra; 

(Hi) If A is a coalgebra and H is a bialgebra, then A^ffH is a coalgebra iff (A,(j)) is an 
H-comodule coalgebra; 

(iv) If H is a coalgebra and A is a bialgebra, then Ajf^H is a coalgebra iff (H,if)) is an 
A-comodule coalgebra. 



4.2 Bicrossproducts 

In this section, we give the necessary and sufficient conditions for bicrossproducts to become 
bialgebras. 

Lemma 4.2.1. Let A and H be two algebras in C. Let D = A® H is an object of C. Assume 
that (D,mD,VD) and (D, Ad,cd) &re an algebra and a coalgebra in C respectively such that 



A®H r) A ®H AH H 



D 



A H 



or 



A®r] H A®H A AH 



D 



A H 
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t]a<S>H A®rj H 



then 




Proof, (i) Assume 

A®H ri A ®H AH H 




D AH 



We first show that 

A®H r) A ®H 




D D 
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A<g)i] H r] A H H 



A®rjtf\.®H rj A (g)H 



the left hand of (1) 



by assumption 




( \ 
D D 



( \ 
D D 



A®t]h VaH H A ® rjH f]A <8> H tja ® H 





D D 



A(g)7] H TjA® H T]A® H 



D 



D 



A<g>rj H t]a<3> H 7] a® H 

v ; / 



D D 
Thus (1) holds. Next we show that 

A<g>7] H A®H 

v ; 



D 



D 



the right hand of (1). 



A® rj H A®H 



( \ 
D D 




•(2) 



D D 



A®t]h A®7]h r/A® HA ®7]h A®r]H riA® H 



the left hand of (2) 



( \ 
D D 



( \ 
D D 
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A<S>rjH A®rj H VA® H i i 




D D I 

D 



A<3t] H A<g>T]H r]A® H 

I I A® 7] H A(g> rjn rjA® H 




= the right hand of (2). 



II D D 

D D 



Thus relation (2) holds. 
Finally, we show that 




(3) 



D D 



A®rjH f]A ® H A®T] H t]a® H 



the left hand of (3) = 





D D 
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the right hand of (3). 



D D 

This relation (3) holds. 

(ii) We can show that relation (3) holds similarly 

A®<q H A®H A AH 



□ 



D 



A H 



Theorem 4.2.2. Let A and H be bialgebras with {eu^idjC)^ = i&A and {idn <8> £a)4> = Vh^a 
and P(rjH ® id a) = caVh and (3(idn ® tja) = id a and en ®£a = £a(3 and 4>rjA) = t)h ®i}a- Then 
D = A^ ,p ^p tfl H is a bialgebra iff D is an algebra and a coalgebra, and relations (BB1)-(BB5) 
hold. 



Proof. (See the proof of [79, Theorem 2.9]) Let D = A^ p #p^H be a bialgebra. We have 



that 



A®H A® H 



A® H A® H 



r 

D 



D 



D 



D 



By (1), we have that 



A®r)H A®t]h 




A A A A 
Cf 



J 







VA ® VHriA <8> m 



e <g) e e <g) e 




and 



VA VH f]H 

A = 



e (8> e (8) idjj 



e (g) zd/f e (8> 
Similarly, we can obtain (BB1)-(BB5) by relation (1). 
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Conversely, if D is an algebra and coalgebra , and relations (BBl)-(BBb) hold, we show 
that the conditions in Lemma 14.2.11 hold. We first show that 

A®T] H A tg) rjH 




D D 
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Ill 
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A A 



by (WCA) 




A HA 



Similarly, we have that 




D D 
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j 










c ^ 





D D II 
D D 



Obviously, 

A®t] H A®H A AH 




D AH 



By Lemma I4.2.1I D is a bialgebra. □ 

Dually we have Theorem I4.2.2f Let A and H be bialgebras with a(idn <8> tja) = ch^a and 
a(r]H <8> iaU) = and (e# (8) idA)tp = e#7?A and <g> €a)<-P = and e# % €a) = tACt and 
iprju = rju <S> t]a- Then D = Aa^j^^H is a bialgebra iff D is an algebra and coalgebra , and 
relations (BB1')-(BB5') hold. 

Corollary 4.2.3. Let A and H be bialgebras. Then 

(i) A a ^H is a bialgebra iff (A, a) is an H-module algebra, (H,ip) is an A-comodule coal- 
gebra, and (BBS 7 ), (BBW), (BB1V) hold; 

(ii) A^j^pH is a bialgebra iff (A,(f>) is an H-comodule coalgebra, {H,(3) is an A-module 
algebra, and (BBS), (BB10), (BB11) hold. 

Corollary 4.2.4. Let A and H be bialgebras. Then 

(i) A a)(T ^H is a bialgebra iff A a ^ a j^H is an algebra, a and a are coalgebra morphisms, H is 
cocommutative with respect to (A, a), and (BB8') holds; 

(ii) A^p^H is a bialgebra iff Aftg^H is an algebra, fi and j3 are coalgebra morphisms, A 
is cocommutative with respect to {H,(3), and (BB9') holds; 

(Hi) A^ P #H is a bialgebra iff A^' P #H is an algebra, P and 4> are coalgebra morphisms, H 
is commutative with respect to (A, eft), and (BB8) holds; 

(iv) A#^H is a bialgebra iff Ap>&H is an algebra, Q and tp are coalgebra morphisms, H 
is commutative with respect to (A,ip), and (BB9) holds; 

4.3 Biproducts 

In this section, we give the necessary and sufficient conditions for biproducts to become bialge- 
bras. 

Lemma 4.3.1. Let H be a bialgebra, (A, a) an H-module algebra and (A, (p) is an H-comodule 
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coalgebra. Set D = A%#H. Then (i 



A H A H 



Relation (1) and relation (2) are equivalent. 
A H A H 




A H A H 



AHA 





AHA A HA 

(ii) Relation (3) is equivalent to (BB7') and relation (4) 

AHA 

AHA 





H A 



•(1) 



.(2) 



•(3) 



H A 
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A A 




(4) 



(Hi) Relation (2) implies relation (5) (6). 



A A 




(5) 



A HA 
A HA 




A A 



(iv) Relation (6) is equivalent to (BB6') and relation (7) 




(7) 



(v) Relation (2) implies (3) when e/i(a) = (g> e#; (vi) €d is an algebra morphism iff ca is an 
algebra morphism and 

HA HA 
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(vii) 

rjD VA m VA VH 



VA rjH t)a 

iff ^ = | 

HA HA 



VA 



VA VA 



and 



D D A H A H H A H A A A A A 

Proof, (i) It is clear that (1) implies (2). Conversely, if relation (2) holds, we have that 

A HAH 

AHA H 



the left side of (1) 




AHA H 




by (2) 




A HAH 



= the right side of (1). 

(ii) Assume relation (3) holds. Applying (id a <8> Vh ® id a) on relation (3), we get relation 
(4). Applying (t/a ® idn <8> id a) on relation (3), we get (BB7'). 
Conversely, assume relation (4) and (BB7') hold. We see that 

A HA 
AHA a, 



the left side of (3) 



by (4) 





(BBT) 




H A 



= the right side of (3). 

(hi) Applying idA®VH®idA on relation (2), we can get relation (5). Applying idA®(-H®idA 
on relation (2), we can get relation (6). 
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(iv) Assume relation (6) holds. Applying ija ® idfj ® id a on relation (6), we can get relation 
(7). Applying id a ®T)h® i&A on relation (6), we can get relation (BB6'). Conversely, assume 
(BB6') and relation (7) hold. We see that 



A HA 



the left side of (6) 



by (BB&) 




by (7) 




the right side of (6). 



(v),(vi) and (vii) are clear. 

Theorem 4.3.2. Let H be a bialgebra, {A, a) an H -module algebra and (A, (j)) an H-comodule 
coalgebra. Then the following conditions are equivalent. 

(i) At#H is a bialgebra. 

(ii) {A, a) is an H-module coalgebra, (A, eft) is an H- comodule algebra, Aa(i]a) = VA <8> r/A , £A 
is an algebra morphism, and (BB6')-(BB7') hold. 

(Hi) €a and (ft are algebra morphisms, a is a coalgebra morphism, Aa(tia) = t]a <8> r/A, and 
(BB6')-(BB7') hold. 



Proof, (ii) 44> (Hi) is clear, (i) => (ii) follows from Lemma [4.3. 11 so it remains to show that 
(ii) => (i). By Lemma 14.3.11 we only need show that relation (2) holds. We see that 



the left side of (2) 




= the right side of (2). □ 
Dually we have 
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Corollary 4.3.3. (i) If A is an algebra and coalgebra, and H is a bialgbra, then A a #H is a 
bialgebra iff (A, a) is an H -module bialgebra and H is cocommutative with respect to (A, a); 

Theorem 4.3.4. Let H be a Hopf algebra, (A, a) an H -module algebra and (A, <f>) an H- 
comodule coalgebra with an antipode Sa- Then D = AtjfH has an antipode 
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and 



since (A, a) is an H-module algebra 



A H 



idn * Sd 



A H 
Thus Sd is an antipode of D. □ 




A H 

© © 
© © 



A H 



A H 




A H 



A H 



© © 
© © 



A H 



A H 



A H 



Lemma 4.3.5. Let C be a symmetric braided tensor category and H a bialgebra in C. 
(i) If (M,a,4>) is a left H-module and left H-comodule in C, then (YD) and (BBT) are 
equivalent. 
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(ii) Let (H, R) be a quasitriangular Hopf algebra in C and (A, a) a Hopf algebra in (h-M- (C) , C R ) . 
Then (A, (ft, a) is a Yetter-Drinfeld H - module in ^yT>(C), where (ft = (idH®a)(CH,H®idA)(R® 
id A ). 

(Hi) Let (H , r) be a coquasitriangular Hopf algebra in C and (A, (ft) a Hopf algebra in (jj Ai(C), C r ). 
Then (A, (ft, a) is a Yetter-Drinfeld H- module in ^yD(C), where a = {r®idA){CH,H®idA){idH® 
(ft). 

Consequently, by Lemma 14.3.51 Theorem 14.3.21 and Theorem 14.3.41 we have following three 
corollaries 

Corollary 4.3.6. Let H be a braided Hopf algebra in symmetric braided tensor category C 
and (A, a, (ft) be a bialgebra or Hopf algebra in (^yD (C) , Y D C) . Then At#H is a bialgebra or 
Hopf algebra in C. 

We can easily get the well-known bosonisation theorem in |83[ Theorem 9.4.12]. 

Corollary 4.3.7. Let (H,R) be a quasitriangular Hopf algebra in symmetric C and (A, a) 
be a Hopf algebra in (j{M(C), C R ). Then Aa#H is a Hopf algebra in C, where (ft = (idu (£> 
ol){Ch,h ® idA){R <8> id,A)- 

Corollary 4.3.8. Let (H, r) be a coquasitriangular Hopf algebra in symmetric C and (A, (ft) a 
Hopf algebra in (h-M.(C), C r ). Then Aa#H is a Hopf algebra in C, where a = (r <8> id a) {Ch h ® 
idA){idH ® (ft)- 

In particular, these corollaries hold for ordinary (co)quasitriangular Hopf algebras. 
We now get the Lagrange's theorem for braided Hopf algebras. 

Theorem 4.3.9. Let H be a finite- dimensional ordinary Hopf algebra, If {A, a) is a finite- 
dimensional Hopf algebra in ^yT> and B is a subHopf algbra of A in ^yT> , then 

dim B | dim A. 

That is, the dimension of B divides the dimension of A. 
Proof. By Corolloary SXS and [STJ Corollary 3.2.1], 

dim (B*#H) | dim (A^#H). 

Consequently, 

dim B | dim A . □ 

Definition 4.3.10. A coalgebra A is called super cocommutative or quantum cocommutative 
if A = Ca,aA; an algebra A is called super commutative or quantum commutative if mA = 
m A CA,A- 
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Remark : In the category Vect (k), a coalgebra A is called cocommutative if A = C^^A; 
an algebra A is called commutative if itia = itiaCa,a- Here braiding C is usual twist map. 

Proposition 4.3.11. (i) If H is a quantum commutative, or quantum cocommutative Hopf 
algebra, then S 2 = idn- 

(ii) If H is a Hopf algebra, then the following conditions are equivalent: 

(1) mCjj l H (id H ® S)A H = n H e H \ 

(2) mC H ^ H (S ® id H )A H = n H e H ; 

(3) S 2 =id H ; 

Proof, (ii) We first show that (2) implies (3). If (2) holds, we see that 

m(id H ® S)(S®S)A H = mC]j l H (S ®id H )A H S fbv Pro. 015]) 

= W*h (by (2) ) 

and 

m(S®id H )(S®S)A H = SmC~^ H (S <g> id H )A H fbv Pro. [LOTTBl 

= vh*h (by (2) ). 

Thus S 2 is the convolution inverse of S, which implies S 2 = idn- Therefore (2) implies (3). 
Similarly, (1) implies (3). 

We next show that (3) implies (1). If (3) holds, we see that 

r]ne = miidu <S> S)Ajj 

= m(S®id H ){S® S)A H 

= m{S <g> id H )C H l H A H S (by Pro. I1.U.13|) 

and 

T)hz = m{idu (8> S)Ah 

= m(S ®id H )(S (g> S)A H 

= m{S <g> id H )C^ H A H S (by Pro. 11.0.131) 

= nneS' 1 

vnC^ H {idu <g> S)Ah- 

Thus (1) holds. Similarly (3) implies (2). 
(i) It follows from (ii) □ 

In this subsection, we construct a braided Hopf algebra in a Yetter-Drinfeld category by 
means of a graded Hopf algebra. 

Lemma 4.3.12. (see \91\ p. 1530],]^ and ]99^) Assume that H and A are two ordinary Hopf 
algebras^ If there exist two bialgebra homomorphisms ttq : A — ► H and lq : H — ► A with 
ttqIq = idff, then 
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(i) (A, 5 + , a + ) is a right H-Hopf module with 5 + =: (id (g) 7To)A and a + =: m(id <S> Lq) 

a+ 

(ii) A#H A ( os algebras) with A =: A coH . 

(Hi) A coH = Im u with ui =: id\ * (lq o Sh ° 717/ ) : A — > A. 

Proof, (i) It is easy to check directly that (A, <5 + ,a + ) is a right i/-Hopf module. 

(ii) By the fundamental theorem of Hopf modules, we have A coH ®H = A as f/-Hopf modules 
with isomorphism a + . We can also check that A coH is an ^/-module algebra with adjoint action 
ad. Moreover, a + preserves the algebra operations of A coH #H. 

(iii) Obviously, for any x £ A, uj(x) = x, which implies A C Im (u). On the other hand, for 
any x £ A, see that 

5 + olo(x) = y~](id 7ro)A(a;i(^o ogo o (x 2 ))) 

= ^ Xi6 ogo 0p(x 4 ) (8> 4>q(x 2 )S o 0p(x 3 ) 
= w(x) (8) 1. 

Thus A = Im (w). □ 

Theorem 4.3.13. (see /ffll p. 1530],^ and JffP)/J Assume that H and A are two ordinary 
Hopf algebras $ If there exist two bialgebra homomorphisms ttq : A — > H and lq : H — > A wii/i 

^o^o = ^Jf; £/ien (A, a,0) is a braided Hopf algebra in %yD and A ai^H = A (as Hopf 
algebras), where a(h ® a) = ^ i<o(hi)aio(S(h2)), 0(a) = (ttq ® id)A^(a), for any h £ H, a £ A. 

Proof. Define = (u®id)A and 6a = £A- By the proof of [221 Theorem 3], (A, to, rj, Aa, e) 
become a braided Hopf algebra in under module operation a and comodule operation </>. 

Set <1> = a + . For any x £ A,h £ H, see that 

Ao$(x#/i) = y~^iio(fci) ® x 2 to(/t 2 ) 

= y^a + (xi,ni) ® q + (x 2 , /i, 2 ) 
= ($ ® ®)A(x#h). 

Thus $ is a coalgebra map. By Lemma [4.3.12l (ii), we have $ is a Hopf algebra isomorphism. □ 
Assume that A = ©°^ Aj is a graded Hopf algebra with H = Aq. Let ttq : A — > Aq and 
io : Ao — > A denote the canonical projection and injection. It is clear that ttq and lq are two 
bialgebra homomorphisms. Consequently, Theorem above holds. A coH is called the diagram of 
A, written diag(A). 



124 



Chapter 5 



The Factorization Theorem of 
Bialgebras in Braided Tensor 
Categories 

It is well-known that the factorization of domain plays an important role in ring theory. S. Majid 
in \83\ Theorem 7.2.3] studied the factorization of Hopf algebra and showed that H = A x H 
for two subbialgebras A and B when multiplication mn is bijective. 

S. Majid found a method to turn an ordinary Hopf algebra H into a braided Hopf algebra 
H . This method is called the transmutation, and H_ is called the braided group analogue of H 
(see |82j and [83J ). Huixiang Chen in [26] showed that the double cross coproduct A \x\ R H 
of two quasitriangular Hopf algebras is a quasitriangular Hopf algebra. One needs to know the 
relation among the braided group analogues of the double cross coproduct A tx R H, A and H. 

In this chapter we generalize Majid's factorization theorem into braided tensor categories. 
We show that the braided group analogue of double cross (co)product is double cross (co)product 
of braided group analogues. We give the factorization theorem of Hopf algebras and the relation 
between Hopf algebras and their factors in braided tensor categories. 

5.1 the braided reconstruction theorem 

In this section, we introduce the method ( transmutation ) turning (co)quasi- triangular Hopf 
algebra into a braided Hopf algebra, which is due to S. Majid [52] . 

Let C be a tensor category, D a braided tensor category and (F, /j,q, /jl) a tensor functor from 
C to D with [iq = idj. Let Nat(G,T) denote all the natural transformations from functor 
G to functor T. Assume that there is an object B of T> and a natural transformation a in 
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Nat(B ®F,F). Here (B <g> F)(X) = B ® F(X) for any object X in V. Let 

V F(X) V F(X X ) F(X 2 ) 



F(X) 




F(X!) F(X 2) 
V F(X X ) F(X 2 ) F(X 3 ) 



'V KP)x 1 ®X 2 ®X 3 




F(X X ) F(X 2 ) F(X 3 ) 
for any object X,X 1 ,X 2 ,X 3 G obC,g G Hom v (V,B),h G Hom v {V,B ® B),p G Homv(V,B (g> 
B® B). 

Let V G o6£>, 5, G HorriT>(V, B). Oy is called injective if Oy(g)x = 6{g')x for any X G ofrD 
implies g = g' ■ Similarly, we can obtain the definitions about and 0y . 

Proposition 5.1.1. fsee /^^|, Proposition 3.8] J83\ Theorem 9.4-6, Proposition 9.4-7] If By , 

(2) (3) 

#y and 6y are injective for any object V = I,B,B<S>B,B<S>B<S>B ) then 

(i) B is a bialgebra living in T>, called the braided bialgebra determined by braided reconstruc- 
tion; 

(ii) Furthermore, if C is a rigid tensor category ( i.e. every object has a left duality ), then 
B is Hopf algebra, called the braided Hopf algebra determined by braided reconstruction. 

( Hi ) Furthermore, if T> and C is braided tensor categories, then B is quasitriangular. 

Proof, (i) We define the multiplication, unit , comultiplication and counit of B as follows: 

B B F(X) 



0B®B{m B )x 




B 



F{X) 
F(X) 



F(X) 
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B F(X) F(Y) 




F(X) F(Y) 



for any object X,Y,Z £ obC. 

We only show that the coassociative law holds, the others can be shown similarly. That is, 
we need show that 

B B 




(1) 



B B B B B B 

We see that 

B F(X) F(Y) F(Z) 




F(X) F(Y) F(Z) 
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F(X) F(Y) F(Z) 
Thus relation (1) holds since 9^ is injective. 

(ii)We define 

B F(X) 



f b F(X) 




F(X) 

for any X G obC. We can show that Sb is the antipode of B .In fact 
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F(X) 
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We showed that Sb is the antipode of B. 
(iii) We define 
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F(X) F(Y) F(Z) 




F(X) FiY) F(Z) 
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Thus 




Similarly, we can show that (QT2)and (QT3) hold. Therefore, (B, R, A) is a quasitriangular 
bialgebra. □ 

In the subsection, the diagram 

U V 




V U 



always denotes the ordinary twisted map: x <g> y — ► y <g> x. 

Theorem 5.1.2. Let H be an ordinary bialgebra and (H\,R) an ordinary quasitriangular 
Hopf algebra over field k. Let f be a bialgebra homomorphism from H\ to H . Then there exists 
a bialgebra B, written as B(H\, f, H), living in (h 1 M,C r ). Here B(H\, f,H) = H as algebra, 
its counit is en, and its comultiplication and antipode are 



B B 




respectively. 



H H 



Then B is a braided Hopf algebra if H is a finite- dimensional Hopf algebra. Furthermore, if 
H is an ordinary quasitriangular bialgebra, then B is a braided quasitriangular bialgebra. In 
particular, when H = H\ and f = idn, B{H\, f, H) is a braided group, called the braided group 
analogue of H and written as H_. 

Proof, (i) Set C = hM and V = (h 1 M,C r ). Let F be the functor by pull-back along /. 
That is, for any (X, ax) £ h-M, we obtain an i?i-module (X,a' x ) with a' x = ax(f <8> idx), 
written as (X, a! x ) = F(X). For any morphism g £ Homc(U, V) , define F(g) = g. B is a left 
-B-module by adjoint action. Let bB denote the left regular S-module. It is clear that a is a 
natural transformation from B F to F. We first show that By is injective for any V £ j^-M. 
If e v (g) = 9 v (h), i.e. 
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V F( B B) 



V F{ B B) 





V 



V 



which implies that (F) = (7T) 



B 



B 



F{ B B) 



F{ B B) 



where g and h are -ffi-module homomorphisms from V to B. Thus Qy is injective. Similarly, we 

(2) (3) 

can show that 8 V and 9 V are injective. 

By Proposition I5.1.T1 B is a quasitriangular bialgebra living in (m-M-,C R ) determined by 
braided reconstruction. 

We first show that the comultiplication of B is the same as stated. Now we see that 



B 



F(X) 



F(Y) 




(1) 



F(X) 



F(Y) 
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B F(X) F(Y) 



The left side of (1) = 




F(X) F(Y) 
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B F{X) F(Y) 




= the right side of (1). 



F(X) F(Y) 
Thus relation (1) holds. 

Furthermore, if H is a finite-dimensional ordinary Hopf algebra, set C = {M £ h-M. \ 
Mis finite -dimensional } and the others are the same as part (i). It is clear that C is rigid. 
Thus B has a braided-antipode by Proposition 15.1.11 (ii). 
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We see that 



B 




B 



Thus the antipode of B as stated. 

Assume H\ = H. Our functor F is the identity Functor form hM to h-M. It follows from 
the proof of Proposition 15, 1 . II (iii) that the quasitriangular structure of H_ is trivial and A = A. 
That is, H_ is a braided group. □ 

Dually we have 

Theorem 5.1.3. Let H be an ordinary bialgebra and (H\,r) be an ordinary coquasitriangular 
Hopf algebra over field k. Let f be a Hopf algebra homomorphism from H to Hi. Then there 
exists a braided bialgebra B, written as B(H, f,H{), living in ( B M,C r ). Here B(H\, f, H) = H 
as coalgebra, its unit is r] H , and its multiplication and antipode are respectively, 



H H B 




, respectively. 



B B 



Then B is a braided Hopf algebra if H is a finite- dimensional Hopf algebra. Furthermore, if H 
is an ordinary coquasitriangular bialgebra, then B is a braided coquasitriangular bialgebra. In 
particular, when H = H\ and f = idn, B{H, f,H\) is a braided group, called the braided group 
analogue of H and written as H_. 
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5.2 Braided group analogues of double cross products 



In this section we show that the braided group analogue of double cross (co) product is double 
cross (co) product of braided group analogues. 

Theorem 5.2.1. (Factorisation theorem) (See [83, Theorem 7.2.3]) Let X , A and H be 
bialgebras or Hopf algebras. Assume that ja and ju are bialgebra or Hopf algebra morphisms 
from A to X and H to X respectively. If £ =: mx{jA®3H) is an isomorphism from A®H onto 
X as objects in C, then there exist morphisms 

a: H ® A^ A and (3 : H ® A -> H 

such that A a H becomes a bialgebra or Hopf algebra and £ is a bialgebra or Hopf algebra 
isomorphism from A a txfy? H onto X. 

Proof. Set 

H A 




Similarly we have 



H A A H A A 




AH AH 
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We also have 



C(rj ® id) = id ® rj and £{id <g> rj) = r] ® id 



(3) 



It is clear that ( is a coalgebra morphism from H A to A H, since ja, 3h and m x ah 
are coalgebra homorphisms. Thus we have 

H A 




and (e ® e)C = (e <g> e). 



i i If 

We now show that (A, a) is an //-module coalgebra: 



H H A 
H HA {J 



H H A 



A >^ 
A © 




by (i) 




A © 



HH A 
4 



by(3) 



and a(?7 ® id a) = {id a <8> e)C( ? ? ® ^a) = 

by(4) 

We see that to a = {e® e)C = e <S> e and 
H A H A 




by(4) 




(4) 



H A 



A A 



A © A © 

Thus (A, a) is an iZ-module coalgebra. Similarly, we can show that {H, (3) is an ^4-module 
coalgebra. 

Now we show that conditions (M1)-(M4) in [12,p37] hold. By (3), we easily know that(Ml) 
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holds. Next we show that(M2) holds. 




A © A A 



Thus (M2) holds. Similarly, we can get the proofs of (M3) and(M4). Consequently, A a Od^ H 
is a bialgebra or Hopf algebra by [12, Corollary 1.8]. It suffices to show that £ is a bialgebra 
morphism froniyl a txig H to X. Let D = A a \x\@ H. Since 




D 



we have that £ is a bialgebra morphism from A a ixip H to X by [132, Lemma 2.5]. □ 

Theorem 5.2.2. (Co-factorisation theorem) Let X , A and H be bialgebras or Hopf algebras. 
Assume that pa and pu are bialgebra or Hopf algebra morphisms from X to A and X to H , 
respectively. If £ = {pa ®Ph)^-x is an isomorphism from X onto A® H as objects in C, then 
there exist morphisms: 

4> : A^> H (g> A and ip : H -> H (g) A 

such that txi^ H becomes a bialgebra or Hopf algebra and £ is a bialgebra or Hopf algebra 
isomorphism from X to A^ \xft H. 



140 



Proof. Set 



A H 




H A 

We can complete the proof by turning upside down the diagrams in the proof of the preceding 
theorem. □ 



In the subsection, we always consider Hopf algebras over field k and the diagram 



U V 




V U 



always denotes the ordinary twisted map: x <S> y — ► y <8> x. Our diagrams only denote homo- 
morphisms between vector spaces, so two diagrams can have the additive operation. 

We now investigate the relation among braided group analogues of quasitriangular Hopf 
algebras A and H and their double cross coproduct D = A \xi R H. Let us recall transmutation. 
We denote the braided group analogue of any ordinary quasitriangular Hopf algebras H by H. 
R is called a weak i?-matix of A <8> H if R is invertible under convolution and 




Let (A, P) and (H, Q) be ordinary finite-dimensional quasitriangular Hopf algebras over field 
k. Let R be a weak i?-matrix of A <g> H. For any U, V £ CW(A ® H) =:{U G A <g> H \ U is a 
weak iZ-matrix and in the center of A <g> H} , 

R D =: ^ R'P'U' Q'{R- r )"V" P"{R~ l )'V R"Q"U" 

is a quasitriangular structure of D and every quasitriangular structure of D is of this form ( \26\ 
Theorem 2.9 ]), where R = J^ R ' ® R", etc. 

Lemma 5.2.3. Under the above discussion, then 

(i) it a ■ D — > A and tth '■ D — > H are bialgebra or Hopf algebra homomorphisms, respectively. 
Here tta and tth are trivial action, that is, 7r^(/t <8> o) = e(h)a for any a £ A,h £ H. 

(ii) B(D, tta, A) = A and B(D, tt h , H) = H. 

(Hi) tta '■ D ~ * A an d '■ D ^ H are bialgebra or Hopf algebra homomorphisms, respec- 
tively. 
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Proof, (i) It is clear. 

(ii) It is enough to show A# = since B = A as algebras, where B =: B(D, tta, A). See 



A A 




and e o ttjj = £■ Thus tth is a coalgebra homomorphism. 

Since the multiplications in D and H are the same as in D and H, respectively, we have 
that tth is an algebra homomorphism by (i). Similarly, we can show that tta is a bialgebra 
homomorphism. □ 

We now investigate the relation among braided group analogues of quasitriangular Hopf 
algebras A and H and their double cross coproduct D = A sxi R H. 
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Theorem 5.2.4. Under the above discussion, let £ = (tta <8> 7t#)A_d. TTien 




and £ is surjective, where ad denotes the left adjoint action of H . 

(ii) Furthermore, if A and H are finite- dimensional, then £ is a bijective map from D_ onto 
A(g> H_. That is, in braided tensor category (dA4,C Rd ), there exist morphisms <f> and 4> such 
that 

D^Aftx? H (as Hopf algebras ) 

and the isomorphism is (tta <8> ith)Ad. 

(Hi) If H is commutative or V = R, then £ = ido_. 

Proof, (i) 

D 



D 

A<g>H 



D 




A H 




A H 




since -ka^h are algebra homomorphisms 
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(ii) By the proof of (i), £ is bijective and 




A H 



Applying the co- factorization theorem 15,2.21 we complete the proof of (ii) . 
(iii) follows from (i). □ 

Remark 5.2.5. 



Under the assumption of Theorem 15.2.41 if we set 




H A 
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by proof of Th [5X21 „ _ . . 

and = £(77<gua) = 
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H A 



Furthermore, ip = ip' and (f> = cj)' when H is commutative or R = V = U .In this 
case, Af txi^ H_ = A^_ \xft' H = A \x\ R H as Hopf algebras living in braided tensor category 
{ D M,C R »). 

Example 5.2.6. (cf. 1261 Example 2.11]) Let A be Sweedler's four dimensional Hopf algebra 
H4 and H = k%2 with chark 7^ 2. A is generated by g and x with relations 

g 2 = 1, x 2 = 0, xg = -gx. 

H is generated by a with a? = 1. Let 

P = \{1 ® 1 + \ ® g + g ® 1 — g ® g) -\- ^{x ® x + x ® gx + gx ® gx — gx ® x); 
Q = + a + a®l- a® a); 

i?=i(l®l + l®a+5®l-3®a). 

It is clear that P and Q are quasitriangular structures of A and H respectively. R is a weak 
R-matrix of A®H with R = R~ l . Let D = A \xi R H. Thus, for any quasitriangular structure Rjj 
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of D, the braided group analogue D of D is a double cross coproduct of braided group analogues 
A and H_. That is, in braided tensor category (rjM,C RD ), 

Atxi R H = Af txT^ H_ (as Hopf algebras ). 

Here ip is trivial coaction and <p(z) = Yl RS 1 ' zRP~' <S> R^R^ for any z G A with R = R = 

5.3 The factorization of ordinary bialgebras 

Throughout this section, we work in the braided tensor category of vector spaces over field k 
with ordinary twist braiding. In this section, we give the relation between bialgebra or Hopf 
algebra H and its factors. 

Lemma 5.3.1. (cf. f87\[ , \10$ )■ If H is a finite dimensional Hopf algebra with char k = 0, 
then the following conditions are equivalent. 

(i) H is semisimple. 

(ii) H is co semisimple. 
(Hi) S\ = idu- 

(iv) tr(S 2 H ) + 0. 

Proof, (i) and (ii) are equivalent by |87l Theorem 2.5.2]. 
(i) and (hi) are equivalent by jlQ4|, Proposition 2 (c)]. 

(iii) and (iv) are equivalent, since (iii) implies (iv) and (iv) implies (iii) by [87, Theorem 
2.5.2]. □ 

Lemma 5.3.2. (cf. \87^ , \10J$ ) If H is a finite dimensional Hopf algebra char k > 
(dim H) 2 , then the following conditions are equivalent. 

(i) H is semisimple and cosemisimple. 

(ii) S 2 H = id H . 

(iii) tr(S 2 H ) + 0. 

Proof, (i) and (iii) are equivalent by [1041 Proposition 2 (c)]. 
(i) implies (ii) by [871 Theorem 2.5.3]. 
Obviously, (ii) implies (iii). □ 

When H is a finite-dimensional Hopf algebra, let and A r H denote a non-zero left integral 
and non-zero right integral of H respectively. 

Lemma 5.3.3. Let A, H and D = AtxiH all be finite dimensional Hopf algebra. Then 

(i) there are u G H,v G A such that 

A D l = A l A ®u, A r D = v ® A r H ; 

(ii) If A\x\H is semisimple, then A and H are semisimple; 

(iii) If A<xiH is unimodular, then Ad = A l A ® A r H , and AtxiH is semisimple iff A and H are 
semisimple. 
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Proof . (i) Let aW, a^ 2 \ • • • , a*™) and h^ l \h^ 2 \ • • • , be the basis of A and H respec- 
tively. Assuming 

where kij S k, we have that 

aA l D = e(a)A l D 

and 

for any a £ A. 

Let = ^ kijO,( l \ Considering {h^'} is a base of H, we get Xj is a left integral of A and 
there exists kj G such that Xj = fcj for j = 1, 2, • • • m. 
Thus 

Ac = Y kj{A A (8) /i (i) ) = A^ <g> it, 
i 

where u = Y^j kjh^\ 

Similarly, we have that A r D = v £g> A r H . 

(ii) and (iii) follow from part (i) . □ 

Proposition 5.3.4. If A, H and D = A\x\ H are finite dimensional Hopf algebras, then 

(i) A\xi H is semisimple and cosemisimple iff A and H are semisimple and cosemisimple; 

(ii) If A and H are involutory and character chark ofk does not divides dimD, then A X H , 
A and H are semisimple and cosemisimple. 

(iii) A ixi H is cosemisimple iff A and H are cosemisimple; 

(iv) If chark = 0, then D is semisimple iff D is cosemisimple iff A and H are semisimple 
iff A and H are cosemisimple iff Sjj = id iff S\ = id and Sjj = id. 

Proof . (i) It follows from |104} Proposition 2]. 

(ii) It follows from \67\ Theorem 4.3] and part (i); 

(iii) If A cxi H is cosemisimple, then (A ix H)* is semisimple. Thus A and H are cosemisimple. 
Conversely, if A and H are cosemisimple, then (A x H)* is semisimple. Thus A tx H is 

cosemisimple. 

(iv) It follows from Lemma 15.3.11 D 
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Chapter 6 

Braided L ie Algebras 



The theory of Lie superalgebras has been developed systematically, which includes the repre- 
sentation theory and classifications of simple Lie superalgebras and their varieties [US] [IB]. In 
many physical applications or in pure mathematical interest, one has to consider not only Z2- 
or Z- grading but also G-grading of Lie algebras, where G is an abelian group equipped with a 
skew symmetric bilinear form given by a 2-cocycle. Lie algebras in symmetric and more general 
categories were discussed in |51] and [SU]. A sophisticated multilinear version of the Lie bracket 
was considered in [66] [98]. Various generalized Lie algebras have already appeared under dif- 
ferent names, e.g. Lie color algebras, e Lie algebras [110J, quantum and braided Lie algebras, 
generalized Lie algebras [H] and H-Lie algebras [15]. 

In [ST], Majid introduced braided Lie algebras from geometrical point of view, which have 
attracted attention in mathematics and mathematical physics (see e.g. [83] and references 
therein). 

In this chapter, braided m-Lie algebras induced by multiplication are introduced, which gen- 
eralize Lie algebras, Lie color algebras and quantum Lie algebras. The necessary and sufficient 
conditions for the braided m-Lie algebras to be strict Jacobi braided Lie algebras are given. Two 
classes of braided m-Lie algebras are given, which are generalized matrix braided m-Lie algebras 
and braided m-Lie subalgebras of EticIfM, where M is a Yetter-Drinfeld module over B with 
dim B < 00 . In particular, generalized classical braided m-Lie algebras sl q j{GMc(A), F) and 
0S Pq,t(GMQ(A), M, F) of generalized matrix algebra GMg(A) are constructed and their connec- 
tion with special generalized matrix Lie superalgebra sl s j(GMz 2 (A s ), F) and orthosymplectic 
generalized matrix Lie super algebra osp s j(GMz 2 (A s ), M s , F) are established. The relationship 
between representations of braided m-Lie algebras and their associated algebras are established. 

Throughout, F is a field, G is an additive group and r is a bicharacter of G; \x\ denotes the 
degree of x and (C, C) is a braided tensor category with braiding C. We write W <8> / for idw <8> / 
and / <%> W for / ® idyy- Algebras discussed here may not have unity element. 
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6.1 Braided m-Lie Algebras 



In this section we introduce braided m-Lie algebras and (strict) Jacobi braided Lie algebras. We 
give the necessary and sufficient conditions for the braided m-Lie algebras to be strict Jacobi 
braided Lie algebras. 

Definition 6.1.1. Let (L,[ ]) be an object in the braided tensor category (C, C) with morphism 
] : L ® L — > L. If there exists an algebra (A,m) in (C,C) and monomorphism (p : L —* A 
such that <f>[ ] = m((p <8> <fi) — m(cp <l>)Ci, l, then (L, [ ]) is called a braided m-Lie algebra in 
(C,C) induced by multiplication of A through <f>. Algebra (A, m) is called an algebra associated 
to(L,[ ]). 

A Lie algebra is a braided m-Lie algebra in the category of ordinary vector spaces, a Lie 
color algebra is a braided m-Lie algebra in symmetric braided tensor category (M FG ,C r ) since 
the canonical map a : L — » U(L) is injective (see [1101 Proposition 4.1]), a quantum Lie algebra 
is a braided m-Lie algebra in the Yetter-Drinfeld category (^yD,C) by \49\ Definition 2.1 and 
Lemma 2.2]), and a "good" braided Lie algebra is a braided m-Lie algebra in the Yetter-Drinfeld 
category (^yV,C) by [321 Definition 3.6 and Lemma 3.7]). For a cotriangular Hopf algebra 
(H, r), the (H, r)-Lie algebra defined in |X5|, 4.1] is a braided m-Lie algebra in the braided tensor 
category ( H Ai,C r ). Therefore, the braided m-Lie algebras generalize most known generalized 
Lie algebras. 

For an algebra (A, m) in (C, C), obviously L = A is a braided m-Lie algebra under operation 
] = m — mCi,L, which is induced by A through id a- This braided m-Lie algebra is written as 
A~. 

If V is an object in C and Cyy = Cyy, then we say that the braiding is symmetric on V. 

Example 6.1.2. If H is a braided Hopf algebra in the Yetter-Drinfeld module category 
(^yV, C) with B = FG and C{x®y) = r(\y\, \x \)y<S>x for any homogeneous elements x,y 6 H, 
then P{H) =: {x £ H \ x is a primitive element } is a braided m-Lie algebra iff the braiding C 
is symmetric on P{H). 

Indeed, it is easy to check that P{H) is the Yetter-Drinfeld module. By simple computation 
we have A([x, y\) = [x, y] (8) 1 + 1 (8) [x, y] + (1 — r(|x|, |y|)r(|y|, \x \))x ® y for any homogeneous 
elements x,y £ P(H). Thus [x,y] £ P(H) iff r(\x\, \y\)r(\y\, \x\) = 1, as asserted. 

Theorem 6.1.3. Let (L, [ ]) be a braided m-Lie algebra in (C,C). 

(i) (L, [ ]) satisfies the braided anti-symmetry (or quantum anti- symmetry): 
(BAS): [] = -[ }C L>L 

if and only if tuCl^l = m C^ L - 

(ii) If the braided anti-symmetry holds, then braided m-Lie algebra (L,[ ],m) satisfies the 
(left) braided primitive Jacobi identity: 

(BJI): [ ]) + [ }){L®Cl\)(C L , L ®L) + [ ](L®[ ])(C^® L)(L® C L>L )) = 0, 

and the right braided primitive Jacobi identity: 

(BJI'): [ }([ ]®L)+[ ]([ l®^®^- 1 )^®!^ ]([ ]®L)(C L , L - 1 ®L)(L®C L , L )) = 0. 
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Proof . (i) Assume that (L, [ ]) 
have m — mC = mCC — mC and m - 
(ii) 



) satisfies the braided anti-symmetry. Since [ ] = — [ ]C we 
= mCC, which implies mC = mC~ l . The necessity is clear. 



l.h.s. of (BJI) = m(L <8 m) — m(L <8 m)(L <8 C) 

-mC(L <g> m) + mC(L <8 m)(L <8 C) 
+m(L <8 m)(L (8 C~ V )(C <8 L) 
+m(L ®m)(L® C)(L CT^C (8 L) 
-mC(L ®m)(L® C~ l )(C <8 L) 
+mC7(L m)(L C)(L (J -1 )^ <8 L) 
+m(L (8) m)(C _1 ®L)(L® C) 
-m(L ®m)(L® C)^ 1 ® L)(L <8 C) 
-mC(I ® m)(C~ 1 L)(L ® C) 
+mC7(L ® m)(L <8 C)^ 1 ®L)(L®C). 

We first check that —(6th term) = 12th term and 4th term = —(10th term). Indeed, 

12th term = mC~ x (L <8 m)(L <8 C _1 )(C _1 <g> L)(L <8 C) 

= m(m ®L)(L® C -1 )^" 1 ®L)(L® CT^CT 1 L)(L <8 C) 

= m(L ® m)(L ® CXC" 1 L)(L <g> C -1 )^ -1 C) 

= m(L (8 m)(C" 1 L)(L <g> C -1 )^ (8 ^)(C" 1 ®L)(L® C) 

= —(6th term ). 



4th term = m(m (8 L)(C ® L)(L ® C )(C (8 £) 
= mfLgmJtLgr 1 )^ 1 ® L)(L ® C) 
= —(10th term ). 

We can similarly show that 1st term = — (11th term), —(2nd term) = 8th term, — (3rd term) 
= 5th term, —(7th term) = 9th term. Consequently, (BJI) holds. We can similarly show that 
(BJI)' holds. □ 

Readers can prove the above with the help of braiding diagrams. 

Definition 6.1.4. Let [ } be a morphism from L®L to L inC. If (BJI) holds, then (L, [ ]) 
is called a (left ) Jacobi braided Lie algebra. If both of (BAS) and (BJI) hold then (L, [ }) is 
called a (left ) strict Jacobi braided Lie algebra. 

Dually, we can define right Jacobi braided Lie algebras and right strict Jacobi braided Lie 
algebras. Left (strict) Jacobi braided Lie algebras are called (strict) Jacobi braided Lie algebras 
in general. 

By Theorem 16 . 1 . 3 1 we have 
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Corollary 6.1.5. If (L, [ ]) is a braided m-Lie algebra, then the following conditions are 
equivalent: 

(i) (L, [ ]) is a left (right) strict Jacobi braided Lie algebra. 

(ii) mC L . L = mC^ L . 

(iii) [ ]C LlL = [ \C- L \. 

Furthermore, if L is a space graded by G with bicharacter r, then the braided primitive 
Jacobi identity (BJI) becomes: 

r(| c |, | a \)[a, [b, c]\ + r(| b \, \ a \)[b, [c, a]]+r(\c\,\b \)[c, [a, b}] = (*) 

for any homogeneous elements a,b,c £ L. That is, L is a Jacobi braided Lie algebra if and only 
if (*) holds. For convenience, we let J(a,b,c) denote the left hand side of (*). 

We now recall the (left ) braided Lie algebra defined by Majid [8TJ Definition 4.1]. A (left) 
braided Lie algebra in C is a coalgebra (L, A, e) in C, equipped with a morphism [ ] : L<S>L — » L 
satisfying the axioms: 

(LI) ([ ])(L®[ ]) = [ ]([ ]®[ ])(L®C®L)(A®L®Z) 

(L2) C([ ] ®L)(L® C)(A®L) = (L ® [ ])(A®L) 

(L3) [ ] is a coalgebra morphism in (C,C). 
Axiom (LI) is called the left braided Jacobi identity. 

There exist braided m-Lie algebras which are neither braided Lie algebras nor Jacobi braided 
Lie algebras as is seen from the following example. 

Example 6.1.6. (see J£f ) Let L = F{x}/ < x n > be an algebra in ( FZn M,C r ) with a 
primitive nth root q of 1 and r(k,m) = q km for any k,m S Z n , where n is a natural number. 

(i) If n > 3, then (L, [ ]) is a braided m-Lie algebra but is neither a Jacobi braided Lie 
algebra nor a braided Lie algebra of Majid. 

(ii) Ifn = 3, then (L, [ ]) is a braided m-Lie algebra and a Jacobi braided Lie algebra but is 
neither a strict Jacobi braided Lie algebra nor a braided Lie algebra of Majid. 

Proof, (i) Since J(x,x,x) = 3qx 3 (l — q — q 2 + g 3 ) ^ we have that (L, [ ]) is not a 
Jacobi braided Lie algebra. If (L, [ ],A,e) is a braided Lie algebra, since [ ] is a coalgebra 
homomorphism, we have that 

[1 1] = 0, implying e(l) = 
[ x,x ] = x 2 (l — q), implying e(x 2 )(l — q) = e(x) 2 
[x,x 2 ] = x 3 (l — q 2 ), implying e(x 3 )(l — q 2 ) = e(x)e(x 2 ) 

[x,x n - 1 ] = x n {l-q n ~ 1 ), implying = e(x n )(l - q 71 ' 1 ) = e(x)e(x n - 1 ). 
Thus e(x m ) = for m = 0, 1, 2, • • • , n — 1, which contradicts the fact that (L, A, e) is a coalgebra. 
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(ii) Since J(x k ,x l ,x m ) = for any k,l,m 6 Z3, we have that (L, [ ]) is a Jacobi braided Lie 
algebra. It follows from [x,x] = x 2 (l — q) 7^ — ^[x,^] that (L, [ ]) is not a strict Jacobi braided 
Lie algebra. □ 

Note that L in the above example may never be a braided Lie algebra in the vector space 
category f-M with the ordinary flip r (i.e. r(x®y) = y®x) as braiding, although an extension 
of L may become a braided Lie algebra in pAi. Furthermore, for the algebra L = F{x} in 
( FZ Ai,C r ) with q 2 7^ 1 and r(k,m) = q km for any k,m £ Z, the above conclusion holds. 

Definition 6.1.7. Zei (L, [ ]) 6e a braided m-Lie algebra in (C,C). If M is an object and 
there exists a morphism a : L® M — > M such that a{[ ] (g> M) = a(L 0a)- a(L 18) a)(C(g) M), 
t/ien (M, a) is called an L-module. 

6.2 Generalized Matrix Braided m-Lie Algebras 

As examples of the braided m-Lie algebras, we introduce the concepts of generalized matrix 
algebras (see [138J) and generalized matrix braided m-Lie algebras. We construct generalized 
classical braided m-Lie algebras sl q j(GMa(A), F) and osp q j(GMG(A), M, F) of generalized 
matrix algebra GMg(A). We show how generalized matrix Lie color algebras are related to Lie 
superalgebras for any abelian group G. That is, we establish the relationship between generalized 
matrix Lie color algebras and Lie superalgebras. 

Let I be a set. For any l,k 6 I, we choose a vector space Aij over field F and an i^-linear 
map Hiji from A^ (g> Aj\ into An (written fj,iji(x,y) = xy) such that x(yz) = (xy)z for any 
x G A^ , y £ Aji,z G vl/fc. Let A be the external direct sum of {Aij \ i,j £ I}. We define the 
multiplication in A as 



for any x = {xij},y = {yij} £ A . It is easy to check that A is an algebra (possibly without unit ). 
We call A a generalized matrix algebra, or a gm algebra in short, written as A = Yli^ij I h j £ -0 
or GMj(A). Every element in A is called a generalized matrix. We can easily define gm ideals 
and gm subalgebras. It is easy to define upper triangular generalized matrices, strictly upper 
triangular generalized matrices and diagonal generalized matrices under some total order -< of 
/. 

Proposition 6.2.1. Let A = ^{Ay \ i, j £ 1} be a gm algebra and G an abelian group with 
G = I. Then A is an algebra graded by G with A g = Yli=j+ g Aij for any g £ G. In this case, 
the gradation is called a generalized matrix gradation, or gm gradation in short. 

Proof. For any g,h £ G, see that 




k 




( £ A^i £ A st ) 



i=j+9 s=t+h 




i=t+h+g 
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Thus A = Yl,{Aij | i,j € /} = J2 g eG ^9 ^ s a G-graded algebra. □ 

If C is a small preadditive category and A^ = Homc(j,i) is a vector space over F for 
any i,j £ I = objects in C, then we may easily show that YH^ijlh j £ /} is a generalized 
matrix algebra. Furthermore, if V = © 5 eG^g is a graded vector space over field F with A g h = 
HomF(Vh,V g ) for any g,h £ G, then we call braided m-Lie algebra A = Yli^ij I e ^} 
the general linear braided m-Lie algebra, written as gl({V g }, F). If dim V g = n g < oo for any 
g £ G, then ^/({V^}, F) is written as <7/({n s }, F). Its braided m-Lie subalgebras are called linear 
braided m-Lie algebras. In fact, gl({n g },F) = {f £ EndpV \ kerf is finite codimensional }. 
When G is finite, we may view gl({n g }, F) as a block matrix algebra over F. When G = 0, we 
denote gl({n g }, F) by gl(n,F), which is the ordinary ungraded general linear Lie algebra. 

Assume that D is a directed graph (D is possibly an infinite directed graph and also possibly 
not a simple graph ). Let I denote the vertex set of D, Xij an arrow from i to j and x = 
(x ili2 ,Xi 2 i 3 , ■ ■ ■ ,x in _ lin ) a path from h to i n via arrows x^ , Xj 2 i 3 , • ■ ■ ,x in _ lin . For two paths 
x = (x h i 2 ,x i2 i 3 , ■■■ , x in _ lin ) and y = • • • , Vj m ~ij m ) of D witn «n = ii> we defme tne 

multiplication of x and y as 

XT/ = (Xjj^, Xj 2 j 3 , • • • , Xj n _ 1 j n , yj 1 j 2 l DjlXi^ ' Ujm-ljm)- 

Let denote the vector space over field F with basis being all paths from i to j, where i, j £ I. 
Notice that we view every vertex i of D as a path from i to i, written en and e^Xij = XijCjj = x™. 
We can naturally define a linear map from A y - (8) Ajfc to Ajfc as x y = xy for any two pathes 
x £ Aij,y £ Ajk- We may easily show that YH^ij \ i,j & 1} is a generalized matrix algebra, 
which is called a path algebra, written as A(D) (see, [3j Chapter 3]). 

Example 6.2.2. There are finite- dimensional braided m-Lie algebras in braided tensor cat- 
egory ( FZ:i M,C r ) with a primitive 3th root q of 1 and r(k,m) = q km for any k,m £ Z3. 
Indeed, for any natural number n, we can construct a generalized matrix braided m-Lie algebra 
A = ^{Aij \ i,j £ Z3} such that dim A = n. 

(i) Let Aij = when i ^ j but An = F. Thus dim A = 1. 

(ii) Let A^ = when i 7^ j but An = A22 = F . Thus dim A = 2. 

(Hi) Let A^ = when i ^ j but An = A22 = A33 = F. Thus dim A = 3. 

(iv) Let D be a directed graph with vertex set Z3 and only one arrow from 1 to 2. Set 
A = A(D). It is clear dim(Aij) = when i 7^ j but dim(An) = dim(A22) = dim(A^) = 
dim{A\2) = 1. Thus dim A = 4. 

(v) Let D be a directed graph with vertex set Z3 and only two arrows: one from 1 to 2 and 
other one from 1 to 3. Set A = A(D). It is clear dim(Aij) = but dim{A\\) = dim{A22) = 
dim(A^) = dim{A\2) = dim{Ai^) = 1 Thus dim ^4 = 5. 

vi) Let D be a directed graph with vertex set Z3 and only n + 2 arrows: one from 1 to 2, 
one from 2 to 3 and the others from 1 to 3. Set A = A(D). It is clear dim(Aij) = but 
dim(An) = dim(A22) = dim{A^) = dim{A\2) = dim{A2z) = 1 and dim(Ai3) = n + 1. Thus 
dim A = n + 6 for n = 0, 1, • • • . 

Let A be a braided m-Lie algebra, G be an abelian group with a bicharacter r and W be a 
vector space over F. 
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Definition 6.2.3. If f is an F -linear map from GMq(A) to W and satisfies the following 

(i) /(«) = T, g eG r (9,g)f{a gg ) 

(ii) f(aijbji) = f(bjiaij) for any a,b £ A and i,j £ G, then f is called a generalized quantum 
trace function from gm algebra GM G {A) to W , written tr q j. 

Set 

sl qJ (GM G (A),F) = {a£ GM G (A) | tr qJ (a) = 0}. 

By computation, 

tr q j[a,b] = r(u,u)~ 1 r(g,g) ^(1 - r(u,ufr(u, g)r(g,u))tr q j(b g>g+u a g+u>g ) 

g&G 

for any homogeneous elements a,b £ A,u £ G. Thus we get 

Lemma 6.2.4. sl q j(GM G {A),F) is a braided m-Lie algebra with [A, A] C sl q j{GM G {A), F) 

^(1 - r(u,u) 2 r(u,g)r(g,u))tr q j(bg, g+u a g+U!g ) = 
geG 

for any homogeneous elements a,b £ A, u £ G with \a\= u and \b\= —u. If, in addition, 
tr q j(AijAji) ^ for any i,j £ G, then sl q j(GM G (A), F) is a braided m-Lie algebra with 
[A, A] C sl q j{GM G {A),F) iff r is a skew symmetric bicharacter. 

If f(a gg ) = a gg for any g £ G, then from definition l6.2.3l / is a generalized quantum trace from 
GM G (A) to GMq(A). If GM G (A) = M n (F) is the full matrix algebra over F with G = Z n , 
r (i,j) = 1 an d f(igg) = a gg for any i,j, g £ Z n , then / is the ordinary trace function. If 
GM G (A) = gl({n g }, F) and f{a gg ) = tr{a gg ) (i.e. f{a gg ) is the ordinary trace of the matrix a gg 
) for any g £ G, then / is the quantum trace of the graded matrix algebra gl({n g }, F). In this 
case, sl q j(gl({n g }, F)) is simply written as sl q ({n g }, F). 

Let G be an abelian group with a bicharacter r . If t is an F- linear map from GM G (A) 
to GM G (A) such that t(Aij) C Aji, (t(a))ij = t(aji) and t(ab) = t(b)t(a) for any i,j £ 
G,a,b £ GM G (A), then t is called a generalized transpose on GM G {A). Given ^ M £ 
GM G {A), for any u £ G, let osp q>t (GM G (A), M, F) u = {a £ GM G (A) U \ t(a u+g:g )M u+gih = 
-r(g,u)M g 

,u+h a u+h,h f° r an y 9i h £ G} and osp qj t(GM G (A) , M, F) — (BueG° s p(G M G (A) , M, F) u . 
Lemma 6.2.5. osp q j(GM G (A), M, F) is a braided m-Lie algebra iff 

^(1 - r(u,v)r(v,u))Mg 7 h+ u +vCth+u+v,v+hbv+h,h = 
g eG 

for any homogeneous elements a,b £ A,u,v £ G with \a\= u and \b\= v. If, in addition, for any 
i,j,k £ G, aij ^ implies aijAjk ^ 0, then osp q ^{GM G (A),M,F)) is a braided m-Lie algebra 
iff r is a skew symmetric bicharacter. 

Proof. Obviously, osp q j(GM G (A), M, F) u is a subspace. It remains to check that osp qt t(GM G (A), M, F) 
is closed under bracket operation. For any a £ osp q) t(GM G (A), M, F) u , b £ osp q j(GM G (A), M, F) v 
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and u, v, g, h £ G, set w = u + v. See that 

t([a, b] w+ g :g )M w +g th = t((ab - r(v, u)ba) w+gig )M w+gih 

= t{b v +g,g)t{0"w+g,g+v)^w+g,h 

-r(V,U)t(a u+ g t g)t(b W+ g t g +U )M W+ g jh 

= r(g + v, u)r(g, v)Mg^ h+w b h+WyU+h a u+h)h 

-r(v, u)r{g + it, v)r(g, u)Mg ih+w a h+W) v+hbv+h,h, 
-r(g,w)Mg iW+h [a,b] w+h)h = -r(g,w)M gtW+h a w+htV+h b v+hth 

-r(g, w)r(v, u)M gtW+h b w+h)U+h a u+h)h . 

Thus [a,b] £ osp q j(GM G (A), M, F) w iff (r(u,v)r(v,u) - l)M g>w+h a w+hiV+h b v+h>h = for any 
g,heG.D 

We now consider sl q j(GM G (A), F) and osp q j(GM G (A), M, F) when the bicharacter r is 
skew symmetric. In this case, they become Lie color algebras in ( FG Ai,C r ), called special gm 
Lie color algebra and ortho-symplectic gm Lie color algebra, respectively. 

It is well-known that a Lie color algebra ( M, C r ) with finitely generated G is related to a 
Lie super algebra by [1101 Theorem 2]. We now show how the above gm Lie color algebras are 
related to Lie superalgebras for any abelian group G. 

Let G be an abelian group with a skew symmetric bicharacter r. Set Gq = {g £ G \ r(g,g) = 
1} and G\ = {g £ G \ r(g,g) = —1}. We define a new bicharacter: ro(g,h) = —1 for g, h £ Gj 
and ro(g,h) = 1 otherwise. It is clear that tq is a bicharacter too. Obviously, (ro)o = fo f° r 
any skew symmetric bicharacter r on G. For convenience, let L s denote the Lie superalgebra 
L = Lq® Li for Lie color algebra L in ( Ai, C r ), where Lq = ®i^ G ^Li and Lj = (Bi£ Gi L{ with 
[x,y] = xy - r (\y\, \x\)yx for any x £ L g ,y £ L h ,g,h £ G (see [1101 Page 718]). 

Let A = ^2{Aij | i,j £ G} = GM G (A) be a generalized matrix algebra. Set Bjj = 
YlgeG- heG-- Agh f° r anv hj G an d B = ^2{Bjj \ i,j £ Z2}. We denote the generalized 
matrix algebra GMz 2 (B) by GMz 2 (A s ). For a £ GM G (A), if 6|j = J2 ge a^,heG- a gh f° r an y 
hj £ Z2, then we denote the element b by a s . When G = Z2 with r(g,h) = {—l) 9h for any 
g,h £ Z2, we denote tr q j by tr s j and osp q j by osp S; t- We have 

Theorem 6.2.6. (%) sl qJ (GM G (A), F) s = sl sJ (GM Z2 {A s ), F). 
(ii) osp q , t (GM G (A),M,Fy = osp Sit (GM Z2 (A s ),M s ,F). 

Proof, (i) For any a £ GM G (A), see that 

tr q ,f(a) = ^2 r (g,g)tr qJ (a g g) + ^2 r (g,g)tr q j(a g g) 
g&Go geGi 

= tr S)f (a). 

This completes the proof of (i). 

(ii) For any a £ (osp q , t (GM G (A), M, F) s ) 5 with a £ osp q j(GM G (A),M,F) u and u £ Gq, let 
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i,j G Z 2 and we see that 

t(a^)Mjj = J2 t(a gh )M gk 

heGjMGj 
= —Mj-sa-j-j. 

This shows a G osp s j(GMz 2 (A s ), M s , F). We can similarly prove the others. □ 

In fact, the relations (i) and (ii) above define a G-grading of Lie superalgebras sl s j(GMz 2 (A S ),F) 
and osp s j(GMz 2 (A s ), M s , F), respectively. 

We may apply the above results to gl({n g }, F) with the ordinary quantum trace tr q (a) = 
^2ig&G r ^9i 9)t r ( a gg) an d the ordinary transpose t(a) = a'. In this case, sl q j and osp q j are 
denoted by sl q and osp q , respectively. We have 

Corollary 6.2.7. (i) (sl q (gl({V g }, F)) s = sI s (Vq, Vi,F). 
(ii) (os Pq gl({V g },F)r = osp s {V- ,V l: M s ,F). 

6.3 Braided m-Lie Algebras in the Yetter-Drinfeld Category 
and Their Representations 

In this section, we give another class of braided m-Lie algebras. We shall show that represen- 
tations of an algebra A associated to a braided m-Lie algebra L are also representations of L. 
Furthermore, we show that if (M, ip) is a faithful representation of L, then representations of 
EhcIfM are also representations of L. 

The category is the Yetter-Drinfeld category yv, C), where B is a finite dimensional Hopf 
algebra and C is a braiding with C(x, y) = Yl( x (-i) ' v) ® x (o) f° r an Y x e M,y e N. 

We use the Sweedler's notation for coproducts and comodules, i.e. 

A(a) = ^ a\ <8> a2 and tp(x) = ^ ^(-i) ® ^(o) 

a x 

when a G H a coalgebra and x G M a left .ff-comodule. 

Lemma 6.3.1. (i) If (V, ay , (f>v) and (W,aw,4>w) o re two Yetter-Drinfeld modules over B 
with dim B < oo, then HompiV^W) is a Yetter-Drinfeld module under the following module 
operation and comodule operation: (b- f)(x) = b\ • /(S 1 ^) ■ x) and <fi(f ) = ® <8> /), 

where a is defined by (b* • f){x) =< b* ,x^S(f(x^)^) > ev (/(x( )))(o) / or any x G / G 
Homp{V, W), b* G 5*. //ere 6g denotes a coevoluation and <,> ev a> n evoluation of B. 

(ii) If (M,otM,4>M) is a Yetter-Drinfeld modules over B, EndpM is an algebra in (^yV,C) 

Proof, (i) It is clear that E/(-i)/(o)(^) = E(/(^(o)))(-i)5'" 1 ( a; (-i)) ® (f( x (o)))(o) for an Y 
x G V, / G Hompiy, W), b G B. Using this, we can show that Hoitif(V,W) is a S-comodule. 
Similarly, we can show that HorriF(V, W) is a S-module. We now show 

J> • /)(-!) ® (b • /)(„) = E fc l/(-D S ( ft 3) ® &2 • /(0) (6-1) 
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for any / G Homp(V, W), b £ B. For any x € V, see that 

®6 2 • (f(S(h)) ■ x (0 )(o), 
hf(-i)S(b 3 )®{b 2 -f {0) )(x) = 6 1 / ( _i ) 5(6 4 )®6 2 -/(o)((5(63)-a:)) 

= £ 6i(/(5(6 4 ) • x (0) )) ( _ 1) 5'(63)5'- 1 ( a;( _ 1) )6 5 5'(6 6 ) 

®6 2 • (f(S(b 4 ) ■ a? (0 )))(o) 
= ^6 1 (/( < S(64))-x (0) ) { _ 1) 5(6 3 )^ 1 (^(-i)) 

®6 2 • (/(SM) • »(o))(o)- 

Thus (|6.ip holds and Homp(V, W) is a Yetter-Drinfeld module. 

(ii) Let -E = EndpM and m denote the multiplication of £\ Now we show that m is a 
homomorphism of -B-comodules. It is sufficient to show 

^2(fg)(-i) ® (fg)( ) = ® /(o)ff(o)- (6-2) 

for any f,g £ E. Indeed, for any x £ M, see that 

(/0)(O)(aO = S(/5(a?o))(-i)^ _1 (iC(-i))®(/^(a;o))(o), 
® /(o)0(o)(aO = J] ^(-^^^(o) ))(-i) 5,-1 ® /(o) ((5(^(0) ))(o)) 

= 53(/((ff(*(O)))(0)))(-l) 

'5 _1 ((5 , (^(o)))(o)))(-i)2)(fi'(2;(o)))(-i)i5' _1 ( a; (-i)) 
®(/(0/(iC(o)))(o)))(o) 
= (/fi'(a;(o)))(-i)5 ,_1 (x ( _ 1) ) ® (/p(aj( )))(o)- 

Thus (|6.2p holds. Similarly, we can show that m is a homomorphism of -B-modules. □ 

Example 6.3.2. Let (M, ocm, <Am) be a Yetter-Drinfeld modules over B and L a subobject of 
E = EndpM . If L is closed under operation [ ] = m — mCL,L, then (L, [ ]) is a braided m-Lie 
subalgebra of E~ . 

By Lemma I6.3.11 we may define representations of braided m-Lie algebras in the Yetter- 
Drinfeld category. 



Definition 6.3.3. Let (L, [ ]) be a braided m-Lie algebra in (^yD,C). If M is an object 



in 



(^yD, C) with morphism tjj : L — > EndpM such that ip is a homomorphism of braided m-Lie 
algebras, i.e. ] = m{^)®^)) — m{ip®'^)Ci l i n then (M,ifj) is called a representation of (L, [ ]). 

Obviously, (M,ip) is a representation of L iff (M, a) is an L-module (see definition 16. 1 . Tj) . 
where the relation between two operations is a(a,x) = ip(a)(x) for any a £ L,x £ M. 
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Proposition 6.3.4. Let (L, [ ]) be an object in (^yD,C) with a morphism [ ] : L — > L. 
If M is an object in (^yV,C) with monomorphism ip : L — ► EndpM such that ip{ ] = m(tjj 
ip) — m(ip <g> ip)C 'l,Li then L is a braided m-Lie algebra and {M,ip) is a faithful representation of 
(L,[ ])• 

Proof. By Lemma E3J] E = End F M is an algebra in (%yV,C). By Definition [6X11 
(L, [ ]) is a braided m-Lie algebra. □ 

Proposition 6.3.5. Let (L, [ ]) be a braided m-Lie algebra in (^yT>,C) induced by multipli- 
cation of A through <fi. 

(i) If (M,ifj) is a representation of algebra A, then (M,ip4>) is a representation of L. 

(ii) If (M,ip) is a representation of braided m-Lie algebra A~ , then (M, -00) is a represen- 
tation of L. 

(Hi) If (M, if)) is a faithful representation of L and (N,ip) is a representation of algebra 
EndpM, then (N,ipip) is a representation of L. 

Proof, (i) and (ii) follow from Definition 16.3,31 

(iii) By Lemma 16.3.11 E = EndpM is an algebra in (%yT>,C). Thus L is a braided m-Lie 
algebra induced by E through ip. By Proposition 16.3.51 we complete the proof. □ 

Let (L, [ ]) be a braided m-Lie subalgebra of the path algebra (F(D,p))~ with relations, 
then a representation (V, /) of D with f a = for any a € p is also a representation of L (see [31 
Proposition II. 1.7]). 
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Part II 



Hopf Algebras Living in Symmetric 

Tensor Categories 
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Chapter 7 



The Quasitriangular Hopf Algebras 
in Symmetric Braided Tensor 
Categories 

In this chapter, we study the structures of Hopf algebras living in a symmetric braided tensor 
category (C,C). We obtain that (H,R) is a quasitriangular bialgebra living in C iff (h-M,C r ) 
is a braided tensor category. We show that the antipode of (co)quasitriangular Hopf algebra 
living in C is invertible. Next we also prove that S 2 is inner when almost cocommutative Hopf 
algebra (H, R) living in C has an invertible antipode S. In particular, we structure the Drinfeld 
(co) double D{H) in symmetric braided tensor category with left duality and we prove that it is 
(co) quasitriangular . 

We give some basic concepts as follows: 

Let H and A be two bialgebras in a symmetric braided tensor categories (C, C), and for any 
U,V,W € obC, assume that 

R:I^H®H , r:H®H->I, 
t : H ® A -> / , a : H ® H -> I, 
P : I -> H®A , Q : I -> H ® H. 



where r and R are invertible under convolution, and they are morphisms in C. 

A bialgebra (H,m,r],A,e) with convolution-invertible R in Homc{I , H ® H) is called a 
quasitriangular bialgebra living in braided tensor category C if the following conditions hold 
(QT1): 




HH H H H H 
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(QT2): 



(QT3): 




A bialgebra (H, m, rj, A, e) with convolution-invertible r in Homc{H ® H,I) is called a co- 
quasitriangular bialgebra living in braided tensor category C if the following conditions hold 
(CQT1): 

HH H H HH 



(CQT2): 



(CQT3): 




H 



t is called a skew pairing on H <g) A if the following conditions are satisfied: 
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(SP1) 

HA A H A A 



(SP2): 



(SP3) 



(SP4) 




P is called a skew copairing of H (g) A if the following conditions are satisfied: 
(CSP1): 



(CSP2): 



(CSP3): 



(CSP 4): 




r is called a pairing on H (g) ^4 if the following conditions are satisfied: 
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(PI): 



HA A 



H AA 





(P2): 



H HA 



H H A 





(P3) and (SP3) are the same, (P4) and (SP4) are the same. 

P is called a copairing of H <g) A if the following conditions are satisfied: (CP1): 





#4 4 



if 4 A 



(CP2): 





H H A 

(CP3) and (CSP4) are the same. (CP4) ane (CSP4) are the same. 
r is called almost commutative if r satisfies 

H H 

H H 




R is called almost cocommutative if R satisfies 

H 





r is called an universal co-P-matrix on H ® P if r is invertible and satisfies (PI), (P2) and 
(AC); 
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R is called an universal i?-matrix of H <g> H if R is invertible and satisfies (CP1), (CP2) and 
<7 is called a 2-cocycle on H ® if the following conditions are satisfied: 



H H H H H H 



2-COC : 




a is called an anti- 2-cocycle on H <g> H if the following conditions are satisfied: 



H H H H H H 



A2-COC : 




Q is called a 2-cycle of H <g) H if the following conditions are satisfied: 



(2-C) : 




H H H H H H 



Q is called an anti-2-cycle of H <g> H if the following conditions are satisfied: 



A2-C : 




H H H H H H 



Let r and P denote the inverse of r and P under the convolution respectively. It is easy 
to check the following: 

(i) r is a skew pairing iff r _1 is a pairing; P is a skew copairing iff P _1 is a copairing; 

(ii) a is a 2-cocycle iff a~ x is an anti-2-cocycle; Q is a 2-cycle iff Q^ 1 is an anti-2-cycle; 

(iii) r^ 1 = t(S <g> id,A){= T{idn <8> "S 1 " 1 )) if is a Hopf algebra ( or A is a Hopf algebra with 
invertible antipode) and r is a pairing; 

(iv) t _1 = T{idn <£> S(= t(S^ 1 (8) idyl)) if ^4 is a Hopf algebra ( or is a Hopf algebra with 
invertible antipode ) and r is a skew pairing; 
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(v) P~ l = (S ' ®idA)P(= (idjj <g> S~ r )P) if H is a Hopf algebra ( or A is a Hopf algebra with 
invertible antipode) and P is a copairing; 

(vi) P _1 = (icfff <8> S)P(= S 1-1 <g> idA)P if ^4 is a Hopf algebra ( or H is a Hopf algebra with 
invertible antipode ) and P is a skew copairing. 

In this chapter, we assume that the braided tensor category (C, C) is symmetric and all the 
algebras, coalgebras, bialgebras and Hopf algebras are in the category (C,C), unless otherwise 
stated, (see [571 section 10.5] or [521 Definition 2.2]). We omit all of the proofs of the dual 
conclusions since they can be obtained by turning the diagrams in the proofs of the conclusions 
upside down. Obviously, the category Vect(k) of ordinary vector spaces is a symmetric braided 
tensor category, in which the braiding is the ordinary transposition. We can easily get the 
corresponding conclusions in any symmetric braided categories for most of the conclusions in 
Vect(k) by turning the ordinary transposition into a braiding. In this case, we shall omit the 
proofs of these conclusions. 

7.1 Yang-Baxter equation 

In this section, we give the relations among quantum Yang-Baxter equation, Yang-Baxter equa- 
tion, (co)quasitriangular Hopf algebra and the braided tensor category. 

Proposition 7.1.1. (i) If (H,R) is a quasitriangular bialgebra, then R satisfies the quantum 
Yang- Baxter equation: 



(QYBE) : 

H H H 

(ii) If (H,r) is a coquasitriangular bialgebra, then r satisfies the quantum co-Yang- Baxter 
equation: 

H H H 

(CQYBE) : 



Proof, (i) By turning the proofs of [641 Theorem VIII 2.4] into braid diagrams, we obtain 
the proofs. 

(ii) It is the dual case of part (i). □ 
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Proposition 7.1.2. (i) If (iT, 771,77) is an algebra with two algebraic morphisms A : H — * 
H (g) H and e : H — ► /, then H is a bialgebra iff h-M is a tensor category; 

(ii) If (H,A,e) is a coalgebra with two coalgebraic morphisms m : H H — ► H and 
7] : I — > H , then H is a bialgebra iff H M. is a tensor category. 

Proof, (i) By turning the proofs of [641 Proposition XI. 3.1] into braid diagrams, we obtain 
the proofs. We also can see Corollary 11.0.151 
(ii) It is a dual case of part (i) .D 

Theorem 7.1.3. (i) (H,R) is a quasitriangular bialgebra iff (hM.,C r ) is a braided tensor 
category. 

(ii) (H,r) is a coquasitriangular bialgebra iff ( A4,C r ) is a braided tensor category. 

Proof, (i) The necessity can be shown by means of turning the proofs of [641 Proposition 
VIII. 3.1, Proposition XIII. 1.4 ] into braid diagrams. 

The sufficiency. For left regular if-module V, using (idy ®Cy V ){Cy V ®idy) = Cy^yy, we 
have that 

V V V 




Applying r]H®rjH®rjH on the above, we obtain (CP2). Similarly, we can get (CP1) and (ACO). 
(ii) It is the dual case of part (i). □ 

7.2 The antipode of quasitriangular Hopf algebra 

In this section, we show that the antipode of (co) quasitriangular Hopf algebra is invertible, 
and S 2 is inner or coinner when Hopf algebra (H, R) with invertible antipode 5 is almost 
cocommutative or (H, r) with invertible antipode S is almost commutative. 

Theorem 7.2.1. Let (H,R) be an almost cocommutative Hopf algebra with invertible antipode 
S and define 

u = mCH,H(idH <8> S)R. 

Then 
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(i) u' 1 = mC HyH {id H <g> S-^Rr 1 ; 

(ii) S 2 = m{m <%> idn){u <8> idu <8> ii -1 ). 

Proof. By turning the proofs of |87} Proposition 10.1.4] into braid diagrams, we obtain the 
proof. □ 

Theorem 7.2.2. Let (H, r) be an almost commutative Hopf algebra with invertible antipode 
S and define 

H = rCn,H{idH <8> S)A H ■ 

Then 

(i) pr 1 = r- 1 C H ,H(id®S- 1 )&H ; 

(U) S 2 = {n®idn <8> M -1 )(A(8)id jff )AH . 

Proof. It is a dual case of Theorem 17.2. ID 

Theorem 7.2.3. Let (H, r) be a coquasitriangular Hopf algebra and define 

A = r(id H <8> S)A H . 

Then 

(i) A- 1 =r-\S®id H )A H ; 

(ii) S 2 = (A" 1 ®id H &> A) (A <8) id H )A H ■ 
(Hi) S~ 2 = (A g> idtf <g> A _1 )(A <g> id H )A H . 

Proof. By turning the proofs of |39l Theorem 1.3] into braid diagrams, we obtain the 
proofs .□ 

Theorem 7.2.4. Let (H, R) be a quasitriangular Hopf algebra and define 

v = miidn ® S)R . 

Then 

(i) v' 1 = m(S ® idu)^ 1 ; 

(ii) S 2 = m(m (g) idu)(v <8> idjj <g> v) ; 
(Hi) S~ 2 = m(m idjj)(v <S> idu <S> V 1 ) 

Proof. It is a dual case of Theorem 17.2.31 D 

7.3 Drinfeld double 

In this section, we first construct H a by a 2-cocycle a, as in [39, Theorem 1.6]. Next, we show 
that Drinfeld (co)double is a (co)quasitriangular Hopf algebra. 

Proposition 7.3.1. Let H be a bialgebra with a 2-cocycle a on H®H. Define H a as follows: 
H a = H as coalgebra and the multiplication 
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(i) H a is a bialgebra; 

(ii) If H is a Hopf algebra, then H a is also a Hopf algebra with antipode 



( Hi ) If H is a commutative 
where 



Sh° 




ra, then (H a ,a) is a symmetric coquasitriangular bialgebra, 



a 




(iv) If H is a commutative Hopf algebra, then Sh° is invertible. 

Proof, (i), (ii) and (iv) can be obtained by turning the proofs of |39[ Theorem 1.6] into 
braid diagrams. We now show part (iii). 
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171 




H a H a H a 



by 2-COC 
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173 




174 




175 




176 
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the right hand of (CQT2). 



Similarly, we can check that (CQT1) and (CQT3) hold. Obviously, a is invertible. Thus 
(H a ,a) is coquasitriangular. □ 

Proposition 7.3.2. Let H be a bialgebra with a 2-cycle Q of H <g) H. Define as follows: 
= H as algebra and the comultiplication 
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A 



HQ 




Then 

(i) is a bialgebra; 

(ii) Moreover, when H is a Hopf algebra, is also a Hopf algebra with antipode 



S h q 




(Hi) When H is a cocommutative coalgebra, (H®,Q) is a symmetric quasitriangular bialge- 
bra, where 




Q 



H H 

(iv) When H is a cocommutative Hopf algebra, S h q is invertible. 
Proof. It is a dual case of Proposition 17.3. 11 □ 



Proposition 7.3.3. If H and A are bialgebras and r is a skew pairing on (H (8) A), then 
(i) [t] is a 2-cocycle on (A ® H) <g) (A (g) H), where 



H 



[r] 







H 







(ii) t is invertible under convolution iff [t] is invertible. Furthermore, [t] 1 
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(Hi) When t is invertible, (A <g) ^ « bialgebra. In this case, 



A H A H 




and we write A M r H for (A (g) . 

Proof. The proofs of part (i) and (ii) are easily gotten by turning proofs of [39, Proposition 
1.5] into braid diagrams. 

(iii) It follows from Proposition 17.3.11 □ 

Remark 7.3.4. 

Let r be an invertible skew pairing on H <g> A and define: 



and 




It is a straightforward verification to check that A a ixig H = A D< T H. 

In fact, we can also show that A ixi T H is a bialgebra. (see Theorem 13. 1.4|) . 

Proposition 7.3.5. Let r be an invertible skew pairing on H ® A and define: 
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H A 




Then A a tx\p H is a bialgebra. 
Proof. 



H 



Similarly, 




Hhus (Ml) holds. We next show that (M2) holds. 



H A 
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and 




Thus (M2) holds. Similarly, we can show that (M3) holds. Now we show that (M4) holds. 
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183 




184 



H H A 



and 




Therefore, A an //-module. We also see that 



H A 



and 




Thus A is an //-module coalgebra. Similarly, we can show that H is an ^-module coalgebra. 

□ 

Proposition 7.3.6. If H and A are bialgebras and P is a skew co-pairing of H ® A, then 
(i) [P] is a 2-cycle of A®H, where 




185 



(ii) P is invertible under convolution iff [P] is invertible. Furthermore [P] 1 = [P 1 ]; 
(Hi) Moreover, when P is invertible, (A<S)H)^ is a bialgebra. in this case, 



A H 




and we write A txi p H for (A (g) H)^ 

Proof. It is a dual case of Proposition 17.3.31 D 

Lemma 7.3.7. Let H and A be bialgebras. Letr be an invertible skew pairing on (H®A) and 
P be an invertibe copairing of {H®A). Set D = A txi T H . Then (D, [P]) is almost cocommutative 
iff 

(AC1) 

H AH 



(AC2) 




Proof. It can be obtained by straightforward verificationD 

Lemma 7.3.8. Let H and A be bialgebras. Let r be an invertible skew pairing on (H<£>A) and 
P be an invertibe copairing of {H®A). Set D = A \x\ T H . Then (D, [P]) is almost cocommutative 
iff 



186 



(AC01) 

H 




(AC02) 

A 




Proof. It is the dual case of Lemma 17,3.71 D 

Proposition 7.3.9. Let Abe a H op f algebra and H be a H op f algebra with invertible antipode. 
Let t be a pairing on {H (g) A) and P be a skew copairing of (H A). Set D = A txi p H. If 



A H 




then (D, [r]) is almost commutative. 
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Proof. 



the right hand of (AC1 



by(Pl) 




by assumption 



H AH 



by(Pl) 
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H AH 




= the left hand of (AC 1). 



Thus (AC1) holds. (AC2) can similarly be shown. 

Consequently, (B, [r]) is almost commutative by Lemma 17.3.71 □ 

Proposition 7.3.10. . Let A be a Hopf algebra and H be a Hopf algebra with invertible 
antipode. Let r be a skew pairing on (H®A) and P be a copairing of (H®A). Set D = A xi r H. 
If 

A H 




then (D, [P]) is almost cocommutative. 

Proof. It is a dual case of Proposition 17.3.91 D 

Let A c °p = C HiH A and m°P = mC H ,H- We denote {H,A co P,e) by H co p and (H,m op ,r]) by 
H°p. 

Theorem 7.3.11. Let (C,C) be a symmetric braided tensor category with left dual and H be 
a Hopf algebra with antipode S. Let evu and coevn denote the evaluation and coevaluation of 
H respectively. Set A = (H*) op , r = cvhCh,h and P = coevH- 
Then 

(i) t is a skew pairing on H A; 

(ii) P is a copairing of H <g> A; 

(Hi) Moreover, when S is invertible, (D(H), [P]) is a quasitriangular Hopf algebra, where 
D(H) = A cxi T H, called Drinfeld double of H . 

Proof. Using |82} Proposition 2.4], we can get the proofs of part (i) and part (ii). 

(iii) It follows from Proposition 17.3.11 Proposition 17.3.31 and Proposition 17.3.101 □ 
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Theorem 7.3.12. Let (C,C) be a symmetric braided tensor category with left duality and H 
be a Hopf algebra with antipode S. Let evn and coevn denote the evaluation and coevaluation 
of H respectively. Set A = (H*) cop ,T = cvhCh,h and P = coevn- 
Then 

(i) t is a pairing on H £g> A; 

(ii) P is a skew copairing of H (g) A; 

(Hi) Moreover, when S is invertible, (CD(H), [r]) is a coquasitriangular Hopf algebra, where 
CD(H) = A M p H, called Drinfeld codouble of H. 

Proof. Using \&2\ Proposition 2.4], we can get the proofs of part (i) and part (ii). 

(iii) It follows from Proposition 17.3.21 Proposition 17.3.61 and Proposition 17.3.91 □ 

Let (C, C) be a symmetric braided tensor category with left duality. Let A and H be 
bialgebras. We easily check that r* is a (skew copairing ) copairing of A* ® H* if r is a skew 
pairing (pairing) of H (8> A, and P* is a skew pairing (pairing ) on A* (g) H* if P is a copairing 
(skew pairing) of H <8> A. Therefore we can easily check the following. 

Proposition 7.3.13. Let (C,C) be a symmetric braided tensor category with left duality. 

(i) If (H,r) is a coquasitriangular bialgebra (Hopf algebra), then (H* ,r*Cn* ,h*) is a quasi- 
triangular bialgebra (Hopf algebra); 

(ii) If(H,R) is a quasitriangular bialgebra (Hopf algebra), then (H*,Ch*,h*R*) is a coqua- 
sitriangular bialgebra (Hopf algebra). 

Now, we see the relation between Drinfeld double in this chapter and the one defined by 
Drinfeld in Vectf(k) of ordinary finite-dimensional vector spaces over field k with ordinary twist 
map. Obviously, Vectf(k) is a symmetric braided tensor category with a left duality (see |641 
Example 1, P347]). For any H £ Vectf(k), it has been known that Horrik{H,k) has two kinds 
of bialgebra structures. On one hand, it has a bialgebra structure under convolution. In this 
case, we write H* for Hom^H, k). On the other hand, Hom^iH, k) is a duality of H in braided 
tensor category Vectf(k). Therefore it is a bialgebra. In this case, we write H* for Hom^H, k). 
The two bialgebras have the following relation: 

H* = (H op cop f as bialgebra. 

Therefore, the definition of Drinfeld double in Theorem 17.3.111 is the same 
as what Drinfeld did since (H*) op = (H*) cop . 

Considering Theorem [EDI] and [87] Proposition 10.3.14], we obtain (D(H*))* = CD(H) if 
we identify H** as H. 

Remark 7.3.14. 

(It is possible that C is not symmetric) If U and V have left duality U* and V"*, respectively, 
then U*<S>V* and V*<S>U* both are the left dualities of U(£)V. Their evaluations and coevaluations 
are 

du®v = (djj ® dv)(idu* <8> Cy*,u ® idy), bu®v = (idu ® (CV,t/*) _1 ® idv*)Q>u ® by); 
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du®v = d v {idv* ®du® idy), bu®v = {idjj tg> by <8> idjj*)bjj, 

respectively, i?* is the left duality of braided bialgebra H under the first; H* is the left duality 
of braided bialgebra H under the second. 

If both V* and V*' are left dualities of V, then V* = V*' in C. In fact, assume d v : V*®V -> 7 
and 6y :/->F®F* are an evaluation and a coevaluation of V, respectively; d' v : V*' <g> V — > I 
and by : I — » V <8> V*' are another evaluation and another coevaluation of V, respectively. Let 
cf) = (d v ®id v *>)(id v * ®b' v ) : V* -> V*' and ip = (d' v ®id v *)(id v *> ®b v ) : V*' -> V*. It is clear 
that 4>t(; = id v *f and ^ = idy*. Thus V* ^ V*' . 

Remark 7.3.15. 

If H has a left duality H* in braided tensor category C (It is possible that C is not symmetric 
), then the following conditions are equivalent: 

(i) H is of a symmetric evaluation, i.e. 

(idu ® cIh)(Ch*,u ® irfff) = (di? <8> idu)(idH* <8> Cu,h) 

for U = H, H*.; 

(ii) C^y = for U,V = H, H*; 

(iii) Cff t H = C^ 1 ^; 

(iv) ^., fl .=il ff .. 

Remark 7.3.16. 

Theorem 1 7 . 3 . 1 1 1 can be stated as follows: 

Let H be a finite Hopf algebra (i.e. H has a left duality iJ*) with Ch,h = Cjj \j (It is 
possible that C is not symmetric ). Set A = (H*) op and r = dnCH,A- Then (D(H), [b]) is a 
quasi-triangular Hopf algebra in C with [6] = rjA®b <g> . 
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Proof. 
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and 




7.4 (Co) quasitriangular Hopf algebras of double cross (co)products 



In this section, we study the relation among (co) quasitriangular structures of the double cross 
coproduct A txi R H ( double cross product A M r H ) and A and H. We omit all of the proof in 
this section since we can obtain them by turning the proof in [26] into diagrams. 
Assume that 

r : A <g> H -> I and R : I -> A® H, 

are morphisms in C. 

R is called a weak i?-matrix of A (g) H if R is an invertible copairing of A (g iJ. r is called a 
weak r-comatrix on A® if r is an invertible pairing on A®H. Obviously, R is a weak i?-matrix 
of A g) iff Ca,hR is an invertible skew copairing of -ff (g A vCa,h is a weak r-comatrix on 
g) A iff r is an invertible copairing on A® H. 

Therefore, if r is a weak r-comatrix on A®H and let r = tCa,h, then ^4 txi T H is a bialgebra 
by Theorem 17.3,31 For convenience, we also denote A ixi r H by A cxi r 

Lemma 7.4.1. Lei R be a weak R-matrix of A® H , and define 

A H 




HA HA 



Then A^ H is a bialgebra. In this case, we denote A^ ix^ H by A \xi R H . Furthermore, 
J\4> H is a Hopf algebra if A and H are Hopf algebras. 

Considering the universal property of double bicrossproducts in Lemma 13.2.2^ we have 

Lemma 7.4.2. Let D = A \x\ R H be a bialgebra. Assume that pa '■ B — ► A and pn '■ B — ► 

H are bialgebra morphisms. Then p = (jpa ®Ph)&-b is a bialgebra morphism from B — > D iff 
(UT): 

B 
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Corollary 7.4.3. Let R be a weak R-matrix of H <g> H. Then (H, R) is a quasitriangular 
bialgebra iff the comultiplication A of H is a bialgebra morphism from H to H ® H. 

Theorem 7.4.4. D = A txs R H has the following universal property with respect to (tta, t^h)- 
Assume that pa ■ B — ► A and pn '■ B — ► H are bialgebra morphisms. If pa a nd pu satisfy 
(UT) defined in Lemma \ 7.4-S\ then there exists a unique bialgebra morphism p from B to D 
such that ttap = PA and tthP = Ph- 

Theorem 7.4.5. If A^ XT H admits a quasitriangular structure, then A and H admit 
quasitriangular structures, and there exists a weak R-matrix R of A® H such that A^ XT H = 
A \xi R H and 




and V 




If 



U :I^A®H, 
P :I^A®A, 



V :I -c A®H, 
Q:I ^H®H, 



are morphisms in C, we define 



[U,P,Q,V] = 




A HAH 



From now on, unless otherwise stated, R is a fixed weak i2-matrix of A ® H. 
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Theorem 7.4.6. If (A, P) and (H, Q) are quasitriangular bialgebras, then 
(A txi R H, [R, P, Q, -R -1 ]) is a quasitriangular bialgebra. 

Corollary 7.4.7. A^ co^ H admits a quasitriangular structure iff A and H admit a quasitri- 
angular structure, and there exists a weak R-matrix R of A®H such that A^ xr^ H = A oo R H . 

Corollary 7.4.8. Let R be a weak R-matrix of H ®H. Then (H \X R H, [R, R, R, R^ 1 ]) is a 
quasitriangular bialgebra iff (H, R) is a quasitriangular bialgebra. 

Lemma 7.4.9. Let R be a weak R-matrix of H <g> H . Then the following conditions are 
equivalent. 

(i) (H,R) is a triangular bialgebra. 

(ii) (A X* H, [fl.fl.fl.iT 1 ]) is a triangular bialgebra. 

(Hi) Ah ■ H — > H \xi R H is a bialgebra morphism and [R, R, R, R^ 1 ] = (A# <S> Ah)(R), 
i.e. Ah is a quasitriangular morphism. 



<5\^ 








ARh 


3 


A 


\ 

H 




A 


H 







A H A H 

A H 

for any morphisms P : I — > A<S> H, g : I —* A, h : I H. 
Let 

QT(H) = {P | P a quasitriangular structure of H}. 

Lemma 7.4.10. 3> is a bijective map from CW(A, H) x CW(A, A) x CW(H, H) x CW(A, H) 
onto CW(A txi R H, A &i R H), where $([/, P, Q, V) = [U, P, Q, V}. 

Lemma 7.4.11. Let R and R be two weak R-matrices of A® H . Then A tx R H = A \x\ H 

iff there exists U G CW(A, H) such that R = RU. 

Theorem 7.4.12. Assume (A,P) and (H,Q) are quasitriangular bialgebras and U, V G 
CW{A, H) . Then {A M K H, [R, P, Q, R' 1 ] [U, 7], rj, V]) is a quasitriangular bialgebra. Conversely, 
if (A \x\ R H,1Z) is a quasitriangular bialgebra, then there exist P,Q,U,V such that (A,P) and 
(H, Q) are quasitriangular bialgebras with 1Z = [R, P, Q, R^ 1 ] [U, T], T], V] and U, V £ CW(A, H). 

Proposition 7.4.13. There exists a bijective map from QT(A) x QT(H) x CW(A, H) x 
CW{A,H) onto QT(A^ R H) by sending (P,Q,U,V) to [R, P, Q, R" 1 ] [U, rj H , tja, V]. 

Dually, we can get the followings about double cross coproducts. 
Lemma 17.4. IF Let r be a weak r-comatrix on A ® H , and define 
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a 




and (3 




A H 
Then A a c<g H is a bialgebra. In this case, we denote A a \x\p H by A tx r H. Furthermore, 
A a \xig H is a Hopf algebra if ^4 and H is Hopf algebras. 

Lemma [7. 4, 2 P Let D = A \x\ r H be a bialgebra. Assume that j'a : A — > and jjj : H — > B 
are bialgebra morphisms. Let j = msijA <8> Jh) be a bialgebra morphism from D to -B iff 

(CUT): 




Corollary I7.4.3P Let r be a weak r-comatrix on H <g> H. Then (H, r) is a coquasitriangular 
bialgebra iff the multiplication win of H is a bialgebra morphism from H ® H to H. 

A\x\ r H has the following universal property with respect to (vb^ff)- 
I? and j'h : -ff — > are bialgebra morphisms. If 2 A an d Jh satisfy 



Theorem I7.4.4P D 
Assume that ja ■ A — 

(CUT) defined in Lemma 17.4.21 then there exists a unique bialgebra morphism j from D to B 
such that ji A = J 'a and ji H = j H - 

Theorer4TX5p If A a H admits a coquasitriangular structure, then A and H admit 
coquasitriangular structures, and there exists a weak r-comatrix r on A (g> H such that A a oag 
H = A [xl. H and 
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\u,p,q,v 




Theorem I7.4.6P Assume (A,p) and {H,q) are coquasitriangular bialgebras. Then (A \x\ r 
H, [r,p, q, r -1 ]) is a coquasitriangular bialgebra. 

Corollary I7.4.7P 1 A a \x\g H admits a coquasitriangular structure iff A and H admit a coqu- 
asitriangular structure, and there exists a weak r-comatrix r of A <g> H such that A a cxi^ = 
A c< r H. 

Corollary I7.4.8F Let r be a weak r-comatrix on H ® H. Then (H txi r i?, [r, r, r, r -1 ]) is a 
coquasitriangular bialgebra iff (H, r) is a coquasitriangular bialgebra. 

Lemma I7.4.9P Let r be a weak r-comatrix on H H. Then the following are equivalent. 

(i) (H , r) is a cotriangular bialgebra. 

(ii) (A [xv if, [r, r, r, r -1 ]) is a cotriangular bialgebra. 

(iii) ma '■ H txi r — ► i? is a bialgebra morphism and [r, r, r, r _1 ](m# £g> mjy) = r, i.e. m# 
is a coquasitriangular morphism. 

Let CCW{A® H) denote the set of all weak r-comatrix roni®ff satisfying the following 
conditions: 
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AH A H A H AH 

A H A H I 

for any morphisms f : A® H —* I, g : A ^ I, h : H —* I. Let 

CQT(H) = {p \ p is a coquasitriangular structure of H}. 

From now on, unless otherwise stated, r is a fixed weak r-comatrix on A ® H. 

Lemma I7.4.10P is a bijective map from CCW(A, H) x CCW(A, A) x CCW{H, JET) x 
CCW(A, H) to CCW(A M r if, A ix^ if), where 0(tt,p, g, u) = g, v]. 

Lemma 17.4. IIP Let r and f be two weak r-comatrices on A H. Then A txi r H = A cxif if 
iff there exists it G CCW(A, H) such that f = r * u. 

Theorem 17.4. 12P Assume (A,p) and (H,q) are coquasitriangular bialgebras and u, v £ 
CCW(A, H). Then (A tx\ r H,[r,p,q,r~ l \ * [u,e,e,v]) is a coquasitriangular bialgebra. Con- 
versely, if (A x r if, f) is a coquasitriangular bialgebra, then there exist p, q, u, v such that 
(A,p) and (H,q) are coquasitriangular bialgebras with f = [r,p, q, r^ 1 } * [u,e,e,v] and u,v S 
CCW(A,Jf). 

Proposition [7A13P There exists a bijective map from CQT(A) x CQT(H) x CCW(A, if) x 
CCW(A, H) to CQT(vl M r if) by sending (s, t, it, w) to [r, s, t, r" 1 ] * [u, e, e, u]. 




199 



Chapter 8 



The Duality Theorem for Braided 
Hopf Algebras 

In this chapter, we give the duality theorem for Hopf algebras living in a symmetric braided 
tensor category. Using the result, we show that 

(R#H)#H* M n (R) as algebras 

when H is a finite-dimensional Hopf algebra living in symmetric braided category determined 
by (co)triangular structures. In particular, the duality theorem holds for any finite-dimensional 
super-Hopf algebra H 

Supersymmetry has attracted a great deal of interest from physicists and mathematicians 
(see |30| . [88J ). It finds numerous applications in particle physics and statistical mechanics. 
Of central importance in supersymmetric theories is the ^-graded structure which permeates 
them. Superalgebras and super-Hopf algebras are most naturally very important. 

It is well-known that in the work of C*-algebras and von Neumann algebras for abelian 
groups the crossed product R crossed by G crossed by G is isomorphic to R tensor the compact 
operators. This result does have implications for symmetries in quantum theory. One may see 
for example Pedersen's book on C* -algebras [96] . This offers some clues as to why duality 
theorem might be useful in mathematical physics. Its generalization to Hopf-von Neumann 
algebras was known again , see for example the book of Stratila on modular theory |113] or the 
papers on Hopf-von Neumann algebras (or the book on Kac algebras) by Enock and Schwartz. 
Blattner and Montgomery strip off the functional analysis and duplicate the result at the level 
of Hopf algebras [20] . But if one looks more deeply into the literature one finds indeed its origins 
in mathematical physics. However, since most algebras in physics are not finite-dimensional one 
does need to say some words about what one thinks the operator-algebra version should be. 
What plays the role of compact operators in the super case ? 

In this chapter, we show that the subalgebras H®H* of End^H plays the role of compact 
operators in the super case. We obtain the duality theory in symmetric tensor category. Using 
this theory, we study super-Hopf algebras. If super(quantum)group H acts on a superalgebra 
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R, then the duality of the super(quantum)group acts on the crossed product. We show that the 
repeated crossed product is isomorphic to M n (R) when dim H = n 

8.1 The duality theory for Hopf algebras living in symmetric 
tensor categories 

In this section we obtain the duality theory for Hopf algebras living in symmetric tensor category 
C. 

Throughout this section H is a Hopf algebra living in C with a left duality H* and (R, a) is 
a left ^-module algebra in C. Let H* = (H*)°p co p and RjfH be an algebra. 
It follows from 176 that 



Lemma 8.1.1. If (R, a) is an H-module algebra, let 4> = {id® a)(b' <g id) : R — > H* op (g R, 
where b' = Ch,h* °pb. Then 

(ftm = (m <g m)(id (g Cr^h* °p ® id)((j> <g </>)• 

Lemma 8.1.2. If H is a Hopf algebra living in symmetric tensor category with a left duality 
H* , then 

(1) (H, — *■) is a left H* -module algebra under the module operation — 1 = (id <g> d)(C H z H (g 
id) (id ® A). 

(2) (if*,— is a left H-module algebra under the module operation — 1 = (id <g d)(id <g 

f5j (H,-*—) is a right H* -module algebra under the module operation = (d®id)(C HH * (g 
id) (id ® C H H * ) (A <g id) . 

(4) (H*,^) is a right H-module algebra under the module operation = (d (g id) (id (g 
C HiH )(A®id). 

Lemma 8.1.3. Let H be a Hopf algebra living in symmetric tensor category with a left duality 
H* . If we define multiplication and unity on H (g H* as follows: 

H ® H* H®H* h H* H H* 



H^H* H H 

and r) H ^ H i = b}{, then H (g H* is an algebra, written as H®H*. 

In fact, if C is a symmetric Yetter-Drinfeld category, then H®H* can be viewed as a subal- 
gebra of Endk(H). 

Lemma 8.1.4. A is an algebraic morphism and p is an anti- algebraic morphism, where 
A = (m <g d <g id) (id <g C H * H <g id <g id) (id (g id <g A (g id) (id (g id (g 6) and p = (d (g m (8) id) (id <g 
id (g (g id) (id (g C^h (g id <8 id) (id (g id (g A (g id) (id (g id (g 6) . 
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H* H H H* 



H*#H H*#H 




Proof. We show (1) by following five steps. It is easy to check the following (i) and (ii) 
(i) 



H#Vh* Vh*# h 



(a) (p) 




(ii) 



H®H* 



H®H* 
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= the left side. 



H H* 



Thus (iii) holds. 



205 



(iv) 

H* 7] Hi H* H 



The right si 
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H H* 
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Thus (v) holds. 

Now we show that the relation (1) holds. 
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H 7] Hi VH H* H* m r, Hi H 



by 




H®H* 
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H r] Hi 7] H H* H* Tin 7] Hi H 
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H H* 



H* H 





the right side of (1). 



H®H* 

(2) We can similarly show relation (2). □ 
Lemma 8.1.6. If the antipode of H is invertible, then A is invertible with inverse 

H H* 



A- 1 




H H* 

Lemma 8.1.7. R#H becomes an H* -module algebra under the module operation — s - / = 
(id H i® -^){C H i R <g> id H ). 

Theorem 8.1.8. Let H be a Hopf algebra living in a symmetric tensor category C. If H has 
a left duality H* and the antipode S of H is invertible, then 



(R#H)#H* ^R® {H®H*) as 
where H®H* is defined in Lemma \8.1.3l 



ras 
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(i) 




where b' = CH,H*bn- 
We define 



R H H* 



R®(H#H*) 




R H H* 



We see that 



(R#H)#H* 



and @ 



R®{H#H*) 



R H H* 




R H H* 



R H#H* 



R H#H* 




R H#H* 



since w is algebraic 




R H#H* 
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R H#H~* 



R H#H* 





R H#H* 



R H#H* 



R H#H* R H#H* 

Similarly, we have = id. Thus $ is invertible. 
Now we show that $ is algebraic. 



{R#H)#H* 



VH H#H* 



Let 







R <g) (H®H*) 




R H®H* 



It is clear that <E> = {id ® A )<£>'. Consequently, we only need show that <&' is alegebraic. 



R vh 



Let 



R 

T 

R ® (H(g)H* 




R H®H* 



We have that 



(R#H)#H" 




We claim that 
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H H* R 



the left side = 




R H®H* 
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H H* R 





R H®H* 



R H®H* 

Thus relation (*) holds. 

Next, we check that £ is algebraic. We see that 



R R 




R® (H®H* 




and obviously 



R H®H* 



R®{H®H*) 




R®(H®H*) 



Thus £ is algebraic. 
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Now we show that <&' is algebraic. 




R H®H* 
R H H* R H H* R H H* R H H* 



by Lemma 18.1.41 




R (8) {H®H*) 
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It is clear that 



R g> {H®H* 
Thus 3>' is algebraic. □ 



R <g> (H®H* 



8.2 The duality theory for Yetter-Drinfeld Hopf algebras 

In this section, we give the duality theory for Yetter-Drinfeld Hopf algebra H. 

A braided Hopf algebra in Yetter -Drinfeld categories is called a Yetter-Drinfeld Hopf algebra. 
In this section, all Yetter -Drinfeld categories are symmetric. 

If H is a finite-dimensional Hopf algebra living in a symmetric tensor category C determined 
by (co)triangular structure, then H®H* = Endk(H) since dim(H(&H*) = dim(EndkH) and 
H(&H* is a subalgebra of End^H. We can easily check that 

R <g> End k H ^ M n (R) as algebras 

where M n {R) = {x \ x is a n x n-matrix over k} 
Considering Theorem 18.1.81 we have : 

Theorem 8.2.1. (Duality theorem) Let H be a finite- dimensional Yetter-Drinfeld Hopf al- 
gebra Then 

(R#H)#H'* ^ M n (R) (as algebras). 

Some interesting braided group crossed products are the Weyl algebras, which have been 
studied, for example in [77]. Now we give an example in super case. 

Example 8.2.2. (see [83, P502]) Let R denote the Gassmann plane C°l°. That is, R = C(0) 
with odd coordinate and relation 9 2 = 0. The comultiplication and antipode are 

/\(9) = e®l + l®9 and S(0) = -Q. 

R is a super-Hopf algebra with dim R = 2. Let H = R and a be the adjoint action. Thus {R, a) 
is a left H -module algebra in super case. Since H is finite- dimensional we have that 

(R#H)#H* ^ M n (R) (as superalgebras). 

by Theorem \8. 2. 1\ D 

In fact, we can obtain duality theory for crossed coproducts by only turning the above 
diagrams upside down. 
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Part III 



Hopf Algebras Living in the 
Category of Vector spaces 
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Chapter 9 

The Relation Between 
Decomposition of Comodules and 
Coalgebras 



The decomposition of coalgebras and comodules is an important subject in study of Hopf al- 
gebras. T. Shudo and H. Miyamito |112j showed that C can be decomposed into a direct sum 
of its indecomposable subcoalgebras of C. Y.H. Xu |121j showed that the decomposition was 
unique. He also showed that M can uniquely be decomposed into a direct sum of the weak-closed 
indecomposable subcomodules of M(we call the decomposition the weak-closed indecomposable 
decomposition ) in |124j . In this chapter, we give the relation between the two decomposition. 
We show that if M is a full, VF-relational hereditary C-comodule, then the following conclusions 
hold: 

(1) M is indecomposable iff C is indecomposable; 

(2) M is relative-irreducible iff C is irreducible; 

(3) M can be decomposed into a direct sum of its weak-closed relative-irreducible subco- 
modules iff C can be decomposed into a direct sum of its irreducible subcoalgebras. 

We also obtain the relation between coradical of C- comodule M and radical of algebra C(M)* 
Let A; be a field, M be a C-comodule, N be a subcomodule of M, E be a subcoalgebras of 
C and P be an ideal of C* . As in |124j . we define: 



E ±c * = {fec*\ f(E) = 0}. 

P±C = { c G c | p( c ) = }_ 

N ±c * = {/ g C* | / • N = 0}. 
p ±M = { x e M | P • x = 0}. 

Let < N > denote N ±C * ±M . < N > is called the closure of N. If < N >= N, then 
TV" is called closed. If N = C*x, then < N > is denoted by<x>. If<x>CA r for any 
x £ N, then N is called weak-closed. It is clear that any closed subcomodule is weak-closed. If 
p(N) CJV0E, then iV is called an E'-subcomodule of M. Let 
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We call Mp a component of M over E. If Mp is some component of M and Mp C Mg always 
implies Mp = Mp for any non-zero component Mp, then Mp is called a minimal component of 
M. 

Let {m\ | A £ A} be the basis of M and C(M) denote the subspace of C spanned by 
W(M) = {c G C | there exists an m £ M with p(m) = Yl m x ® °\ such that c\ = 
c for some Ao G A}. 

E. Abe in [U P129] checked that C(M) is a subcoalgebra of C. It is easy to know that if E is 
subcoalgebra of C and p(M) Q M ® E, then C{M) C £. If C(M) = C, then M is called a 
full C-comodule. If D is a simple subcoalgbra of C and Md / or D = 0, then D is called 
faithful to M. If every simple subcoalgbra of C is faithful to M, then M is called a component 
faithfulness C-comodule. 

Let X and V be subspaces of coalgebra C. Define X A Y to be the kernel of the composite 

c ^c®c -> c/x ^ c/y 

X A y is called a wedge of AT and y. 

9.1 The relation between the decomposition of comodules and 
coalgebras 

Lemma 9.1.1. Let N and L be subcomodules of M . Let D and E be subcoalgebras of C . 
Then 

(1) N ±c * = (C(N)) ±C *; 

(2) Me=M c{Me) ; 

(3) N is closed iff there exists a subcoalgebra E such that N = Me; 

(4) M D ^0iffD ±c * ±M ^0; 

(5) If D n C(M) = 0, then M D = 0; 

f D if Mp, ^ 



if M D = 



(6) If D is a simple subcoalgebra of C , then C{Mp) = 

(7) If DDE = 0, then Mp n Me = 0; 

(8) If D and E are simple subcoalgebras and Mp n Me = with Mp ^ or Mp ^ 0, then 
DPiE = 0. 

(9) If Mp is the minimal component of M and Mp, then C(M E ) = C(N). 

Proof. (1) Let {m x | A G A} be a basis of N. For any / G N ±c * , if c G W(N), then 
there exists m G N with p(m) = X^AeA m A "X 1 ca such that c\ = c for some Ao G A. Since 
f - m = J2 m xf( c x) = °> /( c a) = for any A G A. Obviously, /(c) = f(c\ ) = 0. Considering 
that C(N) is the space spanned by W(N), we have / G C(A^)- LC *. Conversely, if / G C(N) ±C * , 
then /-m = Y. m \f( c \) = for any m £ N, i.e. / G A^ 10 *. This shows that N ±c * = C(N) ±C * . 

(2) Since Mp is an S-subcomodule of M, C(M E ) C £ and M c{Me) C M e . Since M s is a 
C(M E )-subcomodule, M E C M c(Mb) . 

(3) If X is closed, then _/\r- LC '*- LM = N. Let £ = C(JV). Obviously, N C Mg. By Lemma 
ISTir i). A^* • Ms = E 1 - 10 * • M E = 0. Thus Mg C N ±C * ±M and M B C N. This shows that 
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M E = N. Conversely, if M E = N, obviously, (M E ) C (M E ) ±C * ±M . Thus it is sufficient to show 
that 

< M E >C M E . 

Let L = (M E ) ±C * ±M =< M E > . We see that C(L) ±C * = L LC * = (M E ) ±C * ±M±C * = 
(M E ) ±C * = C(M E ) ±C *. Thus C(L) = C{M E ) and L C M C{L) = M c{Me) = M E . 

(4) If D ±C * ±M / 0, let {m x A G A} be a basis of D ±C * ±M and p{x) = Y,m x ®d x for 
any x G D ±C * LM . Since D ±c * ■ x = £) A m x D LC * (d x ) = 0, d A G D-LC*±C = D for any _\ G a, 
which implies that Z)- LC ' is a -D-subcomodule. Therefore D^- c C Md, i.e. 7^ 0. 
Conversely, if Md 7^ 0, then we have that 

0^M D C (M d ) ±c * ±m 

= C(M D ) ±C * ±M (by part (1)) 
c £ ) - LC '*- LM 

(5) Since M D C M, C(M fl ) C C(M). Obviously, C(Md) C L>. Thus C(Md) C C(M)nL> = 
0, which implies that M E = 0. 

(6) If M D = 0, then C(M D ) = 0. If Md + 0, then / C{M D ) C D. Since D is a simple 
subcoalgebra, C(M E ) = D. 

(7) If x G Md n Mb, then p(x) G (M D ® D)C\ (M E ® and 

n m 

P( x ) = ^2 x i ® d i = ej, (9.1) 

i=l j=l 

where Xi, ■ ■ ■ ,x n is linearly independent and di G D and ej G E. Let fi G M* with fi(xi) = 5u 
for i, I = 1, 2, ■ • ■ n . Let f\ (g) id act on equation (|9. lj) . We have that di = YJj=i fi(Uj) e j e ^> 
which implies di £ D Pi E = and ^ = for Z = 1, • • • , re. Therefore Md n M^ = 0. 

(8) If D fi E ^ 0, then D = E. Thus Md = M E and M D D M E = M E = M D = 0. We get a 
contradiction. Therefore D f] E = 0. 

(9) Obviously, C(iV) C C{M E ). Converselysince ^ N C M c(iV) C M c{Me) = M E and 
Me is a minimal component, Mqi^\ = M E . By the definition of component, C(M E ) C C(N). 
Thus C(JV) = C(M B ). □ 

Proposition 9.1.2. If E is a subcoalgebra of C, then the following conditions are equivalent. 

(1) M E is a minimal component of M . 

(2) C(M E ) is a simple subcoalgebra of C . 

(3) M E is a minimal closed subcomodule of M . 

Proof. It is easy to check that M E = iff C(M E ) = 0. Thus (1), (2) and (3) are equivalent 
when C(M E ) = 0,. We now assume that M E 7^ 0. 

(1) ==>- (2) Since 7^ M E , there exists a non-zero finite dimensional simple subcomodule N 
of M such that N C M E . By [T241 Lemma 1.1], N is a simple C*-submodule of M. Since M E 
is a minimal component, C(N) = C(M E ) by Lemma EXT] (9). Let L> = C(iV) = C(M E ). By 
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LemmaEX^!), (0 : N) c * = N ±c * = C(N) ±C * = D ±c * . Thus N is a faithful simple C*/D ±c *- 



(2) => (3) If ^ N C M E and N is a closed subcomodule of M, then by Lemma EIEJ}3) 
there exists a subcoalgebra F of C such that N = M F . Since / C(JV) = C(M F ) C C(M E ) 
and C(Afe) is simple, C(M F ) = C(M E ). By Lemma iV = M F = M c(Mf) = M c(Mb) = 
Mb, which implies that M F is a minimal closed subcomodule. 

(3) =>■ (1), If Mf C Mg, then Mp is a closed subcomodule by Lemma [9.1. If 3) and 
Me = Mp, i.e. Me is a minimal component. 

This completes the proof. D 
Let 

Co = {D | D is a simple subcoalgebra of C }; 

C(M) Q = {D | L> is a simple subcoalgebra of C and D C C(M) }; 

A4o = {A^ | iV is a minimal closed subcomodule of M }; 

C(M)i = {D | D is a faithful simple subcoalgebra of C to M }; 

Co = XX-D | D is a simple subcoalgebra of C }; 

Mo = I N is a minimal closed subcomodule of M }; 

Co and Mo are called the coradical of coalgebra C and the coradical of comodule M respec- 
tively. If Mq = M, then M is called cosemisimple. By Lemma |9.1.1[ 5). 



Proof. By Proposition 19.1.21 tp is a map. Let D and E G C(M)i and ^(D) = VK-E'), i.e. 
Mo = M E - By Lemma EH] (6), we have that D = C{D D ) = C{M E ) =E.IiN G 7W , then 
iV = Mc/jv) an d C(N) is a simple subcoalgebra by Lemma [9.1.1f 3) and Proposition 19. 1 .21 Thus 
i^(C(N)) = N, which implies that tp is surjective. □ 

In |124j and |121j . Xu defined the equivalence relation for coalgebra and for comodule as 
follows: 

Definition 9.1.4. We say that D ~ E for D and E G Co iff f° r an D P a i r of subclasses C\ and 
C-2 of Co with D G C% and E G C2 sitc/t that C\ U C2 = Co and Ci n C2 = 0, there exist elements 
D\ G Ci and E 1 ! G C2 suc/i i/iai D\ f\E\ ^ E\ /\ D\. Let [D] denote the equivalence class which 
contains D. 

We say that N ~ L for N and L G Mq iff for any pair of subclasses M\ and M2 of Mo 
with N G M\ and L G M2 such that Mi U M2 = Mo and Mi H M2 = 0, there exist elements 
Ni G Mi and Li G M2 such that N\ A Li 7^ Li A Ni. Let [N] denote the equivalence class 
which contains N. 

Definition 9.1.5. LfDf\E = Ef\D for any simple subcoalgebras D and E of C, then C is 
called 7r -commutative. IfNf\L = Lf\N for any minimal closed subcomodules N and L of M , 
then M is called n -commutative. 



module, and so C*/Z?- LC " is a simple algebra.lt is clear that D is a simple subcoalgebra of C. 



C(M)i C C(M) 
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Obviously, every cocommutative coalgebra is 7r-commutative. By |124t Theorem 3.8 and 
Theorem 4.18], M is 7r-commutative iff M can be decomposed into a direct sum of the weak- 
closed relative-irreducible subcomodules of M iff every equivalence class of M contains only one 
clement. By [121 J , C is 7r-commutative iff C can be decomposed into a direct sum of irreducible 
subcoalgebras of C iff equivalence every class of C contains only one element. 

Lemma 9.1.6. Let D, E and F be subcoalgebras of C. N, L and T be subcomodules of M . 
Then 

(1) M D AM F = M c{Md)aC{Mf) C M daf ; 

(2) If D and E are faithful simple subcoalgebras of C to M, then Me A Me = Mdaf! 

(3) M D+E 5 M D + M E ; 

(4) If F = D a | a e n} and {D a \ a £ U} C C , then M F = £{M Dq \ a 6 Q}.In 
particular, Mc = Mq. 

(5) (N + L)AT^>NAT + LAT; 

(6) (D + E) A F D D A F + E A F. 

Proof. (1) We see that 

M D AM E = p~ 1 (M (g) (Mrj) ±C * ±C A (Me) ±C * ±C ) ( by pi Proposition 2.2(1)]) 
= p~ x {M Cg) C(Mrj) A C{Me)) (by Lemma EXD[1)). 

By the definition of component, subcomodule Me A Me C M C ( Mo -) AC ( ME y It follows from the 
equation above that McfM D )AC(ME) — A Me- Thus 

and 

M C(M D )hC{M E ) Q M DAE- 

(2) Since L> and E are faithful simple subcoalgebras of C to M, C{Me) = D and C{M F ) = E 
by Lemma EXD[6). By LemmaET^l), M D A M E = M DAE . 

(3) It is trivial. 

(4) Obviously M F D Y,i M D a \ a e tt}. Conversely, let N = M F . Obviously N is an 
.F-comodule. For any x £ N, let L = C*x. it is clear that L is a finite dimensional comodule 
over F. By [1141 Lemma 14.0.1], L is a completely reducible module over F*. Thus L can be 
decomposed into a direct sum of simple i ? *-submodules: 

l = Li © l 2 © • • • © L n , 

where Lj is a simple i ? *-submodule. By |124[ Proposition 1.16], < Lj >= [Li)^- F is a minimal 
closed F-sub comodule of N. By Theorem 19.1.31 there exists a simple subcoalgebra D ai of F 
such that < Li >= N Da .. Obviously, N Da . C M D „.. Thus L C £^ =1 < Li >= ^ Q 

^2{M Da | a G fi}. Therefore M F = £{M Da a £ A}. If C Q = F = £{D \ D € C }, then 
M Co = M F = J2Wd \DeC } = M by Theorem EC2 

(5) and (6) are trivialO 
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Lemma 9.1.7. Let N be a subcomodule of M, and let D, E and F be simple subcoalgebras 
of C . Then 

(1) D~0 iffD = 0; M D ~QiffM D = 0; 

We called the equivalence class which contains zero a zero equivalence class. 

(2) If D and E are faithful to M and M D ~ Me, then D ~ E; 

(3) [M D ] C {M E I E G [D]}; 

(4) If D is faithful to M, then [M D ] C {M E \ E £ [D] and E is faithful to M }. 

Proof. (1) If D ~ and D j*= 0, let d = {0} and C 2 ={ F \ F / 0, F £ C }. Thus 
C\ U C 2 = Co and C\ n C 2 = with G Ci and D £ €2- But for any L>i G Ci and E\ £ C2, since 
£>i = 0, D 1 A E 1 = E 1 A D 1 = E 1 . We get a contradiction. Thus D = 0. Conversely, if D = 0, 
obviously D ~ 0. Similarly, we can show that Mb ~ iff Me = 0. 

(2) For any pair of subclasses C\ and C2 of Co, if C\ n C2 = and Ci U C2 = Co with L> G Ci 
and £? G C 2 , let M\ ={ M F \ F £ C x and F is faithful to M } and M 2 = { M F \ F £ C 2 and 
F is faithful to M }. By Theorem I9"X31 .M = -Mi U .A/f 2 and .Mi n .M 2 = • Obviously, 
M D £ Mi and M E G A4 2 . Since M D ~ M E ,there exist M Dl £ Mi and M El £ M 2 such that 
M Dl AM El / M El AM Dl , where L>i G Ci and £ x G C 2 . By LemmaEXjp), M DlAEl / M ElADl . 
Thus Di A £Ji / i?i ADj. Obviously -D and -Di G Ci. Meantime 7? and £1 G C 2 . By Definition 
19X21 D ~ E. 

(3) Obviously, M F ~ M D for any M F G [M D ]. If / 0, then M F / by Lemma [9X7] 
(1),. By Lemma[9X7j2), F ~ L>. Thus M F G {M E | 75 G [L>]}. If M D = 0, by Lemma[9X7Jl), 
M F = = M D £ {M E \ E £ [D]}. 

(4) If M F £ [M D ], then M D ~ M F . If L» = 0, then M D = 0. By LemmaEXTJl), M F = 0. 
Thus M F = Me = G {M e \ E G [D] and £ is faithful to M }. If L> / 0, we have that 
Me 7^ since L> is faithful to M. By Lemma (9X7J1), M F / 0. By Lemma EX7J3), M F £ { 
M F I E £ [D] and E is faithful to M }. □ 

Theorem 9.1.8. Let {£ a \ a £ 0} 6e a/Z 0/ the equivalence classes of C. and E a = ^2{E \ 
E £ £ a }- Then 

(1) For any a£fl, there exists a set I a and subclasses £(a,i) C £ a such that L){£(a,i) \ i £ 
I a } = £a and {M £(Q)i ) | a £ ft, i £ I a } 

is the set of the equivalence classes of M (they are distinct except for zero equivalence class), 
where M £ ( a ^ denotes {Me \ D £ £(a, i)}. 

(2) If M is a component faithfulness C-comodule, then {M £ ^ a i ^ \ a £ Q,i £ I a } is the set of 
the distinct equivalence classes of M. 

(3) 

m = ^_ ®M {Ea){oa) = E E ©( M ^)) (00) = E ©( M ^) (oc) 

and for any a £ Cl, 

M (E a) (~) = E( M W (00) = (MeJ^ 

where E(a,i) = Y1{E \ E £ £(a,i)}. 
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Proof. (1) By Theorem 19.1.31 and Lemma 19.1.7( 3) we can immediately get part (1). 

(2) If M is a component faithfulness C-comodule, then C(M)\ = C(M)q = Co. It follows from 
Theorem 19 . 1 . 3 1 and part (1) that {M^^ ai ^ \ a E E I a } consists of all the distinct equivalence 
classes of M. 

(3) We see that 

M = M C = Af E{(J5a )<<»)| ae n } G2E) 

2 Eaen M {E a )^ LemmaEXfp)) 

^ Eaen T,n=o M A"+ l E a ( by Lemma ETLTp)) 

^ Eaen En=o ^ n+1 M Ea (by LemmaETBtl)) 

= £ ae n E"=o A " +lM E, e , Q E( a ,i) (by TheoremEXll) ) 

5 E ae n E"=o A" +1 E ie / Q 'M E (a,i) (by LemmaEl3)) 

2 E oe n E^=o E i6 / a A^M^) ( by Lemma[M5)(6)) 

= Eaen E ie /„ E~ o A n+1 M E(a>i) 

= Eaefi Eie/ a ( M i?(M) (00) 

= M (by pM (4.10) in Theorem4.15] and LemmaEXfp) and part (1)). 
Thus 

M = E M (^)<-) = E E( M W (00) (9-2) 

and 

M = EE©( M W (00) 

by [1241 Theorem 4.15] and part (1). We see that 

M E ( a ,i) A M E{a;i) C M (£n)M AM (Bo)M 

C M (Ect) ( 00 ) A(Ea)(< x 1 ) (by Lemma [9X6^1)) 
= M, Ea){ao) (by [54, Proposition 2.1.1 ]), 

Thus 

M {Ea)(aa) D (M E(M )(°°) 
for any i £ I a and for any aGQ, and 

^ E( M W (00) ( 9 - 3 ) 

If M^^oo) n E/3gn /3^a -^(s^)! 00 ) 7^ 0) then there exists a non-zero simple subcomodule C*x C 
M^ a )(«,) H E/3en /3^« )(<x>) ■ By [1241 Proposition 1.16], < x > is a minimal closed subco- 
module of M. By Lemma 19.1.1( 3). -^rg^Uoo) is a closed subcomodule of M. By |124[ Lemma 
3.3], there exists 7 E with 7 / a such that C*x C ^(oo). Thus M^-^) n 7^ 0- 

By Lemma EXU (7), (£ 7 ) (oo) n (£ Q ) (oo) / 0, which contradicts [HQ. Thus for any a £ !i, 
M (Ea)(oo ) n E/3eQ,/3^a M (£; Q )(-) = °> which implies that 

M= E© M (£ Q )(~>- 
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It follows from equations ( 19. 2p and (|9.3I ) that 

M ( Ea y°°) = E( M £(^)) (oo) ( 9 - 4 ) 

We see that 

M Ea AM Ea C M EaAEa (by Lemma EH] (1)) 

Thus 

M (Ea)(oc) D (M E J(°°) D ^(M E(a)i) )M 

and 

by relation ( 19.41 ) . This completes the proof. D 

Definition 9.1.9. If M can be decomposed into a direct sum of two non-zero weak-closed 
subcomodules, then M is called decomposable. If N is a subcomodule of M and N contains 
exactly one non-zero minimal closed submodule, then N is said to be relative-irreducible. 

Corollary 9.1.10. C is a coalgebra. 

(1) If C is it -commutative, then every C-comodule M is also ir -commutative; 

(2) If C can be decomposed into a direct sum of its irreducible subcoalgebras, then every 
C-comodule M can also be decomposed into a direct sum of its relative-irreducible subcomodules; 

(3) If C is decomposable, then every component faithfulness C-comodule M is decomposable; 

(4) If C is irreducible, then every non-zero C-comodule M is relative-irreducible; 

(5) C is irreducible iff every component faithfulness C-comodule M is relative-irreducible. 

Proof. (1) For any pair of non-zero closed subcomodules N and L of M, by Theorem 19.1.31 
there exist faithful simple subcoalgebras D and E of C to M such that N = Mo and L = M E . 
By Lemma (9X6^2), N A L = M D A M E = M DAE = M EAD = M E A M D = L A N. Thus M is 
7r-commutative. 

(2) Since C can be decomposed into a direct sum of its irreducible subcoalgebras, every 
equivalence class of C contains only one element by |121j . By Theorem l9.1.8l fl). every equivalence 
class of M also contains only one element. Thus it follows from [1241 Theorem 4.18] that M can 
be decomposed into a direct sum of its relative-irreducible subcomodules. 

(3) If C is decomposable, then there are at least two non-zero equivalence classes in C. 
By Theorem 19.1.8( 2). there are at least two non-zero equivalence classes in M. Thus M is 
decomposable. 

(4) If C is irreducible, then there is only one non-zero simple subcoalgebra of C and there is 
at most one non-zero minimal closed subcomodule in M by Theorem l9.1.3[ Considering M ^ 0, 
we have that M is relative-irreducible. 

(5) If C is irreducible, then every component faithfulness C-comodule M is relative- irreducible 
by Corollary 19.1.10( 4). Conversely, let M = C be the regular C-comodule. If D is a non-zero 
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simple subcoalgebra of C, then Mb- Thus M is a component faithfulness C-comodule. 

Since M is a relative-irreducible C-comodule by assumption, there is only one non-zero minimal 
closed subcomodule in M and so there is also only one non-zero simple subcoalgebra in C by 
Theorem 19.1.31 Thus C is irreducible. □ 

Lemma 9.1.11. Let N be a C -subcomodule of M and ^ L C M. Then 

(1) C*-L = C(M)* ■ L; N XC * ±M = N XC W XM ; 

(2) N is a (weak-) closed C -subcomodule iff N is a (weak-) closed C (M) -subcomodule; 

(3) N is a minimal closed C -subcomodule iff N is a minimal closed C(M) -subcomodule; 

(4) N is an indecomposable C -subcomodule iff N is an indecomposable C(M) -subcomodule; 

(5) N is a relative-irreducible C -subcomodule iff N is a relative-irreducible C(M) -subcomodule. 

Proof. (1) Let C = C(M) © V, where V is a subspace of C. If / € V*, then / • L = 0. Thus 
C* ■ L = (C(M)* + V*) ■ L = C(M)* ■ L. We now show the second equation. Obviously, 

jy±C*±M c jy±C(M)*±M 

Conversely, for any x £ N±.C{M)*±M an j j> £ j v - LC *, there exist /i G C{M)* and / 2 G such 
that f = fi + h- Obviously, / • x = /i • x = 0. Thus a; G jV iC * ±M and AT^^(m)*±m ^ jV ±C*±M_ 
Therefore 

^Y±C*±M _ A^-±C(M)*±Af 

(2) If N is a weak-closed C-subcomodule, then (C* • x) _LC '*" LA ' jf C iV for any x G iV. We see 
that 

(C7* • a;) ±c * ±M = {C(M)* -x) ±c * ±M ( by Lemma EHHl)) 

= (C(M)* • x )-LCf(A0*J-Af ( by LemmaEHHl)) 

Thus (C(M)* • X )-LC(-M")*-L-W c N and so JV is a weak-closed C(M)-subcomodule. Conversely, 
if N is a weak-closed C(M)-subcomodule. Similarly, we can show that N is a weak-closed 
C-subcomodule. We now show the second assertion. If N is a closed C-subcomodule, then 
N ±.C*±M = N &nd N = N ±C*±M _ n jlc(M)*±m by part which implies that TV is a closed 

C(M)-subcomodule. Conversely, if N is a closed C(M)-subcomodule, similarly, we can show 
that N is a closed C-subcomodule. 

Similarly the others can be proved. D 

Proposition 9.1.12. Let every simple subcoalgebra in C(M) be faithful to M . 

(1) If M is an indecomposable C-comodule, then C{M) is also an indecomposable subcoalge- 
bra. 

(2) M is a relative- irreducible C-comodule iffC(M) is an irreducible subcoalgebra. 

Proof. (1) If M is an indecomposable C-comodule, then M is an indecomposable C(M)- 
comodule by Lemma 19.1.111 and M is a component faithfulness C(M)-comodule. By Corollary 
I9.1.10r 3). C(M) is indecomposable. 
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(2) If M is a relative-irreducible C-comodule, then M is a relative- irreducible C(M)-comodule 
by Lemma 19.1.11( 5) and C(M) is irreducible. Conversely, if C(M) is irreducible, then M is a 
relative-irreducible C(M)-comodule by Corollary I9.1.10l f4) and so M is a relative-irreducible 
C-comodule by Lemma 19.1.11( 5). □ 

Definition 9.1.13. If D ~ F implies Mp ~ Mp for any simple subcoalgebras D and E in 
C{M), then M is called a W -relational hereditary C-comodule. 

If M is a VF-relational hereditary C-comodule, then C{M)\ = C{M)q. In fact, by Lemma 
I9X1T 5) , C(M)x C C(M) . If C(M)t / C(M) Q , then there exists / F G C(M) such that 
Me = 0. Since Mc ~ Mo and M is IF-relational hereditary, we have that D ~ and F = by 
LemmaEX7[l). We get a contradiction. Thus C(M)i = C(M) . 

Obviously, every 7r-commutative comodule is VF-relational hereditary. If C is 7r-commutative, 
then M is 7r-commutative by Corollary 19.1.10( 1) and every C-comodule M is VF-relational 
hereditary. Furthermore, M is also a component faithfulness C(M)-comodule. 

Proposition 9.1.14. Let the notation be the same as in Theorem 1 9. 1.8\ Then the following 
conditions are equivalent. 

(1) M is W -relational hereditary. 

(2) For any a G Cl, there is at most one non-zero equivalence class in {M^r a ^ \ i G I a }, and 
C(M)i = C(M) . 

(3) For any D G C{M) , 

[M D ] ={ Mp | F G [F] and F C C(M) } 

^ For any D and E G C(M) , M D ~ M B iff D ~ E. 

(5) For any a G £l, Mr E \(sx>) is indecomposable, and C(M)i = C(M)q. 

(6) For any a G (Mr^,)*- 00 -* is indecomposable, and C(M)i = C(M)o; 

(7) M = Ylaen^i-MEa)^ is its weak-closed indecomposable decomposition, and C{M)\ = 
C(M) ; 

(8) M = J2aen ®-^(_B a )(°°) * s ^ s weak-closed indecomposable decomposition, and C{M)\ = 
C(M) . 

Proof. We prove it along with the following lines: (1) => (4) ==> (3) => (1) (3) 
(2) <=> (5) <=► (6) (7) (8). 

(1) ==>- (4) It follows from the discussion above that 

C(M)i = C(M) . 

If F and F G C(M) and M D ~ M B , then F ~ F by Lemma ETH (2). If D ~ F and F and 
F G C(M) , then M D ~ M B . 

(4) ==>■ (3) Considering Lemma 19.1.7( 4) and C(M)i = C(M)o, we only need to show that 

{Mp | F G [F] and F C C(M)} C [M D ]. 

For any F G [D] with F C C(M), F ~ F and M F ~ M D by part (4), which implies that 
M F G [Mr,]. 
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(3) 
(5) 
(5) 



M (^)(-) = E( M ^)) (00) - 

ieic, 

Thus part (2) and part (5) are equivalent. 

(2) => (3) It follows from Lemma [9X7] (4) . 

(3) => (2) If there are two non-zero equivalence classes M £ ( a ^ ^ and Mg( a ^ 2 \ ^ 
in {Ms{a,%) I * e ^a}> then there exist Z?i G £(a, £i) and D 2 G £(a,i 2 ) such that 7^ 
and M D2 / 0. Let D = D ± . Since M Dl and M fl2 G {M F F e [D] and F C C(M) } 
and Md 2 G" [M^] = Mg^^, this contradicts part (3). Thus there is at most one non-zero 
equivalence class in {Mg^ a i \ \ i G I a }. □ 

Proposition 9.1.15. 7/M is a full, W -relational hereditary C-comodule, then 

(1) M is indecomposable iff C is indecomposable; 

(2) M is relative-irreducible iff C is irreducible. 

(3) M can be decomposed into a direct sum of its weak-closed relative-irreducible subcomodules 
iff C can be decomposed into a direct sum of its irreducible subcoalgebras. 

(4) M is it- commutative iff C is it -commutative. 

Proof. Since M is a full C-comodule, C(M) = C. Since M is VF-relational hereditary, 
C(M)i = C(M)o = Cq. Thus M is a component faithfulness C-comodule. 

(1) If M is indecomposable, then C is indecomposable by Proposition 19.1. 127 1 ) . Conversely, 
if C is indecomposable, then there is at most one non-zero equivalence class in C. By Proposition 
19.1.14( 2). there is at most one non-zero equivalence class in M. Thus M is indecomposable. 

(4) If M is 7r-commutative, then there is only one element in every equivalence class of M. 
By Proposition I9.1.14f 4) and Theorem 19.1.31 there is only one element in every equivalence 
class of C. Thus C is 7r-commutative by [121j . Conversely, if C is 7r-commutative, then M is 
7r- commutative by Corollary 19.1.10( 1). 

(2) It follows from the above discussion and Proposition 19.1.121 

(3) <=^ (4) By [UH Theorem3.8 and Theorem 4.18] and [T2~T|. it is easy to check that (3) 
and (4) are equivalent. □ 

Proposition 9.1.16. // Md A Me = Me A Md implies DAE = E A D for any simple 
coalgebras D and E in C(M), then M is W -relational hereditary. 

Proof. Let D ~ E. For any pair of subclasses Mi and M 2 of Mo with Mi D M2 = 
and M1UM2 = .Mo, if M D G Mi and M E G M 2 , let Ci = {F £ C \ M F £ Mi} and 
C 2 = {F G C I M F G M 2 }. By Theorem [9X1 C = C\ U C 2 and C\ n C 2 = 0. Obviously, D G C\ 
and E £ C 2 . By Definition l9.1.4j there exist D\ G Ci and Ei G C 2 such that D x A E\ / E\ A Di . 
By the assumption condition, we have that Mrj 1 AM^ / Me 1 AMj^. Thus Md ~ Mg, i.e. M 
is VF-relational hereditary. D 
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Proposition 9.1.17. Let M = C as a right C-comodule. Let N = D and L = E with N and 
L as subcomodules of M with D and E as right coideals of C. Let X be an ideal of C* and F 
be a subcoalgebra of C . Then: 

(1) X ±c = X ±M ; N ±C '* ±M = C{N); C(M F ) = F; 

(2) N is a closed subcomodule of M iff D is a subcoalgebra of C; 

(3) N is a closed subcomodule iff N is a weak-closed subcomodule of M; 

(4) N is a minimal closed subcomodule of M iff D is a simple subcoalgebra of C ; 

(5) When N and L are closed subcomodules, N Aj\/ L = D Ac E, where Am <ind Ac denote 
wedge in comodule M and in coalgebra C respectively; 

(6) M is a full and W -relational hereditary C-comodule and a component faithfulness C- 
comodule. 

(7) The weak-closed indecomposable decomposition of M as a C-comodule and the indecom- 
posable decomposition of C as coalgebra are the same. 

Proof. (1) If x G X ±M , then / • x = for any / G X. Let p(x) = £" =1 x { ® q and x u ■ ■ ■ , 
x n be linearly independent. Thus f(c%) = and i = 1, • • • ,n. Since x = Yli=i e ( x i) c ii f( x ) = 0, 
which implies x G X . 

Conversely, if a; € X , we have that p{x) G X (£> X since X^- c is subcoalgebra 
of C. Thus / • x = for any / e X, which implies x G X ±M . Thus X ±M = X ±c . By 
Lemma EjZLjl), N ±c '* ±m = C{N) ±C '* ±M . By part (1), C(N) ±C * ±M = C(N) ±C * ±C . Thus 

N ±C*LM = C{N) ^C*±C = C{N y 

Finally, we show that C(Mp) = F. Obviously, C{Mp) Q F. If we view F as a C- 
subcomodule of M, then F C C{M F ). Thus F = C{M F ). 

(2) If N is a closed subcomodule of M, then N ±C * ±M = N. By Proposition 19.1.17( 1). 
n ±c*.lm = C ( N j = jy. Thus p(N) = A(D) QN®N = D®D, which implies that D is 
a subcoalgebra of C. Conversely, if D is a subcoalgebra of C, then p(N) C <g> N. Thus 
C(N) C D = N. By Proposition HXT3[1), N ±C * ±M = C(N) C N. Thus N ±C * ±M = N, i.e. 
N is closed. 

(3) If N is a closed subcomodule, then iV is weak-closed. Conversely, if JV is weak-closed, 
then < x >C N for x G N. Since < x > is a closed subcomodule of M, < x > is subcoalgebra of 
C if let < x > with structure of coalgebra C. This shows that A(x) G<x><X><£>CD(g)Z). 
Thus D is a subcoalgebra of C. By Proposition 19.1. 17T 2) , N is a closed subcomodule of M. 

(4) It follows from part (2). 

(5) We only need to show that 

(N ±C *L ±C *) ±M = (D ±c * E ±c * ) ±c . 

Since N and L are closed subcomodules, A r - LC * = C^iV)- 10 * = D ±c * and L- 10 * = C(L)- LC * = 
£ , - LC by Proposition 19.1. T7\ 1 ) and Lemma 19.1.1( 1). Thus we only need to show that 

(D ±c * E ±c * ) ±M = (D ±C *E ±C *) ±C . 
The above formula follows from Proposition 19.1. ITT 1 ) . 

(6) By the proof of Corollary 19.1.10( 5). we know that M is a component faithfulness C- 
comodule. Let {m\ | A G A} be a basis of M. For any c G C, A(c) = X^ m A ® ca, by the 



232 



definition of C(M), c A G C(M). Since c = £e(rre A )e A G C(M), C C C(M), i.e. C = C(M). 
Consequently, it follows from part (4) (5) that M is VF-relational hereditary. 

(7) Since M is VK-relational hereditary, M = Ylaen ®-^-{E a )(°°) ls a weak-closed indecom- 
posable decomposition of M by Proposition EXH By part (1) (3), C(M {Ea){oo) ) = (E a )(°°) = 
(M(E a )^) ±C * ±M = M (E a )(°°)- Thus M = E a en®M (Ea)(ao) = E Qe a®(^) M - By [m], 
SaeH ®(E a )^°°^ = C is a indecomposable decomposition of C. Thus the weak-closed indecom- 
posable decomposition of M as a C-comodule and the indecomposable decomposition of C as 
coalgebra are the same. This completes the proof. □ 

By Lemma 19.1.6( 4) and Proposition 19.1.171 C is cosemisimple iff every C-comodule M is 
cosemisimple. 



9.2 The coradicals of comodules 



Proposition 9.2.1. Let M be a C-comodule, J denote the Jacobson radical of C* and 
rj{C{M)*) denote the Jacobson radical ofC(M)*. 
(1) 

M = {r j (C{M)*)) ±M = Soc c *M and rj(C(M)*) = Mq C * ; 
(2) If we view C as a right C-comodule, then 

C = Socc-C = J ±c = Y^i D I 

D is a minimal right coideal of C}. 

Proof. (1) We first show that 

M ±c * C J 

when M is a full C-comodule. We only need to show that e — / is invertible in C* for any / G 
{M ) ±c *. Let I = (AL ) ±C *. For any natural number re, f n+1 ■ (M )^ = since f n+1 G I n+1 , 
where (M )^ = A" +1 M . Thus 

r +1 (C((M )W)) = 0. (9.5) 

by Lemma 19.1.1( 1) and 



M = (M ) (oo) = U{(Mo) (n) | re = 0,l,---} (9.6) 

by [1241 Theorem 4.7]. We now show that 

C = U{C((M ) (n) ) | n = 0, l,---} (9.7) 

Since (Mo)^ C (Mo)( n+1 \ we have that there exists a basis {m\ | A G A} of M such that 
for every given natural number re there exists a subset of {m A | A G A}, which is a basis of 
(Mo)( n \ For any c G W(M), there exists m G M with p(m) = ^ m A <8> c A such that c A() = c for 
some Ao G A. By equation (|9.6p . there exists a natural number n such that m G (Mo)( n ), which 
implies that c G C((M )( n )) and C(M) C Ug°C((M )( n )). Thus 

C = U{C((M ) (n) ) | re = 0, 1, • • • }. 
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Let 

5n = e + / + --- + / n ,n = l,2,--- . 

For any c G C, there exists a natural number n such that c G C((Mo)( n - 1 ) by relation (19. 7ft . 
We define 

5(c)=5n(c). (9.8) 

Considering relation (|9.5p . we have that g is well-defined. Thus g G C*. 

We next show that 5 is an inverse of e — / in C*. For any c G C*, there exists a natural 
number n such that c G C((M )( n )) by relation (JSHD- Thus A(c) G C((M )( n )) ® C((M )( n )). 
We see that 

9*(e~f)(c) = J>( Cl )(e-/)(c 2 ) 

= J^5n(ci)(e - /)(ca) (by relation 

= (g n *(e-f))(c) 

= (e-/ n+1 )(c) 

= e(c) ( by relation ([93]) ) . 

Thus g * (e — f) = e. Similarly, {e — f) * g = e. Thus e — / has an inverse in C*. 
We next show that 

M ±c ™ = J 

when C(M) = C. It follows from Lemma f9 . 1 . 1 If 1 ) that 

n{A r_LC ' I is a minimal closed subcomodule of M} 
n{C(N) ±c * I iV is a minimal closed subcomodule of M} 
J ( by [54, Proposition 2.1.4] and Proposition 19. 1.2|) 

rj(C(M)*) = Mq C * and (rj(C(M)*)) ±M = M 

for any C-comodule M. If M is a C-comodule, then M is full C(M)-comodule and so 

( rj (C(My) = m ±c \ 

By H2H Proposition 4.6], M is closed. Thus ((r i (C(M)*)) ±M = M . 

Finally, we show that Mo = Socc*M for any C-comodule M. By |124| Proposition 1.16], 
Soc c *M C M Q . Conversely, if x G M , let N = C*x. By Lemma SZLTP), M Co = M . Thus 
A" is a finite dimensional Co-comodule. By [114, Theoreml4.0.1], N = N\ © • • • © N n and Aj 
is a simple Cg-submodule. By |124l Lemma 1.1], A?i is a Co-subcomodule. Thus A/j is a C- 
comodule. By |124| Lemma 1.1], Ni is a C*-submodule. If L is a non-zero C*-submodule of M 



(M 



,±0'* 



Thus M ±c * = J 

We now show that 
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and L C TVj, then L is also a (Co )*-sub module. Thus L = N^. This shows that iVj is also a 
simple C*-submodule. Thus iVj C Socc*M and iV C Socc*M. It follows from the above proof 
that M = Soc c *M. 

(2) It follows from Proposition 19 . 1 . 171 and part (1). 
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Chapter 10 



The Homological Dimensions of 
Crossed Products 

Throughout this chapter, A; is a field, R is an algebra over k, and H is a Hopf algebra over k . 
We say that R# a H is the crossed product of R and H if R# a H becomes an algebra over k by- 
multiplication: 

(a#h)(b#g) = J>(fci • b)a(h 2 , gi )#h 3 g 2 
h,g 

for any a,b £ R,h, g £ H, where a is a k-linear map from H H to R and A(h) = ^ hi £g> hi 
( see [EH Definition 7.1.1].) 

Let Ipd(nM), lid(nM) and lfd(uM) denote the left projective dimension, the left injective 
dimension and the left flat dimension of left i?-module M respectively. Let IgD(R) and wD(R) 
denote the left global dimension and the weak dimension of algebra R respectively. 

Crossed products are very important algebraic structures. The relation between homological 
dimensions of algebra R and crossed product R# a H is often studied. J.C. Mconnell and J.C. 
Robson in (SUJ Theorem 7.5.6] obtained that 

rgD(R) = rgD(R * G) 

for any finite group G with | G k, where R* G is the skew group ring. It is clear that every 
skew group ring R * G is crossed product Rj^ a kG with trivial a. Zhong Yi in [126] obtained 
that the global dimension of crossed product R * G is finite when the global dimension of R is 
finite and some other conditions hold. 

In this chapter, we obtain that the global dimensions of R and the crossed product R# a H 
are the same; meantime, their weak dimensions are also the same, when H is a finite-dimensional 
semisimple and cosemisimple Hopf algebra. 

10.1 The homological dimensions of modules over crossed prod- 
ucts 

In this section, we give a relation between homological dimensions of modules over R and R# a H. 
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If M is a left (right) R# a H -module, then M is also a left (right ) -R-module since we can 
view R as a subalgebra of R# a H. 

Lemma 10.1.1. Let R be a subalgebra of algebra A. 

(i) If M is a free A-module and A is a free R-module, then M is a free R-module; 

(ii) If P is a projective left R# a H -module, then P is a projective left R-module; 

(Hi) If P is a projective right R# a H -module and H is a Hopf algebra with invertible antipode, 
then P is a projective right R -module; 
(iv) If 

V M : ■■■P n hp n _ l > Pq ^m^0 

is a projective resolution of left R# a H -module M , then Vu is a projective resolution of left 
R-module M ; 
Mlf 

V M : ■ ■ ■ Pn ^ Pn-1 ■ ■ ■ - P ^ M -> 

is a projective resolution of right R# a H -module M and H is a Hopf algebra with invertible 
antipode, then Vm is a projective resolution of right R-module M . 

Proof, (i) It is obvious. 

(ii) Since P is a projective R^tj-ff-module, we have that there exists a free R^-fT-module 
F such that P is a summand of F. It is clear that R# a H = R ® H as left i?-modules, which 
implies that R# a H is a free -R-module. Thus it follows from part (i) that F is a free ii-module 
and P is a summand of F as -R-module. Consequently, P is a projective -R-module. 

(iii) By [83 Corollary 7.2.11], R# a H H <g> R as right .R-modules. Thus R# a H is a free 
right -R-module. Using the method in the proof of part (i), we have that P is a projective right 
-R-module. 

(iv) and (v) can be obtained by part (ii) and (iii). □ 

Lemma 10.1.2. (i) Let R be a subalgebra of an algebra A. If M is a flat right ( left ) 
A-module and A is a flat right ( left ) R-module, then M is a flat right ( left ) R-module; 

(ii) If F is a flat left R# a H -module, then F is a flat left R-module; 

(iii) If F is a flat right R# a H -module and H is a Hopf algebra with invertible antipode, then 
F is a flat right R -module; 

(iv) If 

T M ■ ..■F n 'hF n _ 1 ---^F ^M^0 
is a flat resolution of left R# a H -module M , then Fm is a flat resolution of left R-module M ; 

Mif 

T M : • • • F n H F„_! ^ o ^M^0 

is a flat resolution of right R# a H -module M and H is a Hopf algebra with invertible antipode, 
then Tm is a flat resolution of M. 
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Proof, (i) We only show part (i) in the case which M is a right ^4-module and A is a right 
i?-module; the other cases can be shown similarly . Let 

-> X -U Y 

be an exact left R# a H-module sequence. By umptions, 

-» A ®r X A $ A ® R Y 



and 



- M A (A ® R X) M ®i4 0/) M ® A {A ® R Y) 



are exact sequences. Obviously, 

M ® A (A ® R X) ^ M ® R X and M ® A {A ®r Y) = M ®r Y 
as additive groups. Thus 

-»■ M ® R X M S f M® R Y 

is an exact sequence, which implies M is a flat i?-module. 
(ii)-(v) are immediate consequence of part (i). □ 

The following is an immediate consequence of Lemma 110. 1.11 and 110.1.21 
Proposition 10.1.3. (i) If M is a left R# a H -module, then 

lpd{ R M) < lpd{ R#aH M); 
(ii) If M is a right R# a H -module and H is a Hopf algebra with invertible antipode, then 

rpd(M R ) < rpd(M R#aH ); 
(Hi) If M is a left R# a H -module, then 

lfd( R M) < lfd( R#aH M); 
(iv) If M is a right R# a H -module and H is a Hopf algebra with invertible antipode, then 

rfd{M R ) < rfd{M R#aH ). 

Lemma 10.1.4. Let H be a finite- dimensional semisimple Hopf algebra, and let M and N 
be left Rf^ a H -modules. If f is an R-module homomorphism from M to N , and 



m) 



for any m £ M, then f is an Rff a H-module homomorphism from M to N, where t £ J H with 
e(t) = 1, 7 is a map from H to Rjf^H sending h to l#h and the convolution-inverse 

i-\h) = Y,<?-\s(h 2 )M)#s(h 1 ) 

for any h £ H. 
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Proof. (See the proof of |8T|. Theorem 7.4.2]) For any a£R,h£H,m£ M, we see that 

f(am) = ^ 7 - 1 (t 1 )/( 7 (t 2 )am) 

= ^7" 1 (ii)/((i2-a)7(i 3 M 
= X)7- 1 (ti)(*2-o)/(7(t3M 
= ^a 7 - 1 (ti)/(7(t 2 )m) 
= af(m) 

and 

= E^ _1 (*i)/(7(fe)7(A)m) 

= ^T^O/M^/iihfo/^)™) by [87, Definition 7.1.1] 
= ^2l~ 1 (h)a(t 2 ,h 1 )f{ 1 (t 3 h 2 )m) 
= ^7(^i)7 _1 (*i/i2)/(7(*2/i3M 

= l{h)l~ X (h ) / (7(^2 )m) since foi £1/12 <8> £2^3 = ^ ® ii <8> i 2 
= 7(h) f(m) 

Thus / is an it^o-fZ-module homomorphism. D 

In fact, we can obtain a functor by Lemma llO.1.41 Let r#„h-M denote the full subcategory 
of rA4, its objects are all the left R# a H- modules and its morphisms from M to N are all 
the i?-module homomorphisms from M to N. For any M, N G objt^^H-M- and i?-module 
homomorphism / from M to N, we define that 

F : R # aH M — ► r#„hM 

such that 

F(M) = M and F(f) = f, 

where / is defined in Lemma ll0.1.4i It is clear that F is a functor. 

Lemma 10.1.5. Let H be a finite- dimensional semisimple Hopf algebra, and let M and N 
be right R# a H -modules. If f is an R-module homomorphism from M to N , and 

f(m) = Y J f(^7- l (h)) 1 (t 2 ) 

for any m G M, then f is an Rjf a H -module homomorphism from M to N, where t G j r H with 
e(t) = 1, 7 is a map from H to R# a H sending h to l#h. 

Proof. (See the proof of |87l Theorem 7.4.2].) For any a G R and h G H,m G M, we see 
that 

f(ma) = ^/(ma 7 - 1 (ti))7(i 2 ) 

= ^/(^7 _1 (ii)(i2-a)) 7 (t 3 ) 

= ^/(m 7 - 1 (ii))(i2-a)7(t 3 ) 

= ^/(m 7 - 1 (t 1 ))7(t 2 )a 

= f(m)a 
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and 



/(m 7 (/0) = E/( m ^( /j )^ 1 (*l))7(*2) 

= '^2f(m'j(hi)^~ 1 (t 1 h2))^(t2h 3 ) since /ii <g> t x h 2 <g> t 2 h 3 = 7i <g> i x <g) i 2 

= ^/(m7" 1 (ti)cr(t 2 ,/ii))7(t3/i 2 ) by [87, Definition 7.1.1] 

= ^/( m ^ 1 (* 1 ))^(*2,/il)7(*3/t 2 ) 

= E/( m ^ 1 (*i))7(* 2 )7W 
= 7(m)) 7 (fc) 

Thus / is an R# a H -module homomorphism. D 

Proposition 10.1.6. Let H be a finite- dimensional semisimple Hopf algebra. 

(i) If P is a left (right) R# a H -modules and a projective left (right) R-module, then P is a 
projective left (right) R# a H -module; 

(ii) If E is a left (right) Rjf a H -modules and an injective left (right) R-module, then E is 
an injective left (right) R^ a H -module; 

(Hi) If F is a left (right) R# a H -modules and a flat left (right) R-module, then F is a flat 
left (right) R# a H -module. 

Proof, (i) Let 

be an exact sequence of left (right ) -R#<j-ff-modules and g be a R# a H-module homomorphism 
from P to Y. Since P is a projective left (right) -R-module, we have that there exists an -R-module 
homomorphism tp from P to X such that 

ftp = 9- 

By Lemma 110.1.41 and 110.1.51 there exists an R^ a H -module homomorphism (p from P to X 
such that 

ftp = 9- 

Thus P is a projective left (right ) R# a H -module. 
Similarly, we can obtain the proof of part (ii). 

(iii) Since F is a flat left (right ) -R-module, we have that characteristic module Homz(F, Q/Z) 
of F is an injective left (right ) -R-module by [1191 Theorem 2.3.6]. Obviously, Homz(F, Q/Z) 
is a left (right ) -R^-f^-module. By part (ii), Homz{F, Q/Z) is an injective left ( right ) Rjf a H 
-module. Thus F is a flat left (right ) -R^-H-module. □ 

Proposition 10.1.7. Let H be a finite- dimensional semisimple Hopf algebra. Then for left 
(right ) R# a H -modules M and N, 

Ext n R#aH (M,N)CExt n R (M,N), 

where n is any natural number. 
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Proof. We view the Ext n (M, N) as the equivalent classes of n- extensions of M and N (see 
[1191 Definition 3.3.7]). We only prove this result for the case n = 1. For other cases, we can 
prove them similarly. We denote the equivalent classes in Ext Rz ^^ H (M, N) and Ext R (M, N) by 
[E] and [F]' respectively, where E is an extension of P^o-PT-modules M and N, and F is an 
extension of P-modules M and N. We define a map 

* : Ext R# ^ H (M, N) Ext R (M, N), by sending [E] to [£]'. 

Obviously, ^ is a map. Now we show that $ is injective. Let 

O^M^E-^N^O and O^M^'^M^O 

are two extensions of P#<j P-modules M and iV, and they are equivalent in Ext R (M, N). Thus 
there exists an P-module homomorphism tp from E to E' such that 

V?/ = /' and ipg = g' . 
By lemma 110.1.41 , there exists an R# a H-module homomorphism (p from E to E' such that 

<ff = f and <pg = g'. 

Thus and E' are equivalent in Ext Rz ^^ H (M, N), which implies that ^ is injective. D 

Lemma 10.1.8. For any M £ M.R# a H and N £ r#„hM-, there exists an additive group 
homomorphism 

£:M® R N^M ® R#aH N 
by sending (m ® n) to m®n, where m G M, n £ N . 
Proof. It is trivial. D 

Proposition 10.1.9. If M is a right R# a H -modules and N is a left R# a H -module, then 
there exists an additive group homomorphism 

£*: Tor R (M,N) ^ Tor R #° H {M, N) 

such that £*([z n ]) = [£(z n )], where £ is toe same as in Lemma [10.1.8[ 

Proof. Let 

V M ■ ■■■Pn^Pn-l > Po ^ M - 

be a projective resolution of right R# a H-module M, and set 

T = -® R#aH N and T fl = -® K 7V. 



We have that 

T"T, .. 

M 

and 

M • 



TVm : • • • T(P n ) ™" T(P„_i) ► T(Pi) ™' TP -» 



p r Pm ■ ■■■ TR ( p n) T ^ n T R (P n ~i) ■ ■ ■ - r Vi) T ^ dl r fi (Po) - o 

are complexes . Thus £ is a complex homomorphism from T r T > m to TV^, which implies that 
£* is an additive group homomorphism. □ 
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10.2 The global dimensions and weak dimensions of crossed 
products 

In this section we give the relation between homological dimensions of R and R# a H. 

Lemma 10.2.1. If R and R' are Morita equivalent rings, then 

(i) rgD(R) = rgD(R'); 

(ii) IgD(R) = IgD(R'); 
(Hi) wD(R)= wD(R'). 

Proof. It is an immediate consequence of [21 Proposition 21.6, Exercise 22.12]. D 

Theorem 10.2.2. If H is a finite- dimensional semisimple Hopf algebra, then 

(i) rgD(R# a H) < rgD(R); 

(ii) lgD(R# a H) < IgD(R); 
(Hi) wD(R# a H) < wD(R). 

Proof, (i) When IgD(R) is infinite, obviously part (i) holds. Now we assume IgD(R) = n. 
For any left it^o-i^-module M, and a projective resolution of left -R^o-ii-module M : 

V M : ■■■P n hp n _ l .Po^M^O, 

we have that Vm is also a projective resolution of left i?-module M by Lemma 110.1.11 Let 
K n = ker d n be syzygy n of Vm- Since IgD(R) = n, Ext n ] ^ 1 {M,N) = for any left R- 
module N by Corollary 3.3.6]. Thus Ext^K^N) = 0, which implies K n is a projective 
i?-module. By Lemma fl . 1 . 6 1 (i). K n is a projective i?#o-i?-module and Ext 1 ^^ H (M, N) = 
for any R^ a H -module N. Consequently, 

l g D(R# a H) <n = IgD(R) by [119, Corollary 3.3.6] . 

We complete the proof of part (i). 

We can show part (ii) and part (iii) similarly. D 

Theorem 10.2.3. Let H be a finite- dimensional semisimple and cosemisimple Hopf algebra. 
Then 

(i) rgD(R) = rgD{R# a H); 

(ii) rgD(R) = rgD(R# a H); 

(iii) wD(R) = wDiRtfvtl). 

Proof, (i) By the duality theorem (see [571 Corollary 9.4.17]), we have that (R# a H)#H* 
and R are Morita equivalent algebras. Thus IgD(R) = lgD((R# a H)#H*) by Lemma QJL2J] 
(i). Considering Theorem 110.2.21 (i). we have that 

lgD((R# a H)#H*) < lgD(R# a H) < IgD(R). 

Consequently, 

IgD(R) = lgD{R# a H). 
Similarly, we can prove (ii) and (iii) . □ 
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Corollary 10.2.4. Let H be a finite- dimensional semisimple Hopf algebra. 

(i) If R is a left (right ) semi-hereditary, then so is Rff a H; 

(ii) If R is von Neumann regular, then so is Rjf a H. 

Proof, (i) It follows from Theorem [TOX2] and [HS Theorem 2.2.9] . 
(ii) It follows from Theorem dUX2] and [HS Theorem 3.4.13]. □ 

By the way, part (ii) of Corollary I1U. 2. 4| gives one case about the semiprime question in [&7\ 
Question 7.4.9]. That is, if H is a finite-dimensional semisimple Hopf algebra and R is a von 
Neumann regular algebra (notice that every von Neumann regular algebra is semiprime ), then 
Rjf a H is semiprime. 

Corollary 10.2.5. Let H be a finite- dimensional semisimple and cosemisimple Hopf algebra. 
Then 

(i) R is semisimple artinian iff ' Rff a H is semisimple artinian; 

(ii) R is left (right ) semi-hereditary iff Rff a H is left (right ) semi-hereditary; 
(Hi) R is von Neumann regular iff Rjf a H is von Neumann regular. 

Proof, (i) It follows from Theorem \WS3\ and pH Theorem 2.2.9]. 

(ii) It follows from Theorem 110.2.31 and [1191 Theorem 2.2.9]. 

(iii) It follows from Theorem M23\ and [119, Theorem 3.4.13]. □ 

If H is commutative or cocommutative, then S 2 = idu by [114] . Consequently, by [104, 
Proposition 2 (c)], H is semisimple and cosemisimple iff the character chark of k does not 
divides dimH. Considering Theorem 110.2.31 and Corollary 110.2.51 we have 

Corollary 10.2.6. Let H be a finite- dimensional commutative or cocommutative Hopf alge- 
bra. If the character chark of k does not divides dimH , then 

(i) rgD(R) = rgD(Rjf a H); 

(ii) rgD(R) = rgD(R# a H); 

(iii) wD(R) = wD(R# a H); 

(iv) R is semisimple artinian iff Rff a H is semisimple artinian; 

(v) R is left (right ) semi-hereditary iff Rff a H is left (right ) semi-hereditary; 

(vi) R is von Neumann regular iff Rjf a H is von Neumann regular. 

Since group algebra kG is a cocommutative Hopf algebra, we have that 

rgD(R) = rgD(R * G). 
Thus Corollary 110.2.61 implies |89|, Theorem 7.5.6]. 
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Chapter 11 



The Radicals of Hopf Module 
Algebras 



Remark 



In this chapter, the characterization of //-prime radical is given in many ways. Meantime, 
the relations between the radical of smash product R#H and the //-radical of Hopf module 
algebra R are obtained. 

In this chapter, let k be a commutative associative ring with unit, H be an algebra with unit 
and comultiplication A ( i.e. A is a linear map: H — > H <g> H), R be an algebra over k (R may 
be without unit) and R be an //-module algebra. 

We define some necessary concept as follows. 



for all r,s G R,h E H, then we say that H weakly acts on R. For any ideal I of R, set 

(J : H) := {x G R | h ■ x G I for all h G H}. 

I is called an //-ideal if h ■ I C J for any h £ H. Let denote the maximal //-ideal of R 
in /. It is clear that Ijj = (J : //). An //-module algebra i? is called an //-simple module 
algebra if R has not any non-trivial //-ideals and R 2 7^ 0. R is said to be //-semiprime if there 
are no non-zero nilpotent //-ideals in R. R is said to be //-prime if IJ = implies / = or 
J = for any //-ideals / and J of R. An //-ideal / is called an //-(semi) prime ideal of R if 
R/I is //-(semi)prime. {a n } is called an ZZ-m-sequence in R with beginning a if there exist 
h n ,h' n G H such that a\ = a G Z2 and a n +i = (h n .a n )b n (h' n .a n ) for any natural number ra. If 
every //-m-sequence {a n } with 07.1.1 = a, there exists a natural number k such that = 0, 
then a is called an //-m-nilpotent element. Set 




such that 



h ■ rs 




Wh{R) = {a G R I a is an //-m-nilpotent element}. 



lr This chapter can be omitted 
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R is called an //-module algebra if the following conditions hold: 

(1) R is a unital left //-module(i.e. R is a left H- module and 1h • a = a for any a £ R); 
(ii) h ■ ab = • a)(/i2 • 6) for any a,b £ R, h £ H, where A(/i) = ^ hi <8> /i2- 

//-module algebra is sometimes called a Hopf module. 
If R is an H- module algebra with a unit 1r, then 

/ l -l i? = ^(/i 1 -l i? )(/ l2 5(/ l3 )-l/ ? ) 

ft 

= J>i ■ (lflOSW • l fl )) = ^ ^5(^2) • 1« = e(/i)l fl , 
ft ft 

i.e. h • 1 R = e(h)l R 

for any h £ H. 

An //-module algebra R is called a unital //-module algebra if R has a unit 1r such that 
h ■ 1r = e(h)lfi for any h £ H. Therefore, every //-module algebra with unit is a unital H- 
module algebra. A left -R-module M is called an /?- //-module if M is also a left unital i?-modulc 
with h{am) = ^2{h\ ■ a)(h2m) for all h £ H, a £ R, m £ M. An R-H-module M is called an 
R-H- irreducible module if there are no non-trivial i?-ii-sub modules in M and RM ^ 0. An 
algebra homomorphism i/j : R — > R' is called an i7-homomorphism if ip(h ■ a) = h ■ ip(a) for 
any h £ H,a £ R. Let r^, rj, rj, denote the Baer radical, the Jacobson radical, the locally 
nilpotent radical, the Brown-MacCoy radical of algebras respectively. Let I <h R denote that 
/ is an //-ideal of R. 

11.1 The i7-special radicals for i7-module algebras 

J.R. Fisher [48] built up the general theory of //-radicals for //-module algebras. We can easily 
give the definitions of the //-upper radical and the //-lower radical for //-module algebras as in 
|116j . In this section, we obtain some properties of //-special radicals for //-module algebras. 

Lemma 11.1.1. (1) If R is an H-module algebra and E is a non-empty subset of R, then 
(E) = H ■ E + R{H ■ E) + (H ■ E)R + R(H ■ E)R, where (E) denotes the H -ideal generated by 
E in R. 

(2) If B is an H-ideal of R and C is an H-ideal of B, then (C) 3 C C, where (C) denotes 
the H-ideal generated by C in R. 

Proof. It is trivial. □ 

Proposition 11.1.2. (1) R is H-semiprime iff (H ■ a)R{H ■ a) = always implies a = for 
any a £ R. 

(2) R is H -prime iff (H ■ a)R{H ■ b) = always implies a = or b = for any a,b £ R. 

Proof. If R is an //-prime module algebra and (H ■ a)R(H ■ b) = for a, b £ R, then 
(a) 2 (6) 2 = 0, where (a) and (6) are the //-ideals generated by a and b in R respectively. Since 
R is //-prime, (a) = or (6) = 0. Conversely, if B and C are //-ideals of R and BC = 0, then 
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(H ■ a)R(H ■ b) = and a = or b = for any a £ B,b £ C, which implies that B = or C = 0, 
i.e. .R is an //-prime module algebra. 
Similarly, part (1) holds. □ 

Proposition 11.1.3. If I <h R an d I is an H-semiprime module algebra, then 
(1) I n I* = 0; (2) I r = k = I*; (3) I* < H R, where I r = {a £ R \ I(H ■ a) = 0}, I t = {a G R | 
(H • a)I = 0}, I* = {a G R \ (H • a)I = = I(H • a)}. 

Proof . For any x £ I* Pi I , we have that I(H ■ x) = and (i/ • x)I(H ■ x) =0. Since J is 
an /T-semiprime module algebra, x = 0, i.e. / n /* = 0. 

To show /* = Z r , we only need to show that (H-x)I = for any x £ I r . For any y G I,h G H, 
let z = (h- x)y. It is clear that (if • z)I(H ■ z) = 0. Since I is an /f-semiprime module algebra, 
2 = 0, i.e. (H ■ x)I = 0. Thus I* = I r . Similarly, we can show that // = I*. 

Obviously, I* is an ideal of R. For any x G I*,h G H, we have (H ■ (h ■ x))I = 0. Thus 
h ■ x G I* by part (2), i.e. /* is an ff-ideal of R. □ 

Definition 11.1.4. /C is called an H-(weakly Jspecial class if 
(SI) fC consists of H-(semiprime)prime module algebras. 
(SB) For any R £ JC, ifO^I < H R then I G K. 

(S3) If R is an H-module algebra and B <\h R with B G K,, then R/B* G K,, 
where B* = {a G R \ (H ■ a)B = = B(H ■ a)}. 

It is clear that (S3) may be replaced by one of the following conditions: 
(S3') If B is an essential -ff-ideal of R(i.e. B n I ^ for any non-zero ff-ideal I of R) and 
B G K, then R G K. 

(S3") If there exists an F-ideal B of R with B* = and B G /C, then i? G K. 

It is easy to check that if 1C is an i?-special class, then fC is an //-weakly special class. 

Theorem 11.1.5. If fC is an H-weakly special class, then r (R) = fi{J <h R \ R/I G 
where r^ denotes the H -upper radical determined by K. 

Proof. If / is a non-zero i/-ideal of R and I G JC, then i?/J* G K, by (S3) in Definition 
111.1.41 and J ^ I* by Proposition 111.1.31 Consequently, it follows from [351 Proposition 5] that 

r K (R) = n{J | I is an F-ideal of # and i?/J G /C} . □ 

Definition 11.1.6. 7/r is a hereditary H-radical(i.e. if R is an r-H-module algebra and B is 
an H -ideal of R, then so is B ) and any nilpotent H-module algebra is an r-H-module algebra, 
then r is called a supernilpotent H-radical. 

Proposition 11.1.7. r is a supernilpotent H-radical, then r is H-strongly hereditary, i.e. 
r(I) = r(R) n I for any I <jj R. 

Proof. It follows from [38j Proposition 4] . □ 

Theorem 11.1.8. If K is an H-weakly special class, then r^ is a supernilpotent H-radical. 
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Proof. Let r = r . Since every non-zero //-homomorphic image R! of a nilpotent //-module 
algebra R is nilpotent and is not //-semiprime, we have that R is an r-H-module algebra by 
Theorem lll.1.51 It remains to show that any //-ideal I of r-H-module algebra R is an r-H- ideal. 
If / is not an r-H-module algebra, then there exists an //-ideal J of / such that 7^ I / J £ JC. 
By (S3), (R/J)/(I/J)* eK. Let Q = {x G R \ {H ■ x)I C J and /(// • ar) C J }. It is clear that 
J and Q are //-ideals of /? and Q/J = (//J)*. Since R/Q 9* (R/J)/(Q/J) = (R/J)/(I/J)* 
and -R/Q is an r-//- module algebra, we have (/?/J)/(//J)* is an r-H-module algebra. Thus 
R/Q = and I 2 C J, which contradicts that I/J is a non-zero //-semiprime module algebra. 
Thus / is an r-H-ide&l. D 

Proposition 11.1.9. R is H -semiprime iff for any 7^ a G /?, t/iere exists an H-m-sequence 
{a n } in R with 07.1.1 = a such that a n 7^ /or a// n. 

Proof. If R is //-semiprime, then for any 7^ a G R, there exist bi £ R , h\ and ^ G // such 
that 7^ a2 = (/ii-ai)6i(/i' 1 -ai) G (ZZ -a\)R{H -ai) by Prop osition 1 1 1 . 1 . 21 where a± = a. Similarly, 
for ^ a2 £ R, there exist 62 G R and /12 and /i' 2 G // such that 7^ 03 = {hi ■ 02)62(^-2 ' a 2) £ 
(// • a2)R{H ■ 02), which implies that there exists an //-m-sequence {a n } such that a n 7^ for 
any natural number n. Conversely, it is trivial. D 

11.2 77-Baer radical 

In this section, we give the characterization of //-Baer radical(//-prime radical) in many ways. 

Theorem 11.2.1. We define a property rjjb for H-module algebras as follows: R is an r^- 
H -module algebra iff every non-zero H -homomorphic image of R contains a non-zero nilpotent 
H -ideal; then rnb is an H -radical property. 

Proof. It is clear that every //-homomorphic image of rnb-H-module algebra is an ru^-H- 
module algebra. If every non-zero //-homomorphic image B of //-module algebra R contains a 
non-zero r^- //-ideal /, then / contains a non-zero nilpotent //-ideal J. It is clear that (J) is a 
non-zero nilpotent //-ideal of B, where (J) denotes the //-ideal generated by J in B. Thus R is 
an rnb-H-module algebra. Consequently, r^b is an //-radical property. □ 

rjib is called //-prime radical or //-Baer radical. 

Theorem 11.2.2. Let 

£ = {R I R is a nilpotent H-module algebra }, 
then r£ = r^^, where r^ denotes the H-lower radical determined by E. 

Proof. If R is an rnb- //-module algebra, then every non-zero //-homomorphic image B 
of R contains a non-zero nilpotent //-ideal /. By the definition of the lower //-radical, / is 
an r^-H-module algebra. Consequently, R is an rg-ZZ-module algebra. Conversely, since every 
nilpotent //-module algebra is an rnb-H-module algebra, rs < rub- D 
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Proposition 11.2.3. R is H -semiprime if and only if rubiR) = 0. 

Proof. If R is //-semiprime with r^^R) 7^ 0, then there exists a non-zero nilpotent //-ideal 
I of rfjb{R)- It is clear that H- ideal (/), which the //-ideal generated by / in R, is a non-zero 
nilpotent //-ideal of R. This contradicts that R is //-semiprime. Thus rnb{R) = 0. Conversely, 
if R is an //-module algebra with rjj^R) = and there exists a non-zero nilpotent //-ideal / of 
R, then / C rnb{R)- We get a contradiction. Thus R is //-semiprime if ru^R) = 0. □ 

Theorem 11.2.4. If K, = {R \ R is an H-prime module algebra}, then fC is an H-special 
class and rub = f • 

Proof. Obviously, (51) holds. If / is a non-zero //-ideal of an //-prime module algebra 
R and BC = for //-ideals B and C of /, then {B) 3 (Cf = where (B) and (C) denote the 
//-ideals generated by B and C in R respectively. Since R is //-prime, (B) = or (C) = 0, 
i.e. B = or C = 0. Consequently, (52) holds. Now we shows that (S3) holds. Let B be an 
//-prime module algebra and be an //-ideal of R. If JI C B* for //-ideals / and J of R, then 
(BJ)(IB) = 0, where B* = {x G R \ (H ■ x)B = = B(H ■ x)}. Since B is an //-prime module 
algebra, BJ = or IB = 0. Considering / and J are //-ideals, we have that B{H ■ J) = or 
(//•/)/? = 0. By Proposition 111.1.31 J C B* or / C B*, which implies that R/B* is an //-prime 
module algebra. Consequently, (53) holds and so K. is an //-special class. 

Next we show that rub = ' • By Proposition 111. 131 r (/?) = D{/ | / is an //-ideal of R and 
R/I G /C}. If R is a nilpotent //-module algebra, then R is an r^-H- module algebra. It follows 
from Theorem 111.2.21 that < r . Conversely, if rjji ) (R) = 0, then R is an //-semiprime 
module algebra by Proposition 111.2.31 For any 7^ a G R, there exist bi G R , hi, h[ G // such 
that ^ a2 = (/ii • ai)6i(/i' 1 • ai) G (// • a\)R{H ■ a±), where a\ = a. Similarly, for ^ a-i G /?, 
there exist 62 G /? and /12, h' 2 <E H such that 7^ (23 = (/12 • 02)^2(^2 ' °2) S (// • a2)R{H ■ 02). 
Thus there exists an //-m-sequence {a n } such that a n 7^ for any natural number n. Let 

T = {/ I / is an //-ideal of Pi and / n {ai, 02, • • • } = 0}. 

By Zorn's Lemma, there exists a maximal element P in T. If / and J are //-ideals of P and 
/ % P and J ^ P, then there exist natural numbers n and m such that a n G / and a m G J. 
Since / a n+m+ i = (/i n+m • a n+m )b n+m (h' n+m ■ a n+m ) G /J, which implies that IJ <2 P and so 
P is an //-prime ideal of R. Obviously, a G" P, which implies that a r^{R) and r^(R) = 0. 
Consequently, = r#b. □ 

Theorem 11.2.5. r Hb (R) = W H (R). 

Proof. If 7^ a G" Wh(-R)) then there exists an //-prime ideal P such that a P by the 
proof of Thoerem 111.2.41 Thus a G" r^^Pc), which implies that r^biR) ^ Wff(-R)- Conversely, 
for any x G Wh(R), let .R = R/rnb(R)- Since rHb{R) = 0, P is an //-semiprime module algebra 
by Pr op osition 1 1 1 . 231 By the proof of Theorem lll.2.41 Wh(R) = 0. For an //-m-sequence {a n } 
with a~\ = x in P, there exist b n G P and h n ,h' n £ H such that 

«n+i = (^n • a n )b n (h' n ■ a n ) 
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for any natural number n. Thus there exists a' n £ R such that a[ = x and a' n+1 = (h n -a' n )b n (h' n • 
a' n ) for any natural number n. Since {a' n } is an .ff-m-sequence with = x in R, there exists 
a natural number k such that a' k = 0. It is easy to show that a n = a' n for any natural number n 
by induction. Thus = and x £ Considering = 0, we have x £ rnb{R) and 

Wh (fl) C rHfc(ii). Therefore = r H6 (i?). □ 

Definition 11.2.6. We define an H -ideal N a in H -module algebra R for every ordinal number 
a as follows: 

(i) N = 0. 

Let us assume that N a is already defined for a -< 0. 

(ii) If (3 = q + l,Np/N a is the sum of all nilpotent H -ideals of R/N a 
(Hi) If (3 is a limit ordinal number, Np = ^2 a ^g^a- 

By set theory, there exists an ordinal number r such that N T = iV r +i. 

Theorem 11.2.7. N T = rHb(R) = H{J \ I is an H-semiprime ideal of R}. 

Proof. Let D = n{7 | / is an iif-semiprime ideal of R}. Since R/N T has not any non-zero 
nilpotent if-ideal, we have that rnb{R) Q N T by Proposition 111,231 Obviously, D C r^^R). 
Using transfinite induction, we can show that N a C I for every ff-semiprime ideal I of R and 
every ordinal number a (see the proof of [127|, Theorem 3.7] ). Thus -/V T C D, which completes 
the proof. □ 

Definition 11.2.8. Let ^ L C H. An H-m-sequence {a n } in R is called an L-m-sequence 
with beginning a 1/07.1.1 = a and a n+ \ = (h n .a n )b n (h' n .a n ) such that h n ,h' n € L for all n. For 
every L-m-sequence {a n } with 07.1.1 = a, there exists a natural number k such that a^ = 0, 
then R is called an L-m-nilpotent element, written as Wl(R) = {a £ R \ a is an L-m-nilpotent 
element} . 

Similarly, we have 

Proposition 11.2.9. If L C H and H = kL, then 

(i) R is H-semiprime iff (L.a)R(L.a) = always implies a = for any a £ R. 

(ii) R is H-prime iff (L.a)R(L.b) = always implies a = or b = for any a,b £ R. 

(Hi) R is H-semiprime if and only if for any 7^ a £ R, there exists an L-m-sequence {a n } 
with a\ = a such that a n ^ for all n. 
(iv) W H {R) = W L {R). 

11.3 The i^-module theoretical characterization of iif-special 
radicals 

If V is an algebra over k with unit and x ® ly = always implies that x = for any right 
fc-module M and for any x £ M, then V is called a faithful algebra to tensor. For example, if k 
is a field, then V is faithful to tensor for any algebra V with unit. 

In this section, we need to add the following condition: H is faithful to tensor. 
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We shall characterize H-B&er radical r^, If-locally nil radical thu -H-Jacobson radical rjjj 
and iJ-Brown-McCoy radical r#5 m by R-H-modvles. 

We can view every .ff-module algebra R as a sub-algebra of RjfH since H is faithful to 
tensor. By computation, we have that 

h-a = Y J {1#h 1 )a{l#S{h 2 )) 

for any h G H,a G R, where S is the antipode of H. 

Definition 11.3.1. An R-H -module M is called an R-H -prime module if for M the following 
conditions are fulfilled: 

(1) RM + 0; 

(ii) If x is an element of M and I is an H-ideal of R, then I(Hx) = always implies x = 
or I C (0 : M) R , where (0 : M) R = {a e R \ aM = 0}. 

Definition 11.3.2. We associate to every H -module algebra R a class Mr of R-H -modules. 
Then the class M = UMr is called an H -special class of modules if the following conditions are 
fulfilled: 

(Ml) If M G Mr, then M is an R-H -prime module. 
(M2) If I is an H-ideal of R and M G Mi, then IM G Mr. 
(MS) If M G Mr and I is an H-ideal of R with IM / 0, then M G Mi- 
(M4) Let I be an H-ideal of R and R = R/I. If M G Mr and I C (0 : M) R , then M G M R . 
Conversely, if M G Mr, then M G Mr. 

Let M(R) denote n{(0 : M) R \ M G Mr}, or R when Mr = 0. 

Lemma 11.3.3. (1) If M is an R-H -module, then M is an RjfH -module. In this case, 
(0 : M) R#H n R = (0 : M) R and (0 : M) R is an H-ideal of R; 

(2) R is a non-zero H -prime module algebra iff there exists a faithful R-H -prime module M ; 

(3) Let I be an H-ideal of R and R = R/I. If M is an R-H-(resp. prime, irreducible) module 
and I C (0 : M)r, then M is an R-H-(resp. prime, irreducible) module (defined byh-(a+I) = h-a 
and (a + I)x = ax). Conversely, if M is an R-H-(resp. prime irreducible)module, then M is 
an R-H-(resp. prime, irreducible) module (defined by h • a = h • (a + I) and ax = (a + I)x). In 
the both cases, it is always true that Rj (0 : M)r = Rj (0 : M)-^; 

(4) I is an H -prime ideal of R with I ^ R iff there exists an R-H -prime module M such 
that I = (0 : M) R ; 

(5) If I is an H-ideal of R and M is an I-H -prime module, then IM is an R-H -prime 
module with (0 : M)j = (0 : IM) R n I; 

(6) If M is an R-H -prime module and I is an H-ideal of R with IM / 0, then M is an 
I-H-prime module; 

(7) If R is an H-semiprime module algebra with one side unit, then R has a unit. 

Proof. (1) Obviously, (0 : M) R = (0 : M) R#H n R. For any h G H, a G (0 : M) R , we 
see that (h • a)M = ^(l#/i 1 )a(l#5(/i 2 ))M C £(l#%)aM = for any h G H, a G R. Thus 
h ■ a G (0 : M)r, which implies (0 : M)r is an if-ideal of R. 
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(2) If 77 is an 77-prime module algebra, view M = 77 as an 77-77-module. Obviously, M is 
faithful. If 7(77 ■ x) = for / x G M and an 77-ideal 7 of R, then 7(x) = and 7 = 0, where 
(x) denotes the 77-ideal generated by x in R. Consequently, M is a faithful 77- 77-prime module. 
Conversely, let M be a faithful R-H-prime module. If I J = for two 77-ideals 7 and J of R 
with J / 0, then JM ^ and there exists / i £ JM such that I(Hx) = 0. Since M is a 
faithful R- //-prime module, 7 = 0. Consequently, R is 77-prime. 

(3) If M is an 77-77-module, then it is clear that M is a (left)77-module and h(ax) = h(ax) = 
Ylfa ■ a) fax) = fa ■ a) fax) = Ylfa ■ a) fax) for any h G 77, a G R and x G M. Thus 
M is an 77-77-module. Conversely, if M is an 77-77-module, then M is an (left) 77-module and 

h{ax) = hiax) = • a)(/i2x) = /ii • a(h,2x) = ■ a)(Ii2x) 

for any /i G 77, a G 77 and x G M. This shows that M is an 77-77-module. 
Let M be an 77- 77-prime module and 7 be an 77-ideal of 77 with 7 C (0 : M)r. If J(77x) = 
for / x G M and an 77-ideal J of R, then J(77x) = and J C (0 : M) R . This shows that 
J C (0 : M)fi. Thus M is an 77-77-prime module. Similarly, we can show the other assert. 

(4) If 7 is an 77-prime ideal of R with R / 7, then i? = i?/7 is an 77-prime module algebra. 
By Part (2), there exists a faithful R- 77-prime module M. By part (3), M is an R- 77-prime 
module with (0 : M)r = I. Conversely, if there exists a 77-77-prime M with 7 = (0 : M)r, then 
M is a faithful 77- 77-prime module by part (3) and 7 is an 77-prime ideal of 77 by part (2). 

(5) First, we show that IM is an 77-module. We define 

a(^ajXj) = ^2(aai)xi (11.1) 

i i 

for any a G 77 and Y^i a i x i £ ^-^> where cij G 7 and Xj G M. If J2i a i x i = Si a i x i with a^, 
G 77, Xi, x\ G M, let y = ^j(aaj)xj — ^(ac^) 3 ^- For any b G 7 and /i G 77, we see that 

= EEHPi • (aaiJK^Xi) - [/ii • K)]^)} 
i (ft) 

= E • a )^ 2 • a *)K^)) - 6[(/ii • a)(/»2 • aj)](^)} 

(ft) i 

= ^^bfa ■ a)[h,2(aiXi) - h 2 (a i x' i )] 
(ft) i 

= E b(^i • a)/t 2 y^[ajXj - a-x-] = 0. 
(ft) i 

Thus 7(77y) = 0. Since M is an 7- 77-prime module and IM ^ 0, we have that y = 0. Thus this 
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definition in (jll.ip is well-defined. It is easy to check that IM is an i?-module. We see that 



i i 

= ■ (aai)][h2Xi\ 

i h 

= ^2^2[(hi ■ a)(h 2 ■ a,i)](h 3 x) 

i h 

= y^( hl ' a ) ^(^2 • ai){h 3 Xi) 

h i 

= }Xhi ■ a)[h 2 yXajXi)] 

h i 

for any h € H and a^Xj G IM. Thus IM is an i?-ii-module. 

Next, we show that (0 : M)i = (0 : IM) R n i. If a G (0 : M)j, then oM = and aJM = 0, 
i.e. a G (0 : IM)^ n I. Conversely, if a G (0 : IM) R n I, then aJM = 0. By part (1), (0 : IM) R 
is an iJ-ideal of R. Thus (H • a)IM = and (if • a)I C (0 : M)/. Since (0 : M)/ is an if -prime 
ideal of I by part (4), a G (0 : M)j. Consequently, (0 : Af)/ = (0 : JM)^ n i. 

Finally, we show that iM is an i?-ii-prime module. If RIM = 0, then RI C (0 : M)^ and 
i C (0 : M) R , which contradicts that M is an i-ii-prime module. Thus RIM / 0. If J(Hx) = 
for ^ x £ IM and an if-ideal J of i2, then JI(Hx) C J(Hx) = 0. Since M is an i-ii-prime 
module, Ji C (0 : M)j and J(IM) = 0. Consequently, iM is an i?-ii-prime module. 

(6) Obviously, M is an i-if-module. If J(Hx) = for 0/i£M and an if-ideal J of i, 
then (J) 3 (Hx) = and (J) 3 C (0 : M)r, where (J) denotes the ii-ideal generated by J in R. 
Since (0 : M) R is an if-prime ideal of R, (J) C (0 : M) R and J C (0 : M)/. Consequently, M 
is an i-ii-prime module. 

(7) We can assume that u is a right unit of R. We see that 

(h ■ (au - a))b = J^(l#fci)(au - a)(l#S(h 2 ))b = 

for any a,b £ R,h £ H. Therefore (ii • (ou — a))R = and au = a, which implies that R has a 
unit. □ 

Theorem 11.3.4. (1) If M is an H -special class of modules and K = { R \ there exists a 
faithful R-H -module M G M R }, then K, is an H-special class and r /c (i?) = A4(R). 

(2) If /C is an H-special class and M R = { M \ M is an R-H-prime module and R/(0 : 
M) R G /C}, then M = L)M R is an H-special class of modules and r (R) = M{R). 

Proof. (1) By Lemma fl 1.3.3( 2). (SI) is satisfied. If i is a non-zero ii-ideal of R and R G /C, 
then there exists a faithful i?-if-prime module M G M R . Since M is faithful, IM ^ and 
M £ Mi with (0 : M)j = (0 : Ai) R n i = by (M3). Thus i G K and (52) is satisfied. Now we 
show that (S3) holds. If I is an ii-ideal of R with I G JC, then there exists a faithful i-ii-prime 
module M G A*/. By (M2) and Lemma[lL331^5), IM G A4j? and = (0 : M)i = (0 : IM) R f~]I. 
Thus (0 : IM) R C i*. Obviously, J* C (0 : IM) R . Thus J* = (0 : IM) R . Using (M4), we have 
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that IM G Mr and IM is a faithful R-H-module with R = R/I*. Thus R/I* G /C. Therefore 
/C is an iJ-special class. 
It is clear that 

{J | J is an //-ideal of R and R/I G £} = {(0 : M) fl | M G A^}. 
Thus r K (R) =M{R). 

(2) It is clear that (Ml) is satisfied. If / is an i/-ideal of R with M G Mi, then M is an 
I-if-prime module with 7/(0 : M)j G /C. By Lemma Ill,3.3f 5). IM is an i?-ff-prime module 
with (0 : M)i = (0 : IM) R n I. It is clear that 

(0 : IM) R = {a£R\(H-a)IQ(Q: M)j and I(if • a) C (0 : M)/} 

and 

(0 : IM) R /(0 : M), = (1/(0 : M)/)*. 

Thus fl/(0 : IM) R * (R/(0 : M)j)/((0 : JM) fl /(0 : M)j) = (i?/(0 : M)j)/(//(0 : M)j)* G /C, 
which implies that IM G and (M2) holds. Let M G Mr and / be an ff-ideal of R with 
IM ^ 0. By Lemma dL33]^6), M is an 7-F-prime module and 1/(0 : M)j = I/((0 : M) R DI) = 
(/ + (0 : M) R )/(0 : M) R , Since fl/(0 : M) R G /C, 1/(0 : M)j G /C and M G Mi- Thus (M3) 
holds. It follows from Lemma Ill.3.3l f3) that (M4) holds. 
It is clear that 

{I | I is an ff-ideal of R and ^ R/I G /C} = {(0 : M) R | M G Mr}. 

Thus r^C-R) = A4(i?). □ 

Theorem 11.3.5. Let Mr, ={ M \ M is an R-H -prime module} for any H -module algebra 
R and M = UMr. Then M is an H -special class of modules and M(R) = rnb{R)- 

Proof. It follows from Lemma 111 .3.3( 3) (5) (6) that M is an iJ-special class of modules. By 
Lemma dL33];2), 

{R | R is an H-prime module algebra with R ^ 0} = 
{R | there exists a faithful R-H -prime module }. 

Thus r Hb (R) = M(R) by Theorem QX22U)- □ 

Theorem 11.3.6. Let Mr, ={ M \ M is an R-H -irreducible module} for any H-module 
algebra R and M = UMr. Then M is an H -special class of modules and M(R) = rnj(R), 
where rj{j is the H-Jacobson radical of R defined in 14 8f - 

Proof. If M is an i?-ff-irreducible module and J(Hx) = for 0/x£M and an f/-ideal 
J of R, let N = {m G M | J(Hm) = 0}. Since J(h{am)) = J(J2h( h i ' a)(h 2 m)) = 0, am G N 
for any m G N,h G H,a G R, we have that N is an i?-submodule of M. Obviously, N is an 
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//-submodule of M. Thus N is an /?- //-submodule of M. Since N 7^ 0, we have that N = M 
and JM = 0, i.e. JC(0: M) R . Thus M is an /?-//-prime module and (Ml) is satisfied. If 
M is an /-//-irreducible module and / is an //-ideal, then IM is an R- //-module. If N is an 
/?-//-submodule of IM, then N is also an /-//-submodule of M, which implies that N = or 
N = M. Thus (M2) is satisfied. If M is an R- //-irreducible module and / is an //-ideal of R 
with IM 7^ 0, then IM = M. If N is an non-zero /-//-submodule of M, then IN is an R-H- 
submodule of M by Lemma 10^5) and IN = or IN = M. If IN = 0, then / C (0 : M) R 
by the above proof and IM = 0. We get a contradiction. If IN = M, then N = M. Thus M is 
an /-//-irreducible module and (M3) is satisfied. 

It follows from Lemma dL3^3) that (M4) holds. By Theorem EL33J1), M{R) = r Hj (R). 

□ 

J.R. Fisher Proposition 2] constructed an //-radical rjj by a common hereditary radical 
r for algebras, i.e. th{R) = ( r (R) '■ H) = {a £ R \ h-a G r(R) for any h € H}. Thus we can get 
//-radicals r bH ,ri H ,r jH ,r bmH . 

Definition 11.3.7. An R-H -module M is called an R-H-BM -module, if for M the following 
conditions are fulfilled: 

(i) RM / 0; 

(ii) If I is an H-ideal of R and I % (0 : M) R , then there exists an element u £ / such that 
m = um for all m € M. 

Theorem 11.3.8. Let Mr = { M \ M is an R-H -B M -module} for every H-module algebra 
R and M = UMr. Then Ai is an H -special class of modules. 

Proof. It is clear that M satisfies (Mi) and (M4). To prove (M2) we exhibit: if / <h R an d 
M S Mi, then M is an /-//-prime module and IM is an R- //-prime module. If J is an //-ideal 
of R with J ^ (0 : M) R , then JI is an //"-ideal of / with JI % (0 : M)j. Thus there exists an 
element « £ JK J such that = m for every m £ M. Hence /M € M R . 

To prove (M3), we exhibit: if M E M R and / is an //-ideal of R with IM 7^ 0. If J is an 
//-ideal of / with J % (0 : M)j, then (J) <2 (0 : M)#, where (J) is the //"-ideal generated by J 
in R. Thus there exists an elements u £ (J) such that um = m for every m G M. Moreover, 

m = um = uum = uuum = u 3 m 

and u 3 e J. Thus M G □ 

Proposition 11.3.9. If M is an R-H -B M -module, then R/(0 : M) R is an H -simple module 
algebra with unit. 

Proof. Let / be any H- ideal of R with / % (0 : M) R . Since M is an R-H-B M-module, 
there exists an element u G / such that uam = am for every m G A/, a G R. It follows that 
a - ua G (0 : M) R , whence R = I + (0 : M) R . Thus (0 : Af)« is a maximal //"-ideal of /?. 
Therefore R/(0 ■ M) R is an //-simple module algebra. 

Next we shall show that R/(0 : M) R has a unit. Now R (0 : M) B , since /?M / 0. By the 
above proof, there exists an element u G R such that a — ua G (0 : M)# for any a G /?. Hence 
Z?/(0 : M).r has a left unit. Furthermore, by Lemma lll.3.71 (7) it has a unity element. D 
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Proposition 11.3.10. If R is an H -simple-module algebra with unit, then there exists a 
faithful R-H -BM -module. 

Proof. Let M = R. It is clear that M is a faithful R-H-BM- module. □ 

Theorem 11.3.11. Let M.r = { M \ M is an R-H -B M -module} for every H-module al- 
gebra R and M. = L)M.r. Then rHbm(R) = M{R), where rnbm denotes the H-upper radical 
determined by {R \ R is an H -simple module algebra with unit }. 

Proof. By Theorem 111.3.81 M is an if-special class of modules. Let 



By Theorem 111 .3.41 (1) . K, is an //-special class and r^(R) = M.(R). Using Proposition 111.3791 
and lll.3.101 we have that 



R is called an r g t-H-module algebra, if a £ Gt(a) for all a £ R. 

Theorem 11.3.12. r gr is an H-radical property of H-module algebra and r g t = rubm- 

Proof. It is clear that any //-homomorphic image of r g t-H- module algebra is an r g t-H- 
module algebra. Let 



Now we show that N is an r g t-H -ideal of R. In fact, we only need to show that 1\ + I2 is an 
r gt -H-ideal for any two r gt -H-ideals I\ and 12- For any a G Ii,b G I2, there exist x,Xi,yi £ R 
such that 



K, = {R I there exists a faithful i?-//-BM-module }. 



fC = {R I R is an //-simple module algebra with unit }. 



Therefore M(R) = r Hbm (R). □ 

Assume that H is a finite-dimensional semisimple Hopf algebra with t £ f H and e(t) = 1. 

Let 

G t (a) = {z I z = x+ (t.a)x + y (xi(t.a)yi + x^) for all x i; yi, x £ R}. 





Let 





Obviously, 




Thus there exist w,Uj,Vj £ R such that 



a + b — c = w + {t-{a + b — c))w + } X U 3^P • (a + 6 — c))vj + UjVj). 
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Since c £ G t (a + b) and d £ G t (a + 6), we get that e 6 G(a + 6) and a + b £ G t (a + b), which 
implies that I\ + I2 is an r g t-H- ideal. 

Let R = R/N and B be an r g t-H-\&edl of -R. For any a € B, there exist x,Xi,yi £ R such 
that 

a = x + (t- a)x + y y (xj(t ■ a)yi + Xiyi) 

and 

x + (t ■ a)x + y y {xj{t ■ a)yi + xiyi) - a £ N. 

Let 

c = x + (t ■ a)x + y^Xjjt ■ a)yi + xiyi) £ G t (a). 
Thus there exist w, Uj,Vj £ R such that 

a — c = (t ■ (a — c))w + w + y^(ttf(t • (a — c))fj + UjVj) 

and 

a = (t ■ a)w + w + u j(t ' a ) v j + u j v j + c — (t ■ c)w — uj(t • c)vj £ Gt(a), 

which implies that B is an r 9 (-i?-ideal and B = 0. Therefore r g t is an H -radical property. □ 

Proposition 11.3.13. If R is an H -simple module algebra, then r gr (R) = iff R has a unit. 

Proof. If R is an ff-simple module algebra with unit 1, then —1 Gt{— 1) since 

x + (t- (-l))x + ^ {Xi(t ■ + s»yi) = 

for any x,Xi,yi £ R. Thus i? is r^-ff-semisimple. Conversely, if r g t(R) = 0, then there exists 
^ a ^ Gt(a) and Gt(a) = 0, which implies that ax + x = for any a; £ R. It follows from 
Lemma 9.3.3 (7) that R has a unit. □ 

Theorem 11.3.14. r gt = r^^. 

Proof. By Proposition lll.3.T3| r g t(R) C rHbm(R) for any i?- module algebra i2. It remains 
to show that if a £ r g t(R) then a £ rHbm(R)- Obviously, there exists b £ (a) such that b $ Gt(b), 
where (a) denotes the .ff-ideal generated by a in R. Let 

S = {K H R \ G t (b) C I,6£I}. 

By Zorn's Lemma, there exists a maximal element P in £. P is a maximal -fT-ideal of R, for, 
if Q is an ff-ideal of R with PCQ and P ^ Q, then b £ Q and x = — 6x + (foe |i) £ Q for 
any x £ R. Consequently, i?/P is an .ff-simple module algebra with r g t(R/P) = 0. It follows 
from Proposition 111.3.131 that R/P is an ii-simple module algebra with unit and rHbm(R) Q P- 
Therefore b £" rHbm 

(R) and so a (j£ rHb m (R). Q 

Definition 11.3.15. Let I be an H-ideal of H -module algebra R, N be an R-H-submodule 
of R-H -module M. (N,I) are said to have "L- condition' 1 ', if for any finite subset F C. I, there 
exists a positive integer k such that F k N = 0. 
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Definition 11.3.16. An R-H -module M is called an R-H-L -module, if for M the following 
conditions are fulfilled: 

(i) RM / 0. 

(ii) For every non-zero R-H -submodule N of M and every H-ideal I of R, if (N,I) has 
"L-condition", then I C (0 : M) R . 

Proposition 11.3.17. If M is an R-H -L -module, then R/(0 : M)r is an rm -H -semisimple 
and H-prime module algebra. 

Proof. If M is an R- LL L-module, let R = R/(0 : M)r. Obviously, R is iJ-prime. If B is an 
riH-H-ide&l of R, then (M,B) has "L-condition" in R-H-module M, since for any finite subset 
F of B, there exists a natural number n such that F n C (0 : M)r and F n M = 0. Consequently, 
5C(0: M)r and R is n#-semisimple. □ 

Proposition 11.3.18. R is a non-zero rm-H -semisimple and H-prime module algebra iff 
there exists a faithful R-H -L-module. 

Proof. If R is a non-zero n#-LLsemisimple and Lf-prime module algebra, let M = R. 
Since R is an Lf-prime module algebra, (0 : M)r = 0. If (N,B) has "L-condition" for non-zero 
-R-Lf-submodule of M and Lf-ideal B, then, for any finite subset F of B, there exists an natural 
number n, such that F n N = and F n (NR) = 0, which implies that F n = and B is an 
riH-H-ide&l, i.e. B = C (0 : M)r. Consequently, M is a faithful R-H-L- module. 

Conversely, if M is a faithful R-H- L-module, then R is an Lf-prime module algebra. If 
/ is an r^-Lf-ideal of R, then (M, I) has "L-condition" , which implies 1 = and R is an 
n#-Lf-semisimple module algebra. D 

Theorem 11.3.19. Let Mr = { M \ M is an R-H -L-module} for any H-module algebra 
R and Ai = UMr. Then M is an H- special class of modules and M{R) = rjji(R), where 
K, = {R | R is an H-prime module algebra with rin{R) = 0} and rjji = f ■ 

Proof. Obviously, (Ml) holds. To show that (M2) holds, we only need to show that if / 
is an Lf-ideal of R and M G Mi, then IM G Mr. By Lemma [Tl.3.3r 5). IM is an R- Lf-prime 
module. If (N,B) has the "L-condition" for non-zero -R-LLsubmodule iV of IM and Lf-ideal 
B of R, i.e. for any finite subset F of B, there exists a natural number n such that F n N = 0, 
then (N,BI) has "L-condition" in LLLmodule M. Thus BI C (0 : M)/ = (0 : IM) R n L 
Considering (0 : IM)r is an Lf-prime ideal of it!, we have that B C (0 : IM)r or / C (0 : IM)r. 
If I C (0 : IM)r, then J 2 C (0 : M)j and J C (0 : M)/, which contradicts LM 7^ 0. Therefore 
L C (0 : IM)r and so JM is an R-H-L- module. 

To show that (M3) holds, we only need to show that if M G Mr and / <]# i? with IM 7^ 0, 
then M G .M/. By Lemma [11.3.3( 6). M is an LLLprime module. If (N, B) has the "L-condition" 
for non-zero I-iL-submodule N of M and Lf-ideal L? of /, then IN is an i?-Lf-prime module and 
(IN, (B)) has "L-condition" in R-H-module M, since for any finite subset F of (B), F 3 C L 
and there exists a natural number n such that F 3n IN C F 3n N = 0, where (B) is the Lf-ideal 
generated by L? in R. Therefore, (B) C (0 : M) R and L 5 C (0 : M)j, which implies M G 
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Finally, we show that (M4) holds. Let I <\ H R and R = R/I. If M £ M R and I C (0 : M)#, 
then M is an R-H- prime module. If (N,B) has "L-condition" for //-ideal B of R and -R- 
//-submodule N of M, then subset FOB and there exists a natural number n such that 
F n N = (F) n N = 0. Consequently, M £ -Mr- Conversely, if M € -M^, we can similarly show 
that M £ Mr. 

The second claim follows from Proposition 111.3.181 and Theorem 111.3.4( 1). D 
Theorem 11.3.20. r^i =tih- 

Proof. Obviously, rm < rjil- It remains to show that thi{R) ^ R if riu(R) ^ R- There 
exists a finite subset F of R such that F n ^ for any natural number re. Let 

JF = {/ | / is an //-ideal of R with F n $Z I for any natural number re}. 

By Zorn's lemma, there exists a maximal element P in JF. It is clear that P is an //-prime ideal 
of R. Now we show that tih{R/P) = 0. If 7^ B/P is an //-ideal of R/P, then there exists a 
natural number m such that F m C /?. Since (F m + P) n 7^ + P for any natural number re, we 
have that B/P is not locally nilpotent and riii(R/P) = 0. Consequently, rjji(R) 7^ R. □ 

In fact, all of the results hold in braided tensor categories determined by (co)quasitriangular 
structure. 
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Chapter 12 



The H- Radicals of Twisted 
i7-Module Algebras 

Remark Q 

J.R. Fisher [48J built up the general theory of //-radicals for //-module algebras. He studied 
//-Jacobson radical and obtained 

rj (R#H) n R = r Hj (R) (12.1) 
for any irreducible Hopf algebra ZZ( [481 Theorem 4]). J.R. Fisher [48J asked when is 

rj(R#H) = r Hj (R)#H (12.2) 

and asked if 

rj (R#H) C ( rj (R) : H)#H (12.3) 

R.J. Blattner, M. Cohen and S. Montgomery in [U] asked whether R# a H is semiprime with a 
finite-dimensional semisimple Hopf algebra H when R is semiprime, which is called the semiprime 
problem. 

If H is a finite-dimensional semisimple Hopf algebra and R is semiprime, then R# a H is 
semiprime in the following five cases: 

(i) A; is a perfect field and H is cocommutative; 

(ii) H is irreducible cocommutative; 

(iii) The weak action of H on R is inner; 

(iv) H = (kG)*, where G is a finite group; 

(v) H is cocommutative. 

Part (i) (ii) are due to W. Chin |23|, Theorem 2, Corollary 1]. Part (iii) is due to B.J. Blattner 
and S. Montgomery \19\ Theorem 2.7]. Part (iv) is due to M. Cohen and S. Montgomery |29|, 
Theorem 2.9]. Part (v) is due to S. Montgomery and H.J. Schneider [90, Corollary 7.13]. 

If H = (kG)*, then relation (fi~2T2|) holds, due to M. Cohen and S. Montgomery [291 Theorem 

4.1] 

lr This chapter can be omitted 
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In this chapter we obtain the relation between //-radical of //-module algebra R and radical 
of RffH. We give some sufficient conditions for (|12.2p and (|12,3p and the formulae, which are 
similar to (|12.ip . (|12.2p and f)12.3j) for //-prime radical respectively. We show that (|12.ip holds 
for any Hopf algebra H. Using radical theory and the conclusions in [90J, we also obtain that 
if H is a finite-dimensional semisimple, cosemisimle and either commutative or cocommutative 
Hopf algebra, then R is //-semiprime iff R is semiprime iff Rff a H is semiprime. 

In this chapter, unless otherwise stated, let k be a field, R be an algebra with unit over k, 
H be a Hopf algebra over k and H* denote the dual space of H. 

R is called a twisted //-module algebra if the following conditions are satisfied: 

(1) H weakly acts on R; 

(ii) R is a twisted //-module, that is, there exists a linear map a £ Horrik{H (g) H,R) such 
that h ■ (k ■ r) = ^2 ff(hi, &i)(/i2&2 ■ t)ct — 1 (/t-3, k^) for all h,k £ H and r £ R. 

It is clear that if a is trivial, then twisted //-module algebra R is an //-module algebra. 
Set 

Spec(R) = {/ | / is a prime ideal of /?}; 
H-Spec(R) = {/ | / is an //-prime ideal of R}. 

12.1 The Baer radical of twisted H- module algebras 

In this section, let k be a commutative associative ring with unit, H be an algebra with unit 
and comultiplication A, R be an algebra over k (R may be without unit) and R be a twisted 
//-module algebra. 

Definition 12.1.1. rHb{R) '■= n{J \ I is an H -semiprime ideal of R }; 
r bH {R) := (r b (R) : H) 

r}jb{R) is called the H-Baer radical ( or H-prime radical ) of twisted H-module algebra R. 

Lemma 12.1.2. (1) If E is a non-empty subset of R, then (E) = (H ■ E) + R(H ■ E) + (H ■ 
E)R + R(H ■ E)R, where (E) denotes the H -ideal generated by E in R; 

(2) If I is a nilpotent H-ideal of R, then I C r^b{R)- 

Proof. (1) It is trivial. 

(2) If / is a nilpotent //-ideal and P is an //-semiprime ideal, then (/ + P) jP is nilpotent 
simply because (/ + P)/P = I /(/ n P) (as algebras) . Thus /CP and I C rnb{R)- □ 

Proposition 12.1.3. (1) r^biR) = iff R is H -semiprime; 

(2) r Hb {R/r Hb {R)) = 0; 

(3) R is H -semiprime iff (H ■ a)R(H ■ a) = always implies a = for any a € R; 

R is H-prime iff {H ■ a)R(H ■ b) = always implies a = or b = for any a, b £ R; 

(4) If R is H -semiprime, then Wh[R) = 0. 

Proof. (1) If rHb(R) = 0, then R is //-semiprime by Lemma 112.1.21 (2). Conversely, if R is 
//-semiprime, then is an //-semiprime ideal and so rHb(R) = by Definition 112.1.11 
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(2) If B/rffb(R) is a nilpotent P-ideal of R/rjjb(R), then B k C r#b(P) for some nat- 
ural number A: and so B C r/^(P)) which implies that R/rnb(R) is P-semiprime. Thus 
r Hb (R/r H b(R)) = by part (1). 

(3) If P is P-prime and (P • a)R(H ■ b) = for a and b £ R, then (a) 2 (6) 2 = by Lemma 
112.1.21 (1), where (a) and (6) are the P-ideals generated by a and b in R respectively. Since R 
is //-prime, a = or b = 0. Conversely, if both P and C are P-ideals of R and BC = 0, then 
(P ■ a)R(H ■ b) = and a = or b = for any a £ P and b £ C, which implies that 1? = or 
C = 0. Thus P is an //-prime. Similarly, the other assertion holds. 

(4) For any 7^ a £ R, there exist b\ £ R and h\, h\ £ H such that / 02 = (hi • ai)bi(h[ ■ 
a>i) £ (P ■ a\)R(H ■ a±) by part (3), where a\ = a. Similarly, for 7^ a 2 £ R, there exist 62 £ A 
/i2j h' 2 £ H such that 7^ 03 = (/12 ■ ^2)^2(^2 ' a 2) £ " 0,2) R(H • 0,2), which implies that there 
exists an P-m-sequence {a n } such that a n 7^ for any natural number n. Thus Wh(R) = 0. □ 

Theorem 12.1.4. rnb(R) = Wff(P) = n{7 | / is an H-prime ideal of R}. 

Proof. Let D = \ I is an //-prime ideal of R }. Obviously, rfjb{R) Q D. 

If 7^ a Wh(R), then there exists an m-sequence {aj} in P with a\ = a and a n +i = 
(h n -a n )b n (h' n -a n ) 7^ for n = 1, 2, • • • . Let J 7 = {/ | / is an //-ideal of R and In{a%, 02, • • • } = 0}. 
By Zorn's Lemma, there exists a maximal P in J 7 . If both / and J are //-ideals of R with I % P 
and J % P such that /J C P, then there exist natural numbers n and m such that a n £ I + P 
and a m £ J + P. Since a n+m+ i = (/i n +m • a n+m )b n+m (h' n+m ■ a n+m ) £ (/ + P)(J + P) C P, we 
get a contradiction. Thus P is an //-prime ideal of R. Obviously, a P, which implies that 
a £ D. Therefore P> C W H (R). 

For any x € W H (R), let P = R/r Hb (R). It follows from Proposition [12X3] (1) (2) (4) 
that Wh(R) = 0. For any P-m-sequence {a n } with a~i = x in P, there exist b n £ R and 

h' n £ H such that a n +i = (/i n • a n )b n (h' n ■ a n ) for any natural number n. Let = x and 
o n+1 = (/i n • a' n )b n (h' n ■ a' n ) for any natural number n. Since {a' n } is an P-m-sequence with 
a[ = x in P, there exists a natural number k such that a' fc = 0. It is clear that a n = a' n for any 
natural number n by induction. Thus a~k = and x £ Wjj(P). Considering Wh(R) = 0, we 
have x £ r#&(P), which implies that Wh(R) Q rjjb(R)- Therefore Wh(R) = rHb(R) = D. □ 

12.2 The Baer and Jacobson radicals of crossed products 

By \87\ Lemma 7.1.2], if R# a H is crossed product defined in [87, Definition 7.1.1], then P is a 
twisted P-module algebra. 

Let R be an algebra and M mxn (R) be the algebra ofmxu matrices with entries in P. For 
i = 1, 2, • • • m and j = 1, 2, ■ • • n. Let (eij) mxn denote the matrix in M mxn (P), where (i, j)-entry 
is 1r and the others are zero. Set 

J(P) = {/ j / is an ideal of P}. 

r Hj (R) := rj (R# a H)nR; 

t 3H (R) := (r,(P) : P). 
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Lemma 12.2.1. Let Mr be a free R-module with finite rank and R' = End(Mji). Then there 
exists a unique bijective map 

$ : I(R) — ► T{R') 

such that $(J)M = MI and 

(1) $ is a map preserving containments, finite products, and infinite intersections; 

(2) $(/) * M nxn {I) for any ideal I of R; 

(3) I is a (semi)prime ideal of R iff <&{I) is a (semi)prime ideal of R' ; 

(4) r b (R f ) = $(r 6 (i?)); 

(5) r j (Rf) = *(r j (R))- 

Proof Since Mr is a free -R-module with rank n, we can assume M = M nx \(R). Thus R' = 
End(MR) = M nxn (R) and the module operation of M over R becomes the matrix operation. Set 
M' = M lxn (R). Obviously, M'M = R. Since (eii)nxi(ey)ixn = (eij)nxn for i,j = 1,2, • • • n, 
MM' = M nxn (R) = R'. Define 

$(J) = MIM' 

for any ideal I of R. By simple computation, we have that is an ideal of R' and <&(I)M = 
MI. If J is an ideal of R' such that JM = MI, then JM = $(I)M and J = $(/), which implies 
$ is unique. In order to show that $ is a bijection from I(R) onto l(R'), we define a map from 
J(i?') to 1(R) sending /' to M'I'M for any ideal I' of R'. Since = MM' I' MM' = I' and 

= M'M I M'M = I for any ideal /' of R' and ideal / of R, we have that $ is bijective. 
(1) Obviously $ preserves containments. We see that 

$(/«/) = MUM' = (MIM')(MJM') = $(/)$( J) 

for any ideals I and J of -R. Thus <1? preserves finite products. To show that $ preserves infinite 
intersections, we first show that 

M(n{i" Q I a G 0}) = n{MI a I a G ft} (12.4) 

for any {I Q a £ fi} C Z{R). Obviously, the right side of relation (|12.4p contains the left side 
of relation (|12.4p . Let {u\,U2, ■ ■ ■ , u n } be a basis of M over R. For any x G n{MI Q | a £ ft}, 
any a, a' G ft, there exist G Iq, and r[ G Iq,' such that x = Yl u i r i = X^*^- Since {uj} is a 
basis, rj = r^, which implies x G M(n{/ a | a G ft}). Thus the relation (|12.4p holds. It follows 
from relation (|12.4[) that 

$(n{/« | a G ft})M = n{$(I Q )M | a G ft} 
Since $(n{/ Q | a G ft})M = n{$(I a )M | a G ft} 5 (n{$(I a ) | a G ft})M, we have that 

$(n{/ a | a G ft}) 5 n{$(I Q ) | a G ft}. 

Obviously, 

$(n{/ Q | a G ft}) C n{$(J Q ) | a G ft}. 
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Thus 

$(n{/ Q | a g n}) = n{$(ia) | a g o}. 

(2) Obviously, $(J) = MIM' = M nxl {R)IM lxn {R) C M nxn (J). Since a(eij) nxn — 
(eji)nxia(eij)ixn G MIM' for all a G / and i, j = 1,2, ■ ■ ■ n, 

$(/) = MIM' = M nxl (R)IM lxn (R) D M nxn (I). 

Thus part (2) holds. 

(3) Since bijection $ preserves products, part (3) holds. 

(4) We see that 

§(r b (R)) = 3>(n{7 | J is a prime ideal of R}) 

= n{<I>(I) | / is a prime ideal of R} by part (1) 

= n{$(I) | is a prime ideal of R'} by part (3) 

= n{J' | I is a prime ideal of R'} since $ is surjective 

= n(R') 

(5) We see that 

$(,rj(R)) = M nxn ( rj (R)) by part (2) 

= r J (M nxn (i?)) by pJH Theorem 30.1] 
= rj (R') . □ 

Let be a finite-dimensional Hopf algebra and A = R# a H. Then A is a free right ii-module 
with finite rank by [EH Proposition 7.2.11] and End(A R ) (R# a H)#H* by [HTJ Corollary 
9.4.17]. By part (a) in the proof of [90, Theorem 7.2], it follows that <3? in Lemma 1.2 is the 
same as in [90} Theorem 7.2]. 

Lemma 12.2.2. Let H be a finite- dimensional Hopf algebra and A = R# a H . Then 

(1) IfP is an H* -ideal of A, then P = (P n R)# a H- 

(2) $(/) = (I# a H)#H* for every H -ideal I of R; 

(3) 

{P\P is an H -ideal of A#H*} = {(I# a H)#H* \ I is an H -ideal of R} (12.5) 



{P | P is an H* -ideal of A} = {I# a H \ I is an H -ideal of R} (12.6) 

{P | P is an H -prime ideal of A#H*} 

= {(I# a H)#H* \ I is an H-prime ideal of R} (12.7) 

(4) H-Spec(R) ={(I:H)\Ie Spec (R)}; 
(5) 

(n{I a \aen}:H) = n{(J Q : H) \ a G fi} (12.8) 
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where I a is an ideal of R for all a G O; 
(6) 

(n{/ ft |«eO})# a F = n{(i a # a H) \ a £ n} (12.9) 

where I a is an H -ideal of R for all a G £1; 

(7) *(r 6 (i?)) = r fe (A#P*); 

(8) $(r j (R))=r j (A#H*); 

(9) *(r m {R)) = r Hb (A#H*) = (r Hb {R)# a H)#H* . 

Proof (1) By [83 Corollary 8.3.11], we have that P = (P n P),4 = (P n P)# CT P. 

(2) By the part (b) in the proof of [901 Theorem 7.2], it follows that 

$(/) = (7# ff P)#P* 

for every P-ideal J of P. 

(3) Obviously, the left side of relation (|12.5p contains the right side of relation (|12.5p . If P 
is an P-ideal of A#H*, then P = (P n A)#P* = (((P n A) n P)# CT P)#P* by part (1), which 
implies that the right side of relation (|12.5p contains the left side. Thus relation (|12.5p holds. 
Similarly, relation (|12.6p holds. Now, we show that relation (|12.7p holds. If P is an P-prime 
ideal of A#H*, there exists an P-ideal 7 of R such that P = (7# CT P)#P* by relation (fT23j) . 
For any P-ideals J and J' of P with J J' C I, since $( J J') = $(J)$(J') C $(7) = P by Lemma 
112.2.11 (1), we have that $(J) C $(7) or $(J') C $(7), which implies that J C 7 or J' C J by 
Lemma ll2.2.1i Thus 7 is an P-prime ideal of P. Conversely, if 7 is an P-prime ideal of P and 
P = (7# CT P)#P*, we claim that P is an P-prime of A#H*. For any P-ideals Q and Q' of 
A#P* with QQ' C P, there exist two P-ideals J and J' of P such that ( J# CT P)#P* = Q and 
(J'# (T P)#P* = Q' by relation ([H3D . Since $(JJ') = $(J)$(J') = QQ' <Z P = $(7), J J' C 7, 
which implies J C 7, or J' C 7, and so Q C P or Q' C P. Thus P is an P-prime ideal of A#H* . 
Consequently, relation (|12.7|) holds. 

(4) It follows from [901 Lemma 7.3 (1) (2)]. 

(5) Obviously, the right side of relation (|12.8p contains the left side. Conversely, if x G 
n{(7 Q : P) a G n}, then x G (7 CT : P) and h ■ x G I a for all a G fi, h G P, which implies that 
h ■ x £ D{I a | a G 0} and x G (n{7 a | a G fi} : F). Thus relation (fTZSJ) holds. 

(6) Let {h^\ • • • , h^} be a basis of P. Obviously, the right side of relation (|12.9p contains 
the left side of relation (|12.9p . Conversely, for u G n{(I a # a H) a G H} and a, a' G f2, there 
exist n G 7 a and r[ G 7 Q / such that u = £? =1 n#h® = £? =1 r-#/iW. Since {M 1 ), • • • , hF>} is 
linearly independent, we have that n = r-, which implies that u G (n{7 a | a G f2})# Q P. Thus 
relation (fi~2l)j) holds. 

(7) and (8) follow from Lemma[]22IEf4)(5). 
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(9) We see that 



r Hb (A#H*) = n{P | P is an P-prime ideal of A#H*} by Theorem [T5X1 

= n{(I# a H)#H* | / is an P-prime ideal of R} by relation (TLTTj) 

= (r\{I# a H | / is an P-prime ideal of R})#H* by part (6) 

= ((n{/ | / is an P-prime ideal of P})# CT P)#P* by part (6) 

= (r Hb (R)# a H)#H* by Theorem EH 

= $(r H6 (P)) by part (2) . 

(10) If P is cosemisimple, then P is semisimple by [871 Theorem 2.5.2]. Conversely, if P 
is semisimple, then H* is cosemisimple. By |871 Theorem 2.5.2], H* is semisimple. Thus P is 
cosemisimple. D 

Proposition 12.2.3. (1) r Hb (R) C r b (R# a H) n P C r bH (R); 
(2)r Hb (R)#aHCr b (R# a H). 

Proof. (1) If P is a prime ideal of P# CT P, then P n R is an P-prime ideal of R by [231 
Lemma 1.6]. Thus r b (R# a H) D R = D{P n R \ P is prime ideal of P# CT P} 5 r Hb (R). For any 
a G r b (R# a H) n P and any m-sequence {aj} in P with a\ = a, it is easy to check that {a,} is 
also an m-sequence in P# CT P. Thus a n = for some natural n, which implies a E r b {R). Thus 
r 6 (P# CT P) n P C r feH (P) by [10, Lemma 1.6] 

(2) We see that 

r Hb {R)# a H = (r m (P)# ff l)(l# CT P) 

C r 6 (P# (T P)(l# ff P) by part (1) 
C r b (R# a H). □ 

Proposition 12.2.4. Zei P 6e finite- dimensional Hopf algebra and A = R# a H . Then 

(1) r H * b (R# a H) = r Hb (R)# a H; 

(2) r Hb {R) = r bH (R) = r b (P# a P) n P. 

Proof 

(1) We see that 

r H * b (R# a H) = n{P | P is an P*-prime ideal of A} 

= n{I# a H | I is an P-prime ideal of P} ( by [90, Lemma 7.3 (4)] ) 

= (n{7 | J is an P-prime ideal of P})# CT P ( by Lemma MUM (6)) 

= r Hb (R)# a H. 
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(2) We see that 

r Hb(R) = n{i-* I P is an iJ-prime ideal of R} 

= f]{(I :H)\l€ Spec(R)} by Lemma HMD part (4) 
= (n{I | I G Spec(R)} : H) by Lemma [1222] part (5) 
= (n(R):H) 
= r bH (R). 

Thus it follows from Proposition EE2X3fl) that r Hb (R) = r b (R# a H) D R = r bH (R). □ 

Theorem 12.2.5. . Let H be a finite- dimensional H op f algebra and the weak action of H be 
inner. Then 

(1) r Hb (R) = r b (R) = r bH (R); 
Moreover, if H is semisimple, then 

(2) r b (R# a H) = r Hb (R)#«H. 

Proof (1) Since the weak action is inner, every ideal of R is an ff-ideal, which implies that 
r H b(R) = n(R) = r hH {R) by Proposition MJM (2). 

(2) Considering Proposition 112.2.31 2). it suffices to show r b (R# a H) C ru b (R)# a H. It is 
clear that 

(R#*H)/(r Hb (R)#aH)^(R/r Hb (R))#aH ( as algebras). (12.10) 

It follows by [871 Theorem 7.4.7] that (R/rH b (R))#o-H is semiprime. Therefore 

r b (R#aH)Cr Hb (R)# a H. □ 

Theorem 12.2.6. Let H be a finite- dimensional, semisimple and either commutative or 
cocommutative Hopf algebra and let A = R# a H . Then 

(1) r b (R#aH) = r Hb (R)#aH; 

(2) R is PL semiprime iff R# a H is semiprime. 

Moreover, if H is cosemisimple, or char k does not divide dim H, then both part (3) and 
part (4) hold: 

(3) r Hb (R) = r bH (R) = r b {R); 

(4) R is H -semiprime iff R is semiprime iff Rf^ a H is semiprime. 
Proof (1) Considering Proposition H2.2T3l f2). it suffices to show 

r b (R# a H) C r Hb (R)# a H. 

It follows by [90, Theorem 7.12 (3)] that (R/rj{ b (R))ff a H is semiprime. Using relation (j 12 . 1Q[) . 
we have that r b {Rff a H) C r Hh {R)# a H. 

(2) It follows from part (1) and Proposition 112. L~3l (1). 

(3) By [671 Theorem 4.3 (1)], we have that H is semisimple and cosemisimple. 
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We see that 



<f>(r b (R)) = r b (A#H*) by Lemma ELZ2] (7) 
= r H * b (A)#H* by part (1) 
= {r m (R)#*H)#H* by Proposition 11231 (1) 
= $(r Hb (R)) by Lemma 112.2.21 (2). 

Thus r b {R) = r Hb {R). 

(4) It immediately follows from part (2) and part (3). □ 

We now provide an example to show that the Baer radical r b {R) of R is not instable when 
H is not cosemisimple. 

Example: Let k be a field of characteristic p > and R = k[x]/(x p ). Then we can define a 
derivation d on R by sending x to x + 1. Then d 2 (x) = d(x + 1) = d{x) and then, by induction, 
d p (x) = It follows that d p = d on all of i?.Thus = u(kd), the restricted enveloping 

algebra, is semisimple by [87, Theorem 2.3.3]. clearly H acts on R, but H does not stabilize the 
Baer radical of R which is the principal ideal generated by x. Note also that H is commutative 
and cocommutative. 

Proposition 12.2.7. If R is an H -module algebra, then 

rHj{R) = n{(0 : M)r I M is an irreducible R-H -module}. 
That is, rjjj(R) is the H-Jacobson radical of the H -module algebra R defined in I4$j - 

Proof. It is easy to show that M is an irreducible R-H-modvle iff M is an irreducible 
R#H-module by [Ml Lemma 1]. Thus 

r Hj (R) = rj(R#H)f\R by definition MH\ 

= (n{(0 : M) R # H I M is an irreducible i?#iI-module}) n R 
= n{(0 : M) R | M is an irreducible -R-iJ-modulej.D 

Proposition 12.2.8. (1) rj(R# a H) n R = r Hj (R) C r jH (R); 
(2)r Hj (R)#aHC rj (R# a H). 

Proof. (1) For any a £ rj(R# a -H) n R, there exists u = J2i a i#h-i £ Rj^ a il such that 

a + u + au = 0. 

Let {id <8> e) act on the above equation. We get that a + ^ aje(/ij) + a(^ aje(/ij)) = 0, which 
implies that a is a right quasi-regular element in R. Thus rj(R# CT H) n i? C rjn(R). 
(2) It is similar to the proof of Proposition I12.2T31 (2). □ 

Proposition 12.2.9. Zei H be a finite- dimensional Hopf algebra and A = Rj^ a H . Then 

(1) r jH (R)# a H = r H *j{R# a H); 

(2) r Hj {R)=r jH {R); 

(3) r H3 (A#H*) = (r Hj (R)# a H)#H*. 
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Proof (1) We see that 

(r jH (R)# a H)#H* = *(r jH (R)) 

= (<f>(rj(R)) n A)#H* by «)(). Theorem 7.2] 
= ( rj (A#H* ) n A)#H* by Lemma 112.2.21 (8) 
= r H ,.j{A)#H* by Definition [HXH . 

Thus r H * j (A) = r jH (R)#*H. 

(2) We see that 

r Hj {R) = rj {A)nR 

5 r H *j(A)nR by Proposition [12X8] (1) 
= r jH (R) by part (1) . 

It follows by Proposition H2jyj(l) that r Hj (R) = r jH (R). 

(3) It immediately follows from part (1) (2). □ 

By Proposition 112.2.81 and 112.2.91 it is clear that if H is a finite-dimensional Hopf algebra, 
then relation (fT2T2|) holds iff relation (fT23|) holds. 

Theorem 12.2.10. Let H be a finite- dimensional Hopf algebra and the weak action of H be 
inner. Then 

(1) r Hj (R)=r J (R)=r jH (R). 
Moreover, if H is semisimple, then 

(2) r j (R# (7 H) = r Hj (R)# a H. 

Proof (1) Since the weak action is inner, every ideal of R is an if-ideal and rj(R) = rjn(R). 
It follows from Proposition [12,2,2(2) that r Hj (R) = r jH (R) = Tj(R). 
(2) Considering Proposition I12.2TBT 2). it suffices to show 

rj (R# a H) C r Hj (R)# a H. 

It is clear that 

(R# a H)/(r Hj (R)#*H) * (R/r Hj (R))#*H (as algebras). 

It follows by |87[ Corollary 7.4.3] and part (1) that [R/rHj(R))^f : (r H is semiprimitive. Therefore 
rj(R# a H) C r Hj (R)# a H. □ 

Theorem 12.2.11. Let H be a finite- dimensional, semisimple Hopf algebra, let k be an 
algebraically closed field and let A = R# a H. Assume H is cosemisimple or char k does not 
divide dim H. 

(1) If H is cocommutative, then 

r Hj (R)=r jH (R)= rj (R); 

(2) If H is commutative, then 

r j (R# a H)=r Hj (R)# a H. 
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Proof By |6T|, Theorem 4.3 (1)] , we have that H is semisimple and cosemisimple. 

(1) If g £ G(H), then the weak action of g on R is an algebraic homomorphism, which 
implies that g ■ rj(R) C rj(R). Let Hq be the coradical of H, Hi = Hq A Hq, Hi + \ = Hq A Hi for 
i = 1, • • • , n, where n is the dimension dimH of //. It is clear that Hq = kG with G = G(H) 
by |114l Theorem 8.0.1 (c)] and H = UH%. It is easy to show that if k > i, then 

Hi • (rj{R)) k C ri 0R) 

by induction for i. Thus 

H ■ ( rj (R)) dimH+1 Qrj(R), 

which implies that ( rj (R)) dimH+1 C r iJf (-R)- 
We see that 

rj{R/r jH {R)) = r 3 {R)/r 3H {R) 

= ri,(R/rjjj(R)) since rj(R)/rjj{(R) is nilpotent 
= r bH {R/r jH {R)) by Theorem 112.2.61 (3) 

C r jH (R/r jH (R)) 
= . 

Thus rj(i2) C rjjj(R), which implies that rj(R) = rjjj(R). 

(2) It immediately follows from part (1) and Proposition 112.2791 (1) (2). □ 

12.3 The general theory of i7-radicals for twisted iif-module al- 
gebras 

In this section we give the general theory of if-radicals for twisted //-module algebras. 

Definition 12.3.1. Let r be a property of H-ideals of twisted H-module algebras. An H- 
ideal I of twisted H-module algebra R is called an r-H-ideal of R if it is of the r-property. A 
twisted H-module algebra R is called an r-twisted H-module algebra if it is r-H-ideal of itself. 
A property r of H-ideals of twisted H-module algebras is called an H-radical property if the 
following conditions are satisfied: 

(Rl) Every twisted H -homomorphic image of r-twisted H-module algebra is an r twisted 
H-module algebra; 

(R2) Every twisted H-module algebra R has the maximal r-H-ideal r(R); 

(R3) R/r{R) has not any non-zero r-H-ideal. 

We call r(R) the //-radical of R. 

Proposition 12.3.2. Let r be an ordinary hereditary radical property for rings. An H-ideal 
/ of twisted H-module algebra R is called an ru-H -ideal of R if I is an r -ideal of ring R. Then 
rn is an H-radical property for twisted H-module algebras. 
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Proof. (Rl). If (R,cr) is an r/f -twisted -ff-module algebra and (R, a) & (R'y), then 
r(R') = R' by ring theory. Consequently, R' is an r //-twisted i/-module algebra. 

(R2). For any twisted ff-module algebra R, r(R) is the maximal r-ideal of R by ring theory. 
It is clear that r(R)u is the maximal r-H-ide&l, which is an rn-H-ideal of R. Consequently, 
th{R) = t(R)h is the maximal r^-i^-ideal of R. 

(R3). If I /th{R) is an rn-H- ideal of R/rniR), then / is an r-ideal of algebra R by ring 
theory. Consequently, I C r(R) and I C rn{R)- D 

Proposition 12.3.3. is an H-radical property. 

Proof. (Rl). Let (R,<r) be an r^-twisted -ff-module algebra and (R,o~) ~ (R'a). For any 
x' £ i?' and any i^-m-sequence {a' n } in R' with = a/, there exist b' n 6 .R' and h n ,h' n £ H such 
that a^ +1 = (/i n • a' n )b' n (h' n ■ a' n ) for any natural number n. Let oi, bi £ R such that /(oi) = x' 
and = 6^ for i = 1, 2, • • • . Set a n+ i = (h n ■ a n )b n (h' n ■ a n ) for any natural number n. 

Since {a n } is an ff-m-sequence in R, there exists a natural number k such that = 0. It is 
clear that f(a n ) = a' n for any natural number n by induction. Thus a' k = 0, which implies that 
x' is an .ff-m-nilpotent element. Consequently, R' is an r^-twisted H- module algebra. 

(R2). By [1301 Theorem 1.5], rjjb(R) = Wh(R) = {a \ a is an .ff-m-nilpotent element in R}. 
Thus rHb(R) is the maximal rnb-H-ideal of R. 

(R3). It immediately follows from [130^ Proposition 1.4]. □ 

12.4 The relations among radical of R , radical of R# a H, and 
iif-radical of R 

In this section we give the relation among the Jacobson radical rj(R) of R ,the Jacobson radical 
rj(R# a H) of RftpH, and H- Jacobson radical rnj{R) of R. 

In this section, let A; be a field, R an algebra with unit, H a Hopf algebra over k and R# a H 
an algebra with unit. Let r be a hereditary radical property for rings which satisfies 

r(M nxn (R)) = M nXn (r(R)) 

for any twisted fZ-module algebra R. 

Example, r^, r^ m and r n satisfy the above conditions by |116j . Using [130} Lemma 2.1 (2)], we 
can easily prove that and v\ also satisfy the above conditions. 

Definition 12.4.1. f H {R) := r(R# a H) n R and r H (R) := (r(R) : H). 

If H is a finite-dimensional Hopf algebra and M = R# a H, then M is a free right ii-module 
with finite rank by [UJ Proposition 7.2.11] and End(M R ) (R# a H)#H* by [S3 Corollary 
9.4.17]. It follows from part (a) in the proof of [90, Theorem 7.2] that there exists a unique 
bijective map 

$ : X{R) — ► T{R!) 

such that $(J)M = MI, where R' = (R# a H)#H* and 
1(R) = {I | I is an ideal of R}. 
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Lemma 12.4.2. If H is a finite- dimensional Hopf algebra, then 
*(r(R)) = r((R# a H)#H*). 

Proof. It is similar to the proof of |130|, lemma 2.1 (5)]. □ 
Proposition 12.4.3. r H (R)# a H C r H *(R# a H) C r(R# a H). 
Proof. We see that 

f H (R)# a H = {r H {R)#o±){l#<rH) 
C r(R# a H)(l# a H) 
C r(R# a H). 

Thus f H (R)#aH C r H *(R#ati) since r H (R)# a H is an #*-ideal of i2# ff JT. □ 

Proposition 12.4.4. If H is a finite- dimensional Hopf algebra, then 
(1) r H (R)# a H = f H *(R# a H); 
Furthermore, iffjj < Hf, £/ien 
#J f H = r H and r H (R)# a H C r(R# a H); 
(3) Rj^ a H is r-semisimple for any rn-semisimple R iff 

r(R# a H) = r H {R)# a H. 

Proof. Let A = 

(1) We see that 

(r H (R)# a H)#H* = $(r H (R)) 

= ($>(r(R)) n A)#H* by [90J Theorem 7.2] 
= (r(A#H*) n A)#iT by Lemma [[2X2] 
= f H *(A)#H* by Definition [nXU . 

Thus f^. (A) = r H (R)# a H. 

(2) We see that 

f#(i?) = r (A)f]R 

2 f/f* H i? by assumption 
= r H (R) by part (1) . 

Thus fn(R) = i~h(R) by assumption. 

(3) Sufficiency is obvious. Now we show the necessity. Since 

r{{R#oH)/{r H {R)#*H)) * r(R/r H (R)#a>H) = 0, 
we have r(R# a H) C rH(R)#o-H- Considering part (2), we have 

r{R# a H) = r H (R)# (T H. □ 
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Corollary 12.4.5. Let r denote r&, r/, r^, and r n . Then 

(1) r H < r H ] 

Furthermore, if H is a finite- dimensional Hopf algebra, then 

(2) f H = r H ; 

(3) R# a H is r- semisimple for any m-semisimple R iff r(Rff a H) = rH{R)H z aH ; 

(4) Rff G H is rj- semisimple for any r Hj -semisimple R iff rj(Rff a H) = rHj(R)# a H. 

Proof. (1) When r = rj, or r = rj, it has been proved in [1301 Proposition 2.3 (1) and 3.2 
(1)] and in the preceding sections. The others can similarly be proved. 

(2) It follows from Proposition 112.4.41 (2). 

(3) and (4) follow from part (1) and Proposition 112.4741 (3). D 

Proposition 12.4.6. If H = kG or the weak action of H on R is inner, then 

(1) . r H (R) = r(R); 

(2) If, in addition, H is a finite- dimensional Hopf algebra and fjj < rn, then rn{R) = 
r H (R) = r{R). 

Proof. (1) It is trivial. 

(2) It immediately follows from part (1) and Proposition 112. 4TT1 (1) (2). □ 

Theorem 12.4.7. Let G be a finite group and \ G k. If H = kG or H = (kG)* , then 

(1) r j {R)=r H3 {R)=r jH (R); 

(2) rj (R# a H) = r Hj (R)# a H. 

Proof. (1) Let H = kG. We can easily check rj(R) = rju(R) using the method similar to 
the proof of |129} Proposition 4.6]. By [130|, Proposition 3.3 (2) ], rnj(R) = rjn(R)- Now, we 
only need to show that 

r j (R) = r H * j (R). 

We see that 

rj ((R# a H*)#H) = r H *j((R#*H*)#H) by [29, Theorem 4.4 (3)] 
= rHj{R#aH*)#H by [HH Proposition 3.3 (1)] 
= {rH*j{.R)#<,H*)#H by [130, Proposition 3.3 (1)]. 

On the one hand, by [EDI Lemma 2.2 (8)], $(rj(R)) = rj((R# a H*)#H). On the other hand, 
we have that <f>(r H *j(R)) = (r H *j{R)# a H*)#H by [Ml Lemma 2.2 (2)]. Consequently, 
r j (R)=r H » j (R). 

(2) It immediately follows from part (1) and [130j Proposition 3.3 (1) (2)]. □ 

Corollary 12.4.8. Let H be a semisimple and cosemisimple Hopf algebra over algebraically 
closed field k. If H is commutative or cocommutative, then 

rj (R) = r Hj (R) = r jH (R) and r^R^H) = r Hj (R)# a H. 
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Proof. It immediately follows from Theorem 112.4.71 and [1 Lemma 8.0.1 (c)]. □ 
We give an example to show that conditions in Corollary 112.4.81 can not be omitted. 

Example 12.4.9. (see J130\ Example P20]) Let k be a field of characteristic p > 0, R = 
k[x]/(x p ). We can define a derivation on R by sending x to x + 1. Set H = u{kd), the restricted 
enveloping algebra, and A = R#H. Then 

(1) r b (A#H*)^r H * b (A)#H*; 

(2) r j {A#H*)^r H , J (A)#H*; 

(3) r j {A#H*)%r jH ,{A)#H*. 

Proof. (1) By [US Example P20], we have r b (R) ^ and r hH {R) = 0. Since $(r 6 (i?)) = 
r b (A#H*) ^ and <$>(r bH (R)) = r bH *(A)#H* = 0, we have that part (1) holds. 

(3) We see that rj(A#H*) = $(rj(R)) and r Hj (A)#H* = <S>(r H j(R))- Since R is commu- 
tative, Tj{R) = r b (R). Thus rffj(R) = rju(R) = r b n(R) = and rj(R) = r b (R) ^ 0, which 
implies rj (A#H*) % r jH *{A)#H*. 

(2) It follows from part (3). □ 

This example also answer the question J.R. Fisher asked in [35] : 

Is rj (R#H) C r jH (R)#H ? 
If F is an extension field of k, we write R F for R (gi^ F (see |90} P49 ]) . 

Lemma 12.4.10. If F is an extension field ofk, then 

(1) H is a semisimple Hopf algebra over k iff H F is a semisimple Hopf algebra over F; 

(2) Furthermore, if H is a finite- dimensional Hopf algebra, then H is a cosemisimple Hopf 
algebra over k iff H F is a cosemisimple Hopf algebra over F . 

Proof. (1) It is clear that J H ®F = J HF . Thus H is a semisimple Hopf algebra over k iff 
H F is a semisimple Hopf algebra over F. 

(2) {H®F)* = H*®F since H*®F C (H®F)* and dim F (H®F) = dim F {H*®F) = dim k H. 
Thus we can obtain part (2) by Part (1). □ 

By the way, if if is a semisimple Hopf algebra, then H is a separable algebra by Lemma 
112.4.101 (see [95l P284]). 

Proposition 12.4.11. Let F be an algebraic closure of k, R an algebra over k and 

r(R ® k F) = r{R) ® fc F. 
If H is a finite- dimensional Hopf algebra with cocommutative coradical over k , then 

r{R) dimH C r H {R). 

Proof. It is clear that H is a finite-dimensional Hopf algebra over F and dimH = dimH F = 
n. Let H F be the coradical of H F , iff = H F A H F ,H F +l = H F A H F for i = 1, • • • , n - 1. 
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Notice H F C Hq (8 i 7 . Thus iT^ is cocommutative. It is clear that H F = kG by |114| Lemma 
8.0.1 (c)] and H F = UH F . It is easy to show that if k > i, then 

Hf ■ (r(R F )) k C r(R F ) 

by induction for i. Thus 

H F ■ (r{R F )) dimH Cr{R F ), 

which implies that (r(R F )) dmH C r{R F ) H F. By assumption, we have that (r(i?) (8) F) dimH C 
(r(i?) (8) F) h f. It is clear that (I <& F) h f = Ih ® F for any ideal J of i?. Consequently, 
(r(R)) dimH C r(i?) H . □ 

Theorem 12.4.12. Let H be a semisimple, cosemisimple and either commutative or cocom- 
mutative Hopf algebra over k. If there exists an algebraic closure F of k such that 

r j {R®F)=r J {R)®F and rj ((R# a H) F) = rj (R# a H) F, 

then 

(1) r j (R) = r„ j (R)=r jH (R); 

(2) rj (R# a H) = r Hj {R)#aH. 

Proof. (1). By Lemma 112.4.101 H is semisimple and cosemisimple. Considering Corol- 
lary [[2321 we have that rj(R F ) = r H Fj(R F ) = rj H F(R F ). On the one hand, by assumption, 
rj (R F ) = rj(R) (8) F. On the other hand, r jHF {R F ) = (rj{R) (8) F) h f = r jH (R) (8 F. Thus 
r j (R)=r 3H {R). 

(2). It immediately follows from part (1). D 

Considering Theorem 112.4.121 and |95j Theorem 7.2.13], we have 

Corollary 12.4.13. Let H be a semisimple, cosemisimple and either commutative or co- 
commutative Hopf algebra over k. If there exists an algebraic closure F of k such that F/k is 
separable and algebraic, then 

(1) r j {R)=r„j{R)=r jH {R); 

(2) rj (R# a H) = r Hj (R)# a H. 

Lemma 12.4.14. (Szasz 1776^ ) 

rj {R) = r k {R) 

holds in the following three cases: 

(1) Every element in R is algebraic over k ( U16\ Proposition 31.2]); 

(2) The cardinality of k is strictly greater than the dimension of R and k is infinite ( f!16[ 
Theorem 31.4]); 

(3) k is uncountable and R is finitely generated ( \llb\ Proposition 31.5]). 

Proposition 12.4.15. Let F be an extension of k. Then r(R) (8 F C r(R (8 F), where r 
denotes r b ,r k ,r h r n . 
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Proof. When r = r n , for any x <S> a £ r n (R) <g) F with o ^ 0, there exists y £ R such that 
a; = xyx. Thus x a = (x <8> a)(y <8> a _1 )(x (g> a), which implies r n (R) ^FC r n (i? <8> i* 1 )- 
Similarly, we can obtain the others. □ 

Corollary 12.4.16. Let H be a semisimple, cosemisimple and commutative or cocommutative 
Hopf algebra. If there exists an algebraic closure F of k such that F/k is a pure transcendental 
extension and one of the following three conditions holds: 

(i) every element in R# a H is algebraic over k; 

(ii) the cardinality of k is strictly greater than the dimension of R and k is infinite; 
(Hi) k is uncountable and R is finitely generated; 

then 

(1) r j {R)=r H3 {R)=r jH (R); 

(2) r j (R# a H) = r Hj (R)# a H; 

(3) rj (R) = r k (R) and rj (R# a H) = r k (R# a H). 

Proof. First, we have that part (3) holds by Lemma ll2.4.141 We next see that 

rj(R ® F) C rj (R) (£> F [22 Theorem 7.3.4] 
= r k {R) (8) F part (3) 
C r k (R®F) proposition 112.4.151 

C rj (R(S>F). 

Thus Tj{R ®F) = rj(R) <g> F. Similarly, we can show that rj((R# a H) ® F) = rj(R# a H) (8) F. 
Finally, using Theorem 112.4. 12"! we complete the proof. □ 

12.5 The iif-Von Neumann regular radical 

In this section, we construct the H-von Neumann regular radical for ^/-module algebras and 
show that it is an i7-radical property. 

Definition 12.5.1. Let a £ R. If a £ (H ■ a)R(H ■ a), then a is called an H-von Neumann 
regular element, or an H -regular element in short. If every element of R is an H -regular, then 
R is called an H -regular module algebra, written as r un-H -module algebra. I is an H -ideal of 
R and every element in I is H-regular, then I is called an H- regular ideal. 

Lemma 12.5.2. If I is an H -ideal of R and a £ I, then a is H-regular in I iff a is H-regular 
in H . 

Proof. The necessity is clear. 

Sufficiency: If a £ (H ■ a)R{H ■ a), then there exist hi,h[ £ H, bi £ R, such that 
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We see that 

a = ■ ((hj ■ ajbjihj ■ a))]&i(/t- • a) 

= Et((^)i • (hj ■ a))((hi) 2 ■ b^hih ■ (h'j ■ a))]biM ■ a) 
G (H-a)I(H-a). 
Thus a is an //-regular in /. D 

Lemma 12.5.3. If x — Ylii^i • a;)6j(/ij • x) is H-regular, then x is H-regular, where x,bi £ 
i?,^,^ G //. 

Proof. Since x — J2i(^i ' x )bi(h[ ■ x) is //-regular, there exist ft,^ £ H,Ci £ R such that 
« - • aO&iOi • a;) = ^2(gj ■ (x - ^{hi ■ x)bi{h\ ■ x)))c j (g' j • (x - ■ x)6i(/i- • x))). 

i j i i 

Consequently, x G (// • x)R(H • x). □ 
Definition 12.5.4. 

rHn(R) '■= { a G R I f/ie H-ideal (a) generated by a is H-regular }. 
Theorem 12.5.5. rHn{R) is an H-ideal of R. 

Proof. We first show that RrHn(R) £ rjj n (i?). For any a G rn n (R),x G /?, we have that 
(xa) is //-regular since (xa) C (a). We next show that a — b G rjj n (R) for any a,b £ rn n (R). 
For any x G (a — 5), since (a — 6) C (a) + (6), we have that x = u — v and u G (a), v G (6). Say 
u = J2i(hi • u ) c i(K " M ) an d /ij, ^ G H, Ci G /?. We see that 

x — • x)cj(h' i ■ x) 

i 

= (u-v) - y~](hj ■ (u - tt))cj(fcj • Q - f )) 

i 

= -v - / • u)ci(7i£ • v) - (K ■ v)c i (h' i ■ u) + (hi • f)cj(/i- • v)] 

G («). 

Thus x — Ylifoi ' x ) c i(K • x) is //-regular and x is //-regular by Lemma [12.5.31 Therefore 
a — b G rff n (R). Obviously, rffn(R) is //-stable. Consequently, r# n (i?) is an //-ideal of R. □ 

Theorem 12.5.6. r Hn (R/r Hn (R)) = 0. 

Proof. Let R = r/rHn(R) and 6 = b + rffn(R) G rHn(R/fHn(R))- It is sufficient to show 
that 6 G rnn(R)- For any a G (6), it is clear that a G (6). Thus there exist hi,^ £ H,Ci £ R 
such that 

o = • a)ci(h'i - a) = (hi - a)a(h\ ■ a). 

i i 

Thus a — ^2i(hi • a)ci(h[ • a) £ rjf n (R), which implies that a is //-regular. Consequently, b £ 
fHn(R)- Namely, 6 = and rHn(R) = 0. □ 
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Corollary 12.5.7. run ^ s an H-radical property for H-module algebras and r n jj < fHn- 
f 

Proof. (Rl) If R ~ R and R is an r# n -//-module algebra, then for any /(a) G R', 
f(a) G {H ■ f{a))R'{H ■ f(a)). Thus R' is also an rff n - //-module algebra. 

(R2) If I is an rij n -H-ide&l of R and rHn(R) ^ I then, for any a £ I, (a) is //-regular since 
(a) C /. Thus I Qr Hn (R). 

(R3) It follows from Theorem 112.5.81 

Consequently r# n is an //-radical property for //-module algebras. It is straightforward to 
check r nH < r Hn . □ 

rjjn is called the //-von Neumann regular radical. 

Theorem 12.5.8. // / is an H-ideal of R, then rH n (I) = r# n (/?) n /. Namely, rnn is a 
strongly hereditary H-radical property. 

Proof. By Lemma [12.5.2| r//„(/?)n/ C r// n (/). Now, it is sufficient to show that (x)i = (x)r 
for any x G rff n (/), where and (x)r denote the //-ideals generated by x in / and R 
respectively. Let x = ^2(hi ■ x)6«(^ • x) , where hi, h\ G H, hi G /. We see that 



Thus (x)j = (x)r. □ 

A graded algebra R of type G is said to be Gr-regular if for every homogeneous a G R g 
there exists b G R such that a = aba ( see [92J P258 ). Now, we give the relations between 
Gr-regularity and //-regularity. 

Theorem 12.5.9. If G is a finite group, R is a graded algebra of type G, and H = (kG)* , 
then R is Gr-regular iff R is H -regular. 

Proof. Let {p g \ g G G} be the dual base of base {g \ g G G}. If R is Gr-regular for any 
a G /?, then a = Ylg£G a 9 with a g G R g . Since R is Gr-regular, there exist b g -i G R g -^ such 
that a = a a b n -ia a and 



R(H-x) = R(H ■ (%2(tn ■ x)bi(h- ■ x)) 
C R(H ■ x)I{H ■ x) 
C I(H-x). 



Similarly, 



{H-x)RC (H-x)I. 



a = 



J2 a 9 = J2 a 9 b g- ia 9 



^2(Pg ■ a)b g -i(p g ■ a). 



geG geG 



geG 



Consequently R is //-regular. 

Conversely, if R is //-regular, then for any a G R g , there exists b xy G R such that 




x,yeG 



Considering a G R g , we have that a = ab g ^ g a. Thus R is Gr-regular .□ 
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12.6 About J.R. Fisher's question 

In this section, we answer the question J.R. Fisher asked in [35]. Namely, we give a necessary 
and sufficient condition for validity of relation (2) . 

Throughout this section, let A: be a commutative ring with unit, R an H- module algebra 
and H a Hopf algebra over k. 

Theorem 12.6.1. Let fC be an ordinary special class of rings and closed with respect to 
isomorphism. Set r = r^ and f# (i?) = r(RjfH) n R for any H -module algebra R. Then Th is 
an H -radical property of H -module algebras. Furthermore, it is an H -special radical. 

Proof. Let Mr = {M \ M is an i?-prime module and R/(0 : M)r 6 JC} for any ring R and 
M = UMr. Set Mr = {M \ M G Mr#h} for any H- module algebra R and M = UMr. It 
is straightforward to check that A4 satisfies the conditions of [1291 Proposition 4.3]. Thus M 
is an H-special module by [1291 Proposition 4.3]. It is clear that M{R) = M(R#H) n R = 
r(R#H) n R for any if- module algebra R. Thus fji is an .ff-special radical by [129^ Theorem 
3.1]. □ 

Using the Theorem 112.6. l\ we have that fbHi^iHi^kH^jH^bmH are all -ff-special radicals. 

Proposition 12.6.2. Let JC be a special class of rings and closed with respect to isomorphism. 
Set r = r . Then 

(1) r H (R)#H C r(R#H); 

(2) f H {R)#H = r(R#H) iff there exists an H-ideal L of R such that r(R#H) = I#H; 

(3) R is an fn-H-module algebra iff r(R#H) = RjfFL; 

(4) I is an f H -H -ideal of R iff r(I#H) = I#H; 

(5) r(r H (R)#H) = r H (R)#H ; 

(6) r{R#H) = f H (R)#H iff r(r H (R)#H) = r(R#H). 

Proof. (1) It is similar to the proof of Proposition 112.431 

(2) It is a straightforward verification. 

(3) If R is an f^-module algebra, then R#H C r{R#H) by part (1). Thus R#H = r{R#H). 
The sufficiency is obvious. 

(4) , (5) and (6) immediately follow from part (3) . □ 

Theorem 12.6.3. If R is an algebra over field k with unit and H is a Hopf algebra over field 
k, then 

(1) r jH (R) = r Hj (R) and rj {r Hj {R)#H) = r Hj (R)#H; 

(2) rj (R#H) = r Hj (R)#H iff rj (r Hj (R)#H) = rj (R#H) iff rj(rj(R#H) D R#H) = 

(3) Furthermore, if H is finite- dimensional, then rj(R#H) = ruj(R)#H iff 
r j (r jH (R)#H)=r ] (R#H). 

Proof. (1) By [1301 Proposition 3.1 ], we have fjn(R) = rnj{R)- Consequently, rj(rnj(R)#H) = 
r Hj (R)#H by Proposition E23E2] (5). 
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(2) It immediately follows from part (1) and Proposition I12.6T21 (6). 

(3) It can easily be proved by part (2) and [130|, Proposition 3.3 (2)]. □ 

The theorem answers the question J.R. Fisher asked in |48j : When is rj(R#H) = r}jj(R)#H 

? 

Proposition 12.6.4. If R is an algebra over field k with unit and H is a finite- dimensional 
Hopf algebra over field k, then 

(1) r bH (R) = r Hb (R) = r bH (R) and r b (r Hb (R)#H) = r Hb (R)#H; 

(2) r b {R#H) = r Hb {R)#H iff r b {r Hb {R)#H) = r b {R#H) iff r b {r bH {R)#H) = r b {R#H) iff 
r b {r b {R#H) n R#H) = r b (R#H). 

Proof. (1) By [HH Proposition 2.4 ], we have r bH (R) = r Hb {R). Thus r b (r Hb (R)#H) = 
r Hb (R)#H by Proposition HM21 (5). 

(2) It follows from part (1) and Proposition I12.6T21 (6) . D 

In fact, if H is commutative or cocommutative, then S 2 = idn by |114} Proposition 4.0.1], 
and H is semisimple and cosemisimple iff the character chark of k does not divides dimH 
( see |1U4(, Proposition 2 (c)] ). It is clear that if H is a finite-dimensional commutative or 
cocommutative Hopf algebra and the character chark of k does not divides dimH, then H 
is a finite-dimensional semisimple, cosemisimple, commutative or cocommutative Hopf algebra. 
Consequently, the conditions in Corollary Theorem Corollary [T2.4.13l and H2.4.16l 
can be simplified 
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Chapter 13 



Classical Yang-Baxter Equation And 
Low Dimensional Triangular Lie 
Algebras 

The concept and structures of Lie coalgebras were introduced and studied by W. Michaelis in [85] 
|86j . V.G.Drinfel'd and A.A.Belavin in |42j |10j introduced the notion of triangular, coboundary 
Lie bialgebra L associated to a solution r £ L <g> L of the CYBE and gave a classification 
of solutions of CYBE with parameter for simple Lie algebras. W. Michaelis in [M] obtained 
the structure of a triangular, coboundary Lie bialgebra on any Lie algebra containing linearly 
independent elements a and b satisfying [a, b] = ab for some non-zero a £ k by setting r = 
a ®b — b ® a. 

The Yang-Baxter equation first came up in a paper by Yang as factorization condition of 
the scattering S-matrix in the many-body problem in one dimension and in the work of Baxter 
on exactly solvable models in statistical mechanics. It has been playing an important role in 
mathematics and physics ( see [10] , |125] ). Attempts to find solutions of The Yang-Baxter 
equation in a systematic way have led to the theory of quantum groups. The Yang-Baxter 
equation is of many forms. The classical Yang-Baxter equation is one of these. 

In many applications one needs to know the solutions of classical Yang-Baxter equation and 
know if a Lie algebra is a coboundary Lie bialgebra or a triangular Lie bialgebra. A systematic 
study of low dimensional Lie algebras, specially, of those Lie algebras that play a role in physics 
(as e.g. sl(2, C), or the Heisenberg algebra), is very useful. 

In this chapter, we obtain all solutions of constant classical Yang-Baxter equation (CYBE) in 
Lie algebra L with dim L < 3 and give the sufficient and necessary conditions for (L, [ ], A r , r) 
to be a coboundary (or triangular ) Lie bialgebra. We find the strongly symmetric elements in 
L ® L and show they are all solutions of CYBE in L with dim L < 3. Using these conclusions, 
we study the Lie algebra si (2). 

In order to make the chapter somewhat self-contained, we begin by recalling the definition 
of Lie bialgebra. 

Let k be a field with char k ^ 2 and L be a Lie algebra over k. If r = ^ (8) hi 6 L <g) L and 
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x E L, we define 



and call 



[r 12 , r 13 ] := ^[dj, dj] ® 6; ® bj 

i,j 

[r 12 ,r 23 ] := ^ a { ® a,-] (8) 6, 
[r 13 ,r 23 ] := ^ <g> a, <g> fy] 

x-r := y~][x, aj] + dj (g) [x, bj] 

i 

A r (x) := x ■ r 



[ r 12 )r 13 ] + [r 12 )r 23 ] + [r 13 ir 23 ]=0 



the classical Yang-Baxter equation (CYBE). 
Let 

t :L®L — > L®L 
denote the natural twist map ( defined hyx®y^y®x), and let 

£ : L(g>L<g>L — ► L ® L ® L 

the map defined by x®y®z^y®z®x for any x,y,z G L. 

A vector space L is called a Lie coalgebra, if there exists a linear map 

A : L — > L® L 

such that 

(i) ImA C Im(l — r) and 

(ii) (i +<e + e 2 )(i o a)a = o 

A vector space (L,[ ], A) is called a Lie bialgebra if 

(i) (L, [ ]) is a Lie algebra; 

(ii) (L,A) is a Lie coalgebra; and 

(iii) for all x,y £ L, 

A[x,y] = x • A(y) - y • A(x), 

where, for all x, aj, 6j E L, 

(L, [ ], A,r) is called a coboundary Lie bialgebra, if (L, [ ], A) is a Lie bialgebra and r G 
Im(l — t) C L tg> L such that 

A(x) = x • r 

for all x £ L. A coboundary Lie bialgebra (L, [ ], A,r) is called triangular, if r is a solution of 
CYBE. 

Jacobson gave a classification of Lie algebras with their dimension dimL < 3 in [591 P 
11-14]. We now write their whole operations as follows: 
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(I) If L is an abelian Lie algebra, then its operation is trivial; 

(II) If dim L= dim L' = 3, then there exists a base {ei,e 2 ,e 3 } and a, (3 £ k with a(3 / 
such that [ei,e 2 ] = e 3 , [e 2 , e 3 ] = aei, [e 3 , ei] = /3e 2 ; 

(III) If dim L = 3 and L' C the center of L with dim L' = 1, then there exist a base 
{ei, e 2 , e 3 } and a, (3 £ k with a = /? = such that [ei, e 2 ] = e 3 , [e 2 , e 3 ] = aei, [e 3 , e±] = /3e 2 ; 

(IV) If k is an algebraically closed field and dim L = 3 with dim L' = 2, then there exists a 
base {ei,e 2 ,e 3 } and (3,5 £ k with (5/0 such that [ei,e 2 ] = 0, [ei,e 3 ] = ei + /3e 2 , [e 2 ,e 3 ] = Je 2 ; 

(V) If dim L = 3 and L' <2 the center of L, then there exists a base {ei, e 2 , e 3 } and (3,5 £ k 
with /3 = 5 = such that [e\, e 2 ] = 0, [ei, e 3 ] = ei + /3e 2 , [e 2 , e 3 ] = 5e 2 ; 

(VI) If dim L = 2 with dim L' = 1, then there exists a base {e, /} such that [e, /] = e. 
Remark: In Case (IV), the condition which k is an algebraically closed field is required. In 

other word, A lie algebra L with dim L = 3 and dim V = 2, it is possible that there is not the 
basis in (IV). We shall consider the general case in Section 6-9. 

13.1 The solutions of CYBE 

In this section, we find the general solution of CYBE for Lie algebra L with dim L < 3. 

Definition 13.1.1. Let {e\, e 2 , • ■ ■ , e n } be a base of vector space V and r = J27j=i ^ij( e i ® 
ej) 6 V <8> V, where k^ G k, for i, j = 1, 2, • • • ,n. 
(i)If 

k%j — kji kijk[ m — knkj m 

for i,j, l,m = 1, 2, ■ ■ ■ , n, f/ien r is called strongly symmetric to the base {e\, e 2 , ■ • • , e n }; 

fnj /f fcy = —kji, for i,j = 1, 2, • ■ ■ , n, t/ien r is called skew symmetric. 

(Hi) Let dim V = 3, ku = £,fc 22 = y, /c 33 = z, fci 2 = p, /c 2 i = q, &i 3 = s,/c 3 i = t,/c 23 = 
m j ^32 = v,a, (3 £ k. Lf p = —q, s = —t, u = —v, x = az, y = (3z and 

a(3z 2 + (3s 2 + av 2 + p 2 = 0, 

i/ien r is called a,(3-skew symmetric to the base {e±, e 2 , e 3 }. 

Obviously, skew symmetry does not depend on the particular choice of bases of V . We need 
to know if strong symmetry depends on the particular choice of bases of V. 

Lemma 13.1.2. (I) IfV is a finite- dimensional vector space, then the strong symmetry does 
not depend on the particular choice of bases of V; 

(II) Let {ei, e 2 , e 3 } be a base of vector space V, p, q, s, t, u, v, x, y, z,a, (3 £ k and r = p(e\ ® 
e 2 ) + g(e 2 ®ei) + s(ei0e 3 ) + t(e 3 ®ei) + ti(e 2 ®e 3 ) + v(e 3 ®e 2 ) + x(ei®ei) + y(e 2 (gie 2 ) + z(e 3 (8ie 3 ). 

Then r is strongly symmetric iff 

xy = p 2 ,xz = s 2 ,yz = u 2 ,xu = sp, ys = pu, zp = su,p = q, s = t,u = v 

iff 

xy = p 2 , xz = s 2 , yz = u 2 ,xu = sp,p = q, s = t,u = v 
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iff 

xy = p 2 , xz = s 2 , yz = u 2 ,ys = up,p = q, s = t,u = v 

iff 

xy = p 2 ,xz = s 2 , yz = u 2 , zp = su,p = q, s = t,u = v 

iff 

r = z _1 sit(ei <8> e 2 ) + z~ 1 su(e 2 <8> e\) + s{e\ <8> e 3 ) + s(e 3 <8> e\) + u(e 2 <8> e 3 ) + u(e 3 <8> e 2 ) + 
z~ 1 s 2 {e\ ® ei) + z^ 1 u 2 (e2 <8> e 2 ) + z(e 3 <8> e 3 ) with 2^0; or 

r = p(ei <8) e 2 ) + p(e 2 <8> ei) + x(ei <8> ei) + x _1 p 2 ( e 2 <8> e 2 ) with or 
r = y(e 2 <8> e 2 ). 

Proof. (I) Let {ei, e 2 , • • • , e n } and {e^, e 2 , • • • , e^} are two bases of V and r = Y17j=i %( e «® 
ej) be strongly symmetric to the base {e\, e 2 , • • • , e n }. It is sufficient to show that r is strongly 
symmetric to the base {e'^e^,--- , e' n }. Obviously, there exists qij £ k such that ej = J2 S e 's1si 
for i = 1, 2, • ■ ■ , n. By computation, we have that 

r = X^^Z k ij1siQtj)(e s ® e t ). 
If we set k' st = ^ j kijq s iqtj, then for I, m, u, v = 1, 2, ■ ■ ■ , n, we have that 

^Im^uv = ^ ] kijkstqiiqmjQusQvt 
i,j,s,t 

= ^ ] kiskjtquqmjQ.usQ.vt ( by kijk s t = ki s kjt) 

i,j,s,t 

- k', k' 

and 

"■/m ~~ "'mi' 

which implies that r is strongly symmetric to the base {e^, e 2 , ■ ■ ■ , e^}. 
(II) We only show that if 

xy = p 2 ,xz = s 2 ,yz = u 2 , xu = sp,p = q, s = t,u = v, 

then 

ys = pu, zp = su. 

If p 0, then ysp = yxu = up 2 and usp = uxu = xyz = zp 2 , which implies ys = up and 
us = zp. If p = 0, then x = or y = 0, which implies s = or u = 0. Consequently, = up 
and us = zp. □ 

Proposition 13.1.3. Let L be a Lie algebra with dim L = 2. Then r is a solution of CYBE 
iff r is strongly symmetric or skew symmetric. 

Proof. It is not hard since the tensor r has only 4 coefficients. □ 
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Proposition 13.1.4. Let L be a Lie algebra with a basis {ei,e2,e 3 } such that [ei,e 2 ] = 
^3, [e 2 , £3] = ccei, [e 3 , ei] = (3e 2 , where a, (3 £ k. Let p, q, s, t, u, v, x,y,z G fc. 

(I) Ifr is strongly symmetric or a, (3-skew symmetric to basis {ei, e 2 , £3}, £/ien r is a solution 
of CYBE; 

(II) If a 7^ 0, /? 7^ 0, i/ten r is a solution of CYBE in L iff r is strongly symmetric or 
a, (3-skew symmetric; 

(III) If a = (3 = 0, i/ien r is a solution of CYBE in L iff 

r = p(ei (g e 2 ) + p(e 2 (g ei) + s(ei (g e 3 ) + i(e 3 (g ei) + u(e 2 (g e 3 ) + t>(e 3 (g e 2 ) + cc(ei (g ei) + 
y(e 2 (g e 2 ) + z(e 3 (g e 3 ) 

wii/i p 7^ 0,p 2 = xy, xu = sp, xv = tp, tu = vs, or 

r = s(ei <g e 3 ) + t(e 3 (g ei) + ii(e 2 (g e 3 ) + t> (e 3 (g e 2 ) + x(ei (g ei) + y(e 2 (g e 2 ) + z(e 3 (g e 3 ) 
with xy = xu = xv = ys = yt = and tu = vs. 

Proof . Let r = J2ij=i ^ij{ e i <g e.,-) G L (g L and kij £ k with i, j = 1, 2, 3. It is clear that 

3 3 

[r 12 , r 13 ] = $Z %^t[ej, e s ] (g ej (g e 4 

i,j=l s,t=l 
3 3 

[r 12 ,r 23 ] = ^ ^2 kijkstei <g [ej,e s ] (g e t 

i,j=l s,t=l 
3 3 

[r 13 , r 23 ] = X] %^* e * ® e « ® [ej,e t ]. 

i,j=l s,t=l 

By computation, for i, j, n = 1, 2, 3, we have that the coefficient of ej <g e^ (g e^ in [r 12 , r 13 ] is zero 
and ej (g ej (g ej in [r 13 , r 23 ] is zero. 

We now see the coefficient of ej (g 6j (g e n 

in [ r 12 ,r 13 ] + [ r 12 ,r 23 ] + [r 13 ,r 23 ]. 

(1) ei (g ei (g ei(a/ci 2 /c 3 i - afci 3 /c 2 i); 

(2) e 2 (g e 2 (g e 2 (-/3fc 2 i/c 32 + (3k 23 k 12 ); 

(3) e 3 (g e 3 (g e 3 (k 31 k 23 - k 32 ki 3 ); 

(4) ei <g e 2 (g e 3 (a/c 22 /c 33 - ak 32 k 23 - (3kuk 33 + (3k± 3 k 13 + /cn/c 22 - k 12 k 21 ); 

(5) e 2 (g e 3 (g ei(/?/c 33 /cn - (3h 3 k 31 - k 22 k u + k 2 \k 2 \ + ak 22 k 33 - ak 23 k 32 ); 

(6) e 3 <g ei (g e 2 (kuk 22 - k 21 k 12 - ak 33 k 22 + ak 32 k 32 + /?fc 33 /cn - (3k 31 k 13 )\ 

(7) ei (g e 3 (g e 2 (-ak 33 k 22 + ak 23 k 32 + /cn/c 22 - fci 2 fci 2 - (3k u k 33 + /?/ci 3 /c 3 i); 

(8) e 3 (g e 2 (g e\(-k 22 k\\ + /ci 2 /c 2 i + (3k 33 ku - (3k 3 \k 3 i - ak 33 k 22 + ak 32 k 23 ); 

(9) e 2 (g ei (g e 3 (-/3fcii/c33 + (3k 3 ik 13 + ak 22 k 33 - ak 23 k 23 - k 22 k u + k 21 k 12 ); 

(10) ei <g ei (g e 2 (-a/c 3 i/c 22 + ak 2 \k 32 + ak\ 2 k 32 - ak\ 3 k 22 ); 

(11) e 2 (g ei (g e\(-ak 23 k 2 \ + ak 22 k 3 \ + ak 22 k\ 3 - ak 23 ki 2 ); 

(12) ei <g ei (g e 3 (aA: 2 i/c33 - a/c 3 i£; 2 3 + a/ci 2 /c 33 - 0^13/^3); 

(13) e 3 (g ei (g ei(a/c3 2 A:3i - a/c 33 A; 2 i + a/c 32 /ci 3 - ak 33 k 12 ); 

(14) e 2 (g e 2 (g ei(-/3fci 2 /c 3 i + (3k 32 ku + f3k 23 k X \ - (3k 21 k 31 ); 

(15) ei (g e 2 (g e 2 {-f3kuk 32 + f3k V3 k V2 - (3kuk 23 + (3h 3 k 2 i); 
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(16) e 2 ® e 2 <g e 3 (/?/c 32 /ci 3 - fik 12 k 33 - fik 2 ik 33 + fik 23 ki 3 ); 

(17) e 3 (g) e 2 (g) e 2 {-fik 31 k 32 + fik 33 k 12 + fik 33 k 21 - fik 3 ik 23 ); 

(18) e 3 (g) e 3 (g) ei(A;i3A; 2 i - /c 23 /cn + fe 3 i£; 2 i - k 32 ku); 

(19) e 3 (g e 3 <g e 2 (-/c 23 /ci 2 + fci 3 /c 22 - h 32 k\ 2 + k 3 ik 22 ); 

(20) e 2 <g e 3 (g e 3 (k 2 ik 23 - k 22 ki 3 + /c 2 i/c 32 - k 22 k 3 i); 

(21) ei (g e 3 (g e 3 (-k 12 k 13 + /cii/c 23 - /ci 2 /c 3 i + kuk 32 ); 

(22) ei (g e 3 (g ei(a/c 23 A: 3 i - a/c 33 A; 2 i - k 12 ku + /cn/c 2 i + ak 12 k 33 - aki 3 k 32 ); 

(23) ei (g e 2 (g e\{-ak 32 k 2 \ + ak 22 k 3 \ - fik\\k 3 \ + fiki 3 ku - ak\ 3 k 22 + aki 2 k 23 ); 

(24) e 2 (g ei (g e 2 {fik 31 k 12 - f3k u k 32 + ak 22 k 32 - ak 23 k 22 - f3k 2 iki 3 + f3k 23 kn); 

(25) e 2 (g e 3 (g e 2 {-[3ki 3 k 32 + (3k 33 k 12 + /c 2 i/c 22 - /c 22 /ci 2 - (ik 2 ik 33 + f3k 23 k 31 ); 

(26) e 3 (g e 2 (g e 3 (k 12 k 23 - k 22 ki 3 - f3k 3 ik 33 + (3k 33 k 13 + /c 3 ifc 22 - /c 32 A; 2 i); 

(27) e 3 (g ei (g e 3 (-/c 2 ifei 3 + /cnA; 23 + ak 32 k 33 - ak 33 k 23 + k 3 ik 12 - k 32 ku). 
Let fen = x, k 22 = y, k 33 = z, k 12 = p, k 21 = q, k 13 = s, k 31 = t, k 23 = u, k 32 = v. 
It follows from (l)-(27) that 

(28) apt = aqs; 

(29) 0qv = (3pu; 

(30) tu = vs; 

(31) ayz — (3xz + xy — auv + (5s 2 — pq = 0; 

(32) (3zx — yx + ayz — f3st + q 2 — auv = 0; 

(33) xy — azy + (5zx — pq + av 2 — fist = 0; 

(34) —azy + xy — (5xz + auv — p 2 + fist = 0; 

(35) — xy + (5xz — ayz + pq — fit 2 + auv = 0; 

(36) —fixz + ayz — yx + fist — au 2 + pq = 0; 

(37) a(—ty + qv + pv — sy) = 0; 

(38) a(—uq + yt + ys — up) = 0; 

(39) a(qz — tu + pz — su) = 0; 

(40) a(vt — zq + vs — zp) = 0; 

(41) fi(-pt + vx + ux- qt) = 0; 

(42) j3(—xv + sp — xu + sq) = 0; 

(43) (3(v s — pz + us — qz) = 0; 

(44) fi(-tv + zp + zq- tu) = 0; 

(45) sq — ux + tq — vx = 0; 

(46) —up + sy — vp + ty = 0; 

(47) qu — ys + qv — yt = 0; 

(48) — ps + xu — pt + xv = 0; 

(49) aut — azq — px + xq + ap.z — asw = 0; 

(50) —avq + cn/t — fixt + /3sx — asy + apn = 0; 

(51) fitp — fixv + ayv — auy — fiqs + fiux = 0; 

(52) —fisv + /3zp + qy — yp — fiqz + /3u£ = 0; 

(53) pu — ys — fitz + /3zs + ty — vq = 0; 

(54) — qs + xu + croz — azu + tp — vx = 0. 
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It is clear that r is the solution of CYBE iff relations (28)-(54) hold. 

(I) By computation, we have that if r is strongly symmetric or a, /3-skew symmetric, then 
relations (28)-(54) hold and so r is a solution of CYBE; 

(II) Let a/0 and f3 7^ 0. By part (I), we only need show that if r is a solution of CYBE, 
then r is strongly symmetric or a, /3-skew symmetric. 

By computation, we have 

(55) q 2 =p 2 (by (34)+ (32)); 

(56) u 2 = v 2 ( by (33)+ (36)); 

(57) t 2 = s 2 ( by (31)+ (35) ). 

(a) If s = t 7^ 0, then we have that 





V 


= q 


by (28); 




u 


= V 


by (30) ; 


(58) 


yz 


= u 2 


by (35) - (32); 


(59) 


xz 


= s 2 


by (32) + (33); 


(60) 


xy 


= P 2 


by (36) - (31); 


(61) 


xu 


= sp 


by (41). 



Thus r is strongly symmetric. 

Similarly, we can show that if p = q ^ 0, or u = v ^ 0, then r is strongly symmetric, 
(b) If s = — t 7^ 0, then we have that 



aj3z + au + (3s + p 



p = -q by (28); 

u = —v by (30) ; 

y = (3z by (53); 

x = az by (50); 

= by (31). 



Then r is a, /3-skew symmetric. 
Similarly, we have that if p - 
(c) lis = t = u = v= p = q 



— q ^ or u = —v / 0, then r is a, /3-skew symmetric. 
0, then we have that 



xz = by (32) + (33); 
yz = by (32) + (31); 
xy = by (31). 



Thus r is strongly symmetric. 

(Ill) Let a = (3 = 0. It is clear that the system of equations (28)-(54) is equivalent to the 
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below 

tu = vs, q = p,p = xy 
(s + t)p — (u + v)x = 
< (s + t)y — (u + v)p = 
(t — s)y + (u — v)p = 
(t — s)p + (u — v)x = 

It is easy to check that if r is one case in part (III), then the system of equations hold. 
Conversely, if r is a solution of CYBE, we shall show that r is one of the two cases in part (III). 
If p ^ 0, then r is the first case in part (III). If p = 0, then r is the second case in part (III). □ 

In particular, Proposition 113. Q1 implies: 

Example 13.1.5. Let 

sl{2) := {x | x is a 2 x 2 matrix with trace zero over k} 

and 

ei= {°i i) ,e2= (i " ol ) ,e3= (o -2)- 

Thus L is a Lie algebra (defined by [x,y] = xy — yx) with a basis {ei, 62,63}. It is clear that 

[ei, e 2 ] = e 3 , [e 2 , e 3 ] = 4ei, [e 3 , e{\ = -4e 2 . 

Consequently, r is a solution of CYBE iff r is strongly symmetric or 4, —^-skew symmetric to 
the basis {e%, e 2 , 63}. 

Proposition 13.1.6. Let L be a Lie algebra with a basis {ei,e 2 ,es} such that [ei,e 2 ] = 
0, [ei, 63] = e\ + /3e 2 , [e 2 , 63] = (5e 2 , where (3,5 £ k. Let p, q, s, t, u, v, x,y,z £ k. 

(I) If r is strongly symmetric, then r is a solution of CYBE. 

(II) If (3 = 0,5 7^ 0, then r is a solution of CYBE in L iff r is strongly symmetric, or 

r = p(ei®e 2 )+g(e 2 ®ei) + s(ei®e 3 )-s(e3(g)ei)+u(e 2 (8)e3)-M(e3(gie 2 )+a;(ei(giei)+y(e 2 (8)e 2 ) 
with xu = xs = ys = yu = (1 — 5)us = (1 + 5)s(q + p) = (1 + 5)u(q + p) = 

(III) If f3 7^ and 5 = 1, then r is a solution of CYBE in L iff r is strongly symmetric, or 
r = p(e\ (8) e 2 ) + g(e 2 (8) e\) + u(e 2 <8> e 3 ) - u(e 3 <g> e 2 ) + x{e\ <g> e\) + y(e 2 <S> e 2 ) 

with xu = yu = u(q + p) = 

(IV) If (3 = 5 = 0, then r is a solution of CYBE in L iff 

r = p(ei e 2 ) + q(e 2 <S) ei) + s(e\ ® e 3 ) + s(e 3 (8) ei) + u(e 2 <8> e 3 ) + v (e 3 (8) e 2 ) + x(ei 8) ei) + 
y(e 2 ® e 2 ) + z(e 3 (8 e 3 ) 

wit/i z ^ 0, zp = vs, zq = us, zx = s 2 , or 

r = p(ei(g)e 2 ) + q(e 2 (g)ei) + s(ei(g)e 3 )-s(e3(g)ei) + u(e 2 (g)e3)+v(e3'g)e 2 )+x(ei(g)ei)+y(e 2 (g)e 2 ) 
with us = vs = xs = xu = xv = 0, up = qv, s(p + q) = 0. 

Proof. Let r = Ylfj=i ^ij( e i ® e j) £ L ® L and kij E /c with i, j = 1, 2, 3. By computation, 
for all i, j, n = 1,2, 3, we have that the coefficient of ej (8 (8 in [r 12 , r 13 ] is zero and <g> (8 
in [r 13 , r 23 ] is zero. 
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We now see the coefficient of 6j (g Cj g) e n 
in [ r 12 5 r 13 ] + [ r 12 ,r 23 ] + [r 13 ,r 23 ]. 

(1) ei (g) ei (g) ei(-k 13 k u + k n k 31 ); 

(2) e 2 ® e 2 ® e 2 {-[3k 23 ki 2 + fik 2 \k 32 - Sk 23 k 22 + 5k 22 k 32 ); 

(3) e 3 <g e 3 <g e 3 (0); 

(4) ei (8) e 2 ® e 3 (-/c 32 /ci 3 + fei 2 fe 33 - /3fei 3 fei3 + (ik u k 33 - 5k l3 k 23 + 5k 12 k 33 ); 

(5) e 2 ® e 3 (g> ei(-/3fc 33 /cn + 0h 3 k 31 - 5k 33 k 2 i + 5k 23 k 3 i - k 23 k 3 i + /c 2 i/c 33 ); 

(6) e 3 <g ei <g e 2 (-/c 33 /ci2 + ^31^32 - Pk 33 kn + 0k 31 k 13 - 5k 33 k 12 + <5fe 32 fei3); 

(7) ei (g e 3 (g e 2 (-/c 33 /ci2 + fei 3 fe 32 - (3k 13 k 32 + (ik u k 33 - 5k 13 k 32 + 5fei 2 /c 33 ); 

(8) e 3 (g e 2 <g ei(-/3fc 33 /cn + f3k 3 ik 31 - 5k 33 k 2 i + 5k 32 k 3 i - k 33 k 2 i + fe 3 ife 23 ); 

(9) e 2 (g ei (g e 3 (-/3fc 3 i/ci 3 + f3k u k 33 - 5k 3 ik 23 + 5k 21 k 33 - k 23 k 13 + k 2 ik 33 ); 

(10) ei <g e\ (g e 2 (-/c 3 i/ci2 + k\\k 32 - k\ 3 ki 2 + fenfe 32 ); 

(11) e 2 (g ei (g ei(-/c 23 /cn + ^21^31 - fe 23 fen + fe 2 ifei 3 ); 

(12) e\ (g ei (g e 3 (-/c 3 i/ci 3 + fenfe 33 - fei 3 fei 3 + fenfe 33 ); 

(13) e 3 (g ei (g ei(-/c 33 /cn + fe 3 ife 3 i - fc 33 A;ii + fe 3 ifei 3 ); 

(14) e2^e 2 <^ei(—pk 32 kii+pki 2 k 3 i—Sk 3 2k2i+Sk2 2 k 3 i—f3k 23 kii+pk 2 ik 3 i—Sk 23 k 2 i+Sk 2 2k 3 i); 

(15) ei'^e 2 f^e 2 (-f3ki 3 ki 2 +pk 1 ik 32 -5k 13 k 22 +5ki 2 k 32 -Pki 3 k 2 i+pkiik 23 -5ki 3 k 22 +5k 12 k 23 )-, 

(16) e 2 <ge 2 <ge 3 (-/3fe 32 fei 3 +/3fei 2 fe 33 -<5fe 32 fe 23 +<5fe 22 fe 3 ^^ 

{17) e 3 ®e 2 ®e 2 (-f3k 33 ki 2 +f3k 3 ik 32 -5k 33 k 22 +5 k 32 k 32 - [3 k 33 k 2 i +/3fe 3 i k 23 - 5 k 33 k 22 + 5 k 32 k 23 ) ; 

(18) e 3 (g>e 3 (g>ei(0); 

(19) ei ®e 3 ®e 3 (0); 

(20) e 3 (ge 3 (ge 2 (0); 

(21) e 2 (g e 3 (g e 3 (0); 

(22) ei (g e 3 (g ei(-fe 33 fen + fei 3 fe 3 i - fci 3 fe 3 i + fenfe 33 ) = ei (g e 3 (g ei(0); 

(23) ei (g e 2 (g ei(-fe 32 fen + fci 2 fc 3 i - (ik 13 k u + /3fenfe 3 i - 5k 13 k 21 + <5fci 2 fc 3 i - fci 3 /c 2 i + ^11^23); 

(24) e 2 fS>ei<^e 2 (-Pk 3 iki 2 + Pknk 32 -5k 31 k 22 + 5k 2 ik 32 -k 23 k 12 + k 2 ik 32 - pk 23 k u + Pk 2 ik 13 - 
Sk 23 ki 2 + 5k 22 k 13 ); 

(25) e 2 <ge 3 <ge 2 (-/3fe 33 fei 2 +/?fei 3 fe 32 -<5fe 33 fe 22 +<5fe 23 fe 3 ^^ 

(26) e 3 (g e 2 ® e 3 (-/3fc 33 /ci 3 + fik 3 ik 33 - 5k 33 k 23 + 5k 32 k 33 ); 

(27) e 3 (g ei (g e 3 (-/c 33 /ci 3 + fe 3 ife 33 ); 

Let fen = x, fc 22 = y, k 33 = z, k 12 = p, k 21 = q, fe i3 = s, k 3 i = t, k 23 = u, k 32 = v. 
It follows from (l)-(27) that 



(28) 


—sx + xt = 0; 






(29) 


—Pup + f3qv — buy + 5yv = 0; 




(30) 


— vs + pz — (is 2 + fixz — 


5su + Szp = 


= 


(31) 


—fixz + fist — 5zq + 5ut 


— ut + qz = 


0; 


(32) 


—zp + tv — (3zx + fits — 


Szp + 5vs = 


0; 


(33) 


—zp + sv — fist + fixz — 


Ssv + Szp = 


0; 


(34) 


-(3zx + (3tt - 5zq + Svt 


— zq + tu = 


0; 


(35) 


—fist + fixz — Stu + 5qz 


— us + qz = 


0; 


(36) 


—tp + xv — sp + v x = 0; 
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(37) — ux + qt — ux + qs = 0; 

(38) -st + xz - s 2 + xz = 0; 

(39) -zx + it - zx + st = 0; 

(40) —(3vx + — 5vq + <5yi — (3ux + — <5itg + Syt = 0; 

(41) — (3sp + /3xu — 5sy + Jpw — /3sg + f3xu — 5sy + Spu = 0; 

(42) — f3vs + /3pz — <5u-u + 5yz — (5su + f3zq — 5u 2 + <5yz = 0; 

(43) —fizp + (3tv — dzy + 5w — (3zq + — 5zy + <5tm = 0; 

(44) — vx + pt — (3sx + (3xt — 5sq + 5pt — sq + xu = 0; 

(45) — + j3vx — Sty + 5qv — up + qv — (3ux + (3qs — Sup + dys = 0; 

(46) -(3zp + (3sv - (3ut + (3qz = 0; 

(47) -f3zs + (5tz - 5zu + 5vz = 0; 

(48) -zs + tz = 0. 

It is clear that r is a solution of CYBE iff (28)-(48) hold. 

(I) It is trivial. 

(II) Let (3 = and 5^0. We only show that if r is a solution of CYBE, then r is one of 
the two cases in part (II). If z ^ 0, we have that u = v, s = t,yz = u 2 ,xz = s 2 and itx = by 

(47) , (48), (42), (38) and (36) respectively. It follows from (30) and (33) that pz = us and from 
(31) and (34) that qz = us. Thus q = p and xy = p 2 since xyz = xu 2 = spu = zp 2 . By Lemma 
113.1.21 r is strongly symmetric. 

If z = 0, we have that u = —v and s = — t by (43), (42), (38) and (39). It follows from 
(28), (29), (36), (40), (30), (44) and (45) that sx = 0,yu = 0,xv = 0,ys = 0,(1 - 5)us = 
0, (1 + 5)s(p + q) = and (1 + 5)u(p + q) = respectively. Consequently, r is the second case. 

(III) Let (3 0, S = 1. We only show that if r is a solution of CYBE, then r is one case in 
part (III). If z 7^ 0, we have that t = s,u = v,q = p,xz = s 2 , zp = su, sp = xu and « 2 = yz by 

(48) , (47), (46), (38), (32), (36) and (42) respectively. Since xyz = xu 2 = spu = zp 2 , xy = p 2 . 
Thus r is strongly symmetric by Lemma ll3.1.2i 

If z = 0, then st = 0, t = and s = by (31), (39) and (38) respectively. It follows from (42) 
and (43) that u = —v. By (36), (45) and (29), xu = 0,u(p + q) = and uy = 0. Consequently, 
r is the second case. 

(IV) Let (5 = 8 = 0. We only show that if r is a solution of CYBE, then r is one case in part 
(IV). If z 7^ 0, we have that s = t,s 2 = xz,zp = vs and zq = us by (48), (38), (32) and (34) 
respectively. Consequently, r is the first case in part (IV). If z = 0, 

then s = -t by (38) and (39). It follows from (30), (31), (28), (37), (36), (45) and (44) that 
vs = 0, us = 0, xs = 0, xu = 0, xv = 0,up = qv and s(p + q) = 0. Consequently, r is the second 
case in part (IV). □ 

Corollary 13.1.7. Let L be a Lie algebra with dim L < 3 and r £ L ® L. If r is strongly 
symmetric, then r is a solution of CYBE in L. 

Proof . If k is algebraically closed, then r is a solution of CYBE by Proposition 113.1.41 
113.1.61 and 113.1.31 If k is not algebraically closed, let P be algebraically closure of k. We can 
construct a Lie algebra Lp = P ® L over P, as in [59J section 8]. Set ^ : L — > Lp by sending x 
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to 1 (8 x. It is clear that Lp is a Lie algebra over P and is homomorphic with ker^> = over 
fc. Let 

f = (8) \P)(r). 

Obviously, f is strongly symmetric. Therefore f is a solution of CYBE in Lp and so is r in L. □ 

13.2 Coboundary Lie bialgebras 

In this section, using the general solution, which are obtained in the preceding section, of CYBE 
in Lie algebra L with dim L < 3, we give the the sufficient and necessary conditions for 
(L, [ ], A r ,r) to be a coboundary (or triangular ) Lie bialgebra. 

We now observe the connection between solutions of CYBE and triangular Lie bialgebra 
structures. It is clear that if (L, [ ], A r ,r) is a triangular Lie bialgebra then r is a solution of 
CYBE. Conversely, if r is a solution of CYBE and r is skew symmetric with r G L <g> L , then 
(L, [ ], A r ,r) is a triangular Lie bialgebra by |118} Proposition 1] . 

Theorem 13.2.1. Let L be a Lie algebra with a basis {e±, e 2 , 63} such that [ei, e 2 ] = e 3 , [e2, e 3 ] = 
aei,[e 3 ,ei] = /3e 2) where a, (3 G k and a(3 7^ or a = (3 = 0. Lei p,u,s G & and r = 
p(ei (8 e 2 ) - p(e 2 &> ei) + s(ei (8 e 3 ) - s(e 3 (8 e\) + u(e 2 8) e 3 ) - u(e 3 g> e 2 ). T/ien 

(Lj (L, [ ], A r ,r) is a coboundary Lie bialgebra iff r is skew symmetric; 

(II) (L, [ ], A r ,r) is a triangular Lie bialgebra iff 

(5s 2 + au 2 +p 2 = 0. 
Proof. (I) It is sufficient to show that 

(l + £ + £ 2 )(l® A)A(ei) = 
for i = 1,2,3. First, by computation, we have that 
(1® A)A(ei) 

= {(ei <8 e 2 <8 e 3 )((3ps - (3ps) + (e 3 (g> ei (8) e 2 )(/3ps) + (e 2 <8 e 3 (8) ei)(-(3sp)} 
+ {(ei (8 e 3 (8) e 2 )(-Pps + + (e 3 (8 e 2 (8 ei)(-/3ps) + (e 2 (8 ei (8 e 3 )(/3sp)} 
+ {(ei (8 ei (8 e 2 )(o/3su) + (ei (8 e 2 (8 ei)(-/?asu) + (e 2 (8 ei (8 ei)(0)} 
+ {(ei (8 ei (8 e 3 )(-apu) + (ei (8 e 3 (8 ei)(apii) + (e 3 (8 ei (8 ei)(0)} 
+ {(e 2 (8 ei (8 e 2 )(-/?V) + (ei (8 e 2 (8 e 2 )(0) + (e 2 (8 e 2 <8 ei)(/? 2 s 2 )} 
+ {(e 3 (8 e 3 ® ei)(p 2 ) + (e 3 <8 e x (8 e 3 )(-p 2 ) + (d (8 e 3 (8 e 3 )(0)}. 

Thus 

(l + £ + £ 2 )(l® A)A(ei) = 0. 

Similarly, we have that 

(1 + £ + £ 2 )(1 ® A)A(e 2 ) = 0, (1 + £ + e 2 )(l 8) A)A(e 3 ) = 0. 
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Thus (L,[ ], A r .,r) is a coboundary Lie bialgebra. 

(II) By part (I), it is sufficient to show that r is a solution of CYBE iff 

(3s 2 + au 2 + p 2 = 0. 

(a) Let a/0 and (3 ^ 0. Considering r is skew symmetric, by Proposition I13.L41 (II), we have 
that r is a solution of CYBE iff 

13s 2 + au 2 + p 2 = 0. 

(b) Let a = (3 = 0. Considering r is skew symmetric, by Proposition I13.L41 (III), we have that 
r is a solution of CYBE iff 

(3s 2 + au 2 +p 2 = 0. 

□ 

Let (L, [ ]) be a familiar Lie algebra, namely, Euclidean 3-space under vector cross product. 
By Theorem 113.2.11 (L, [ ], A r ,r) is not a triangular Lie bialgebra for any ^ r G L (g) L. In 
fact, [841 Example 2.14] already contains the essence of this observation. 

Example 13.2.2. Under Example 1 13. 1.51 we have the following: 

(i) (sl(2), [ ],A r ,r) is a coboundary Lie bialgebra iff r is skew symmetric; 

(ii) (sl(2), [ ], A r ,r) is a triangular Lie bialgebra iff 

-4s 2 + Au 2 + p 2 = 0, 

where r = p{e\ (g) e 2 ) — p(e 2 (g>ei) + s{e\ <g> 63) — s(e 3 (£> e\) +u{e2 (E>e^) — «(e3 ®e 2 ) and p,s,u G k. 
Theorem 13.2.3. Let L be a Lie algebra with a basis {ei,e2,e3} such that 

[eie 2 ] = 0, [ei, e 3 ] = ei + /?e 2 , [e 2 , e 3 ] = <5e 2 , 

where 5, (3 £ k. Let p,s,u £ k and r = p(e% <g> e 2 ) — p(e 2 (g> ei) + s{e\ (g> e^) — s(e 3 (g) ei) + ii(e 2 

£3) - «(e3 ® e 2 ). 

(I) (L, [ ], A r ,r) is a coboundary Lie bialgebra iff 

(6 + l)({8-l)u + f3s)s = 0; 

(II) If (3 = 0, i/ien (L, [ ], A r , r) is a triangular Lie bialgebra iff 

(1 - 5)us = 0; 

(77/) If (3 j£ and 5=1, i/ien (L, [ ], A r ,r) is a triangular Lie bialgebra iff 

s = 

iff (L, [ ], A r ,r) is a coboundary Lie bialgebra. 
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Proof . (I) We get by computation 
(1(8) A)A(ei) 

= {(ei <g> e\ <8) e2){fi5ss — 5us) + (e\ <8 e2 <8 ei)(—/3Sss + (5ns) + (e2 <8 ei (8 ei)(0)} 
+ {(e2 <8 e2 <8 ei)(— /3ws + uu + (3 2 s 2 — (3su) 
+ (e 2 <8 ei (8) e 2 )(/3«s — uu + /3ms — /3 2 s 2 ) + (ej 8) e2 (8 e2)(0)} 
(1(8 A)A(e 2 ) 

= {(ei <8 ei (8 e 2 )(<5 2 ss) + (ei ®e 2 ® ei)(-5 2 s 2 ) + (e 2 (8 e\ (8 ei)(0)} 
+ {(e2 (8 e2 (8 ei)(6/3ss — 5su) + (e 2 (8 ei (8 e2)(<5sii — <5/?ss) + (ei (8 e2 (8 e 2 )(0)} 
(1® A)A(e 3 ) 

= {(ei (8 e2 (8 es)((5sti + /3ss) + (e 2 (8 e3 (8 ei)(— <5us — /3ss) 
+ (e3 (8 ei (8 e 2 )(<Wiis + /35ss + /3ss — su)} 

+ {(ei <8 e3 (8 e2)(— <5su — f3ss) + (e3 (8 e2 (8 ei)(— (35ss — 55us — (3ss + su) 

+ (e 2 (8 e\ (8 e 3 )(<5us + /?ss)} 

+ {(ei (8 ei (8 e2)(— <5sp — <5<5ps + sp + <5sp) 

+ (ei (8 e2 (8 ei)(<5ps + <55ps — 5sp — sp) + (e 2 (8 ei (8 ei)(0)} 

+ {(ei (8 ei (8 e 3 )(ss) + (ei (8 e 3 (8 ei)(— ss) + (e 3 (8 ei (8 ei)(0)} 

+ {(e2 <8 e2 (8 ei)(— ftps + pu — 5[3sp — 55up — 5f3ps + dpu — (3sp — Sup) 

+ (e 2 (8 ei (8 e2){(3ps — pu + 5j3sp + J<5up + 5(3ps — dpu + /?sp + 5up)) 

- (ei ®e 2 (8 e 2 )(0)} 

+ {(^2 <8 e2 (8 e 3 )(5<5mt + e)/?iis + /3<5-us + f3f3ss) 

+ (e 2 (8 e 3 (8 e 2 )(— SSuu - 5f3us - f35us - (3(3ss) + (e 3 <8 e 2 <8 e 2 )(0)}. 
Consequently, 

(l + £ + £ 2 )(l® A)A(ei) = 0, 
(l + £ + £ 2 )(l®A)A(e 2 ) = 

and 

(l + £ + £ 2 )(l®A)A(e 3 ) = 

iff 

<5 2 us + 5f3s 2 + /3s 2 - us = 0. 
This implies that (L, [ }, A r ,r) is a coboundary Lie bialgebra iff 

5 2 us + 513s 2 + (3s 2 - us = . 

(II) If (L, [ ], A r , r) is a triangular Lie bialgebra, then (<5 2 — l)its = by part (I). If ((5+1) / 0, 
then (1 — 5)us = 0. If 5 + 1 = 0, then (1 — 5)us = by Proposition 113, L6l (II). Conversely, if 
(1 — 5)us = 0, then we have that (L, [ ], A r , r) is a coboundary Lie bialgebra by part (I). Since 
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r is skew symmetric, we have that r is a solution of CYBE by Proposition 113, 1761 (II) (IV). Thus 
(L, [ ], A r , r) is a triangular Lie bialgebra. 

(Ill) Similarly, we can show that part (III) holds by part (I) and Proposition 113, L~6l (III). D 

Theorem 13.2.4. If L is a Lie algebra with dimL = 2 and r E L® L, then (L, [ ], A r , r) is 
a triangular Lie bialgebra iff (L, [ ], A r , r) is a coboundary Lie bialgebra iff r is skew symmetric. 

Proof. It is an immediate consequence of the main result of [M] . □ 



13.3 Strongly symmetric elements 

In this section, we show that all strongly symmetric elements are solutions of constant clas- 
sical Yang-Baxter equation in Lie algebra, or of quantum Yang-Baxter equation in algebra. 
Throughout this section k is an arbitrary field. 

Definition 13.3.1. Let {e^ | i E £1} be a basis of vector space V and r = J2ij£n ^iji e i ® e j) S 

V ® V, where kij E k. 

If 

k^ — kji and kijk[ m — knkj m 
for i,j,l,m £ f2, then r is said to be strongly symmetric to the basis {ei \ i E O}. 

Obviously, symmetry does not depend on the particular choice of basis of V . We need to 
know if strong symmetry depends on the particular choice of basis of V. 

Lemma 13.3.2. Let {e^ | i E f2} be a basis of vector space V and r = ^ i jen^fe* ® e i) ^ 

V <S> V, where kij E k. Then 

(I) the strong symmetry does not depend on the particular choice of basis ofV; 

(II) r is strongly symmetric iff 

kijk\ m — knkj m 

for any i,j, l,m E O; 

(III) r is strongly symmetric iff 

kijk\ m — k s fk uv 

where {s, t, u, v} = {i, j, I, m} as sets for any i, j, l,m E O; 

(IV) r is strongly symmetric iff 
r = or 

r = Eijen KiKjKoiS^ ® e i) G V ® F ' where k ioio + °- 

Proof. (I) Let {e\ \ i E O'} be another basis of V. It is sufficient to show that r is strongly 
symmetric to the basis \e! i \ i £ ft'}. Obviously, there exists qij £ k such that ej = ^2 S e' s q s i for 
i £ f2. By computation, we have that 

r = ( kjQsiqtjWa ® e' t ). 
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If set k' st = J2i j kijq s iQtj, then for I, m,u,v E $7' we have that 

klm,kuv = ^ 1 kijkgtQliQmjQusQvt 
i,j,s,t 

= k is k jt qii QmjQusQvt ( by kijk s t — ki s kjt) 

i,j,s,t 
- h 1 k' 

and 

k' k' 

which implies that r is strongly symmetric to the basis {e[ \ i E 0'}. 

(II) The necessity is obvious. Now we show the sufficiency. For any i,j E Q, if ka ^ 0, then 
k<ij — kj \<i since ^ij ka — kakji . If ka — ; then k{j — ^ji — ^ since ^ij — ^jj — ^ — * 

(III) The sufficiency follows from part (II). Now we show the necessity. For any l,m & O, 
we see that kijki m — kijk m i = knkj m = knk m j = ki m kij. 

Similarly, we can get that kijki m = k S fk uv when s = j or s = I or s = m. 

(IV) If r is a case in part (IV), then r is strongly symmetric by straightforward verification. 
Conversely, if r is strongly symmetric and r / 0, then there exists iq E VL such that ki i ^ 0. 
Thus kij = k ioi ki jk io ] o . □ 

If A is an algebra, then we can get a Lie algebra L(A) by defining [x, y] = xy — yx for any 
x,y E A. 

Theorem 13.3.3. Let A be an algebra and r E A® A be strongly symmetric. Then r is a 
solution of CYBE in L(A); meantime, it is also a solution of QYBE in A. 

Proof. Let {e^ | i E ft} be a basis of A and the multiplication of A be defined as follows: 

Si 6j — ^ ' &ij &m 
m 

for any i, j e!!,ajje k. 

We first show that r is a solution of CYBE in Lie algebra L{A). By computation, for all 
i,j, I E O, we have that the coefficient of ei (g> <g> e; in [r 12 , r 13 ] is 

^ ] a s,tksjkti — cit s k s jkti 

St 

= ^2 a ltksjk t i -^a\ t k tj k s i 

s,t s,t 

= by Lemma rT3A2] (III). 

Similarly, we have that the coefficients of ei <8> ej ei in [ r 12 )r 23 ] an d [r 13 ,r 23 ] are zero. Thus r 
is a solution of CYBE in L(A). 

Next we show that r is a solution of QYBE in algebra A. We denote r by R since the solution 
of QYBE is usually denoted by R. 
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By computation, for all I £ fi, we have that the coefficient of <8 e ,• (» in R 12 R 13 R 23 is 

^ ^ O'st^um^'vwksuktvkmw 
s,t,u,v,w,m 

and the coefficient of ej (8) ej (8 &i in R 23 R 13 R 12 is 

^ ^ O'tm^sw^'uvksuktvkmw 
s,t,u,v,w,m 

= a! st a im al vw k suhvkmw by Lemma [13JL2] (III) . 



s,t,u,v,w,m 



Thus r is a solution of QYBE in algebra A D 

Corollary 13.3.4. Lei L be a Lie algebra and r G L® L 6e strongly symmetric. Then r is a 
solution of CYBE. 

Proof: Let A denote the universal enveloping algebra of L . It is clear that r is also strongly 
symmetric in A® A. Thus 

[ r 12 jr 13 ] + [r 12 jr 23 ] + [r 13 )r 23] =0 

by Theorem 113.3.31 , Consequently, r is a solution of CYBE in L. □ 

13.4 The solutions of CYBE in the case of chark = 2 

In this section, we find the general solution of CYBE for Lie algebra L over field k of characteristic 
2 with dim L < 3. Throughout this section, the characteristic of k is 2. 

Proposition 13.4.1. Let L be a Lie algebra with dim L = 2. Then r is a solution of CYBE 
iff r is symmetric. 

Proof. The proof is not hard since the tensor r has only 4 coefficients. D 

If r = x(e\ (g> ei) + y(e2 <8) e2) + z(e^ (8 es) +p(e\ <8 ei) + p(e 2 <8 ei) + s(ei (8)63) + s(e3 (8 e\) + 
■u(e2 (8 63) + u(e3 (8 62) with ayz + + xy + /3s 2 + au 2 + p 2 = 0, then r is called a, /3-symmetric 
to the basis {ei, e2, 63}. 

Proposition 13.4.2. Let L be a Lie algebra with a basis {ei, 62,63} such that [ei,e2] = 
63, [e-2-, £3] = aei, [e3, e\] = /3e2, where a, f3 £ k. Let p, q, s, t, u, v, x,y,z G fc. 

Then (I) if r is a, /3- symmetric to basis {ei, 62,63}, i/ien r is a solution of CYBE in L; 

(II) if a f3 7^ 0, then r is a solution of the CYBE in L iff r is a, (3- symmetric to the basis 
{ei,e 2 ,e 3 }; 

(III) if ct = (3 = 0, then r is a solution of the CYBE in L iff 

r = p(e\ (8 e 2 ) + p(e 2 (8 ei) + s(e\ (8 e 3 ) + t(e 3 (8 ei) + n(e 2 (8 e 3 ) + v (e 3 (8 e 2 ) + x{e\ (8 ei) + 
y(e 2 (8 e 2 ) + z(e 3 (8 e 3 ) 

with tu = vs, xy = p 2 , (s + t)p + (u + v)x = (s + i)y + (u + w)p = 0. 
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Proof . Let r = Ylfj=i k ij( e i <8 ej) G L (g L and £ k, with i,j = 1, 2, 3. It is clear that 

3 3 

^2 ^2 k ijk s t[ei, e s ] <g> ej <g e t , 

i,j=l s,t=l 
3 3 

^2 ^2 k v k stei <8 [ej, e s ] (g e t , 

i,j=l s,t=l 
3 3 

^ ^ kijk st ei (g e s <g [ej, e t ]. 

i,j'=l s,t=l 

By computation, for all z, j, n = 1,2, 3, we have that the coefficient of ej ® ® ei in [r 12 , r 13 ] is 
zero and ej ® ej ® ej in [r 13 , r 23 ] is zero. 

We now see the coefficient of ej (8) &j <8 e n 

in [ r 12 ,r 13 ] + [ r 12 ,r 23 ] + [r 13 ,r 23 ]. 

(1) ei <8> ei <8> ei(a/ci 2 /c 3 i - a/ci 3 /c 2 i); 

(2) e 2 (8> e 2 (8> e 2 (-(3k 2 ik 32 + Pk 23 ki 2 ); 

(3) e 3 (g) e 3 (g) e 3 (A; 3 i/c 23 - k 32 ki 3 ); 

(4) ei ® e 2 <8> e 3 (afc 22 /c 33 - ak 32 k 23 - (3knk 33 + (3k 13 k 13 + fcnfc 22 ~ k i 2 k 21 ); 

(5) e 2 <g e 3 <g ei(/?/c 33 /cn - f3k 13 k 31 - k 22 k u + k 21 k 21 + ak 22 k 33 - ak 23 k 32 ); 

(6) e 3 <g> ei (g) e 2 (/cn/c 22 - fc 2 ifci 2 - ak 33 k 22 + ak 32 k 32 + /?& 33 /cn - ^31^13); 

(7) ei ® e 3 <g e 2 (-ak 33 k 22 + ak 23 k 32 + fcnfc 22 - ^12^12 - Pk u k 33 + /?&i 3 £; 3 i); 

(8) e 3 (gi e 2 ® ei(-k 22 ku + /E12/C21 + (3k 33 ku - 0k 31 k 3 i - ak 33 k 22 + a/c 32 /c 23 ); 

(9) e 2 (g ei (g e 3 (-/3fcn/c 33 + 0k 31 k 13 + ak 22 k 33 - ak 23 k 23 - k 22 k u + &21&12); 

(10) ei (g ei (g e 2 (-ak 3 \k 22 + ak 2 \k 32 + ak\ 2 k 32 - ak\ 3 k 22 ); 

(11) e 2 (g ei (g ei(-ak 23 k 2 i + ak 22 k 3 \ + ak 22 k\ 3 - ak 23 k\ 2 ); 

(12) ei (g ei (g e 3 (a/c 2 i/c 33 - ak 31 k 23 + ak 12 k 33 - ak 13 k 23 ); 

(13) e 3 (g ei (g ei(a/c 32 /c 3 i - a/c 33 /c 2 i + ak 32 k\ 3 - ak 33 k 12 ); 

(14) e 2 (g e 2 (g ei(-/3fci 2 /c 3 i + 0k 32 ku + 0k 23 k ±1 - 0k 21 k 31 ); 

(15) ei (g e 2 (g e 2 (-0k u k 32 + 0k 13 k 12 - 0k u k 23 + 0k 13 k 21 ); 

(16) e 2 (g e 2 (g e 3 (/3/c 32 A;i 3 - 0h 2 k 33 - 0k 2 ik 33 + 0k 23 ki 3 ); 

(17) e 3 (g e 2 (g e 2 (-(3k 3 ik 32 + 0k 33 k 12 + 0k 33 k 2 i - 0k 3 ik 23 ); 

(18) e 3 (g e 3 (g ei(fci 3 fe 2 i - & 23 fcii + £31^21 - &32&ii); 

(19) e 3 (g e 3 (g e 2 (-k 23 ki 2 + A?i 3 &! 22 - /c 32 fei 2 + k 3i k 22 ); 

(20) e 2 (g e 3 (g e 3 (k 2 ik 23 - k 22 ki 3 + /c 2 i/c 32 - k 22 k 3 i); 

(21) ei (g e 3 (g e 3 (-/ci 2 /ci 3 + fcnfc 23 - fci 2 £; 3 i + /cn/c 32 ); 

(22) ei (g e 3 (g ei(a/c 23 A: 3 i - ak 33 k 21 - k 12 k u + fcnfoi + ak 12 k 33 - aki 3 k 32 ); 

(23) ei (g e 2 (g e.\(-ak 32 k 2 \ + ak 22 k 3 \ - 0k\\k 3 \ + 0k\ 3 k\\ - ak\ 3 k 22 + aki 2 k 23 ); 

(24) e 2 (g ei (g e 2 ((3k 3 iki 2 - 0k u k 32 + ak 22 k 32 - ak 23 k 22 - 0k 21 k 13 + /?/c 23 fcn); 

(25) e 2 (g e 3 (g e 2 (-0ki 3 k 32 + (3k 33 k 12 + /c 2 i/c 22 - /c 22 /ci 2 - 0k 2 ik 33 + I3k 23 k 31 ); 

(26) e 3 (g e 2 (g e 3 (ki 2 k 23 - k 22 k 13 - 0k 31 k 33 + (3k 33 k 13 + /c 3 i/c 22 - k 32 k 21 ); 

(27) e 3 (g ei (g e 3 (-fc 2 i/ci 3 + fcnfc 23 + ak 32 k 33 - ak 33 k 23 + /c 3 i/ci 2 - £32 fen). 
Let fcn = x, k 22 = y, k 33 = z, k 12 = p, k 21 = q, k 13 = s, k 3 i = t, k 23 = u, k 32 = v. 



[r 12 ,r 13 ] = 
[r 12 ,r 23 ] = 
[r 13 ,r 23 ] = 
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It follows from (l)-(27) that 
apt = aqs; 
fiqv = fipu; 
tu = vs; 

ayz — fixz + xy — auv + fis 2 — pq = 0; 
fizx — yx + ayz — fist + q 2 — auv = 0; 
xy — azy + (3zx — pq + av 2 — fist = 0; 
—azy + xy — f3xz + emu — p 2 + = 0; 
— xy + — ayz + pq — fit 2 + aw = 0; 
—f3xz + ayz — yx + — au 2 + pq = 0; 
a(—ty A- qv + pv — sy) = 0; 
a(—uq + yt + ys — up) = 0; 
a(qz — tu + pz — su) = 0; 
a(vt — zq + vs — zp) = 0; 
(3(—pt + vx + ux — qt) = 0; 
j3(—xv + sp — xu + sq) = 0; 
P(vs — pz + us — qz) = 0; 
j3{—tv A- zp + zq — tu) = 0; 
sq — ux + tq — vx = 0; 
—up + sy — vp + ty = 0; 
qu — ys + qv — yt = 0; 
— + xu — + xv = 0; 
aut — azq — px + xq + croz — asu = 0; 
—avq + ayt — /3x£ + /3sx — asy + apn = 0; 
(5tp — (3xv + ayv — auy — (3qs + j3ux = 0; 
— f3 sv + (3zp + qy — yp — (3qz + 0ut = 0; 
pu — ys — (3tz + (3zs + ty — vq = 0; 
— + xu + auz — azu + tp — vx = 0. 
It is clear that r is the solution of CYBE iff relations (28)-(54) hold. 
q 2 =p 2 (by (34)+ (32)); 
au 2 = av 2 ( by (33)+ (36)); 
fit 2 = fis 2 ( by (31)+ (35) ); 
By computation, we have that if r is a, /^-symmetric then relations (28)-(54) hold and so r 
is a solution of CYBE. That is, part (I) holds. 

(II) By part (I), we have that the sufficiency of part (II) holds. For the necessity, if r is a 
solution of CYBE, then p = q, s = t and u = v by (55)-(57), since char k = 2. By relation (31), 
we have that 

ayz + fixz + xy + fis 2 + au 2 + p 2 = 0. 

Thus r is a, /3-symmetric. 

(III) It is trivial . □ 

In particular, Proposition 113. 4T21 implies: 
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Example 13.4.3. Let 

sl(2) := {x | x is a 2 x 2 matrix with trace zero over k} 

and 

ei= (°i o)' 62= (o o)' 63= (o 0' 

Thus L is a Lie algebra (defined by [x,y] = xy — yx) with a basis {e\, e 2 , 63}. It is clear that 

[d, e 2 ] = e 3 , [e 2 , e 3 ] = Oei, [e 3 , ei] = 0e 2 . 

Consequently, r is a solution of CYBE iff 

r = p(e\ (g e 2 ) + p(e 2 <8> ei) + s(ei (g e 3 ) + t(e 3 (g ei) + u(e 2 (g e 3 ) + t>(e 3 (g e 2 ) + x(ei (g ei) + 
y(e 2 (g e 2 ) + z(e 3 (g e 3 ) 

luit/i t-u = vs, xy = p 2 , (s + i)p + (u + -u)x = 0, (s + t)y + (u + v)p = 0. 

By the way, we have that a, /3-symmetry does not depend on the particular choice of basis 
of L when a(3 / 0. 

Proposition 13.4.4. Let L be a Lie algebra with a basis {ei,e 2 ,e 3 } such that [ei,e 2 ] = 
0, [ei, e 3 ] = ei + /3e 2 , [e 2 , e 3 ] = <5e 2; w/iere (3,5 E k. Let p, q, s, t, u, v, x,y,z G fc. 
(%) // /? = 0, (5 / 0, tfien r is a solution of CYBE in L iff 

r = p{e\ (g e 2 ) + g(e 2 (g e\) + s(ei (g e 3 ) + s(e 3 (g ei) + u(e 2 (g e 3 ) + u(e 3 (g e 2 ) + x(ei (g ei) + 
y(e 2 (g e 2 ) + z(e 3 (g e 3 ) 

where (5 + = (<5 + = (5 + l)us, (5 + l)ug = (5 + l)up and (5 + l)ps = (<5 + 

(II) If P ^ 0,5 = 1, then r is a solution of CYBE in L iff 

r = p{e\ <g e 2 ) + q(e 2 <g ei) + s(ei (g e 3 ) + s(e 3 (g ei) + u(e 2 (g e 3 ) + u(e 3 (g e 2 ) + x(ei (g ei) + 
y(e 2 (g e 2 ) + z(e 3 (g e 3 ) 

u>rf/j sp = sg, up = on, zq = zp and s 2 = xz. 

(III) If P = 5 = 0, i/ien r is a solution of CYBE in L iff 

r = p{e\ (g e 2 ) + c/(e 2 (g e{) + s(ei (g e 3 ) + s(e 3 (g ei) + u(e 2 (g e 3 ) + w (e 3 (g e 2 ) + x(ei (g ei) + 
y(e 2 (g e 2 ) + z(e 3 (g e 3 ) 

with vs = pz, us = qz, qv = pu and (u + v)x = (p + q)s. 

Proof. Let r = Ylfj=i <g ej) £ L (g L and fc^ G /c, with i, j = 1, 2, 3. By computation, 
for all i, j, n = 1,2, 3, we have that the coefficient of ej (g ej <g ej in [r 12 , r 13 ] is zero and ej (g ej (g e.,- 
in [r 13 , r 23 ] is zero. 

We now see the coefficient of c% ® Cj & & n 

in y 13 j j 12 ^23 j j 13 ^.23 1 

(1) ei (g ei (g ei(-/ci 3 /cn + fcnfoi); 

(2) e 2 (g e 2 (g e 2 (-/3fc 23 /ci 2 + (3k 2 \k 32 - 5k 23 k 22 + 5k 22 k 32 ); 

(3) e 3 0e 3 ®e 3 (O); 

(4) ei (g e 2 <g e 3 (-/c 32 /ci 3 + £^33 - (3k 13 k 13 + f3k u k 33 - 5k± 3 k 23 + ^^12^33); 

(5) e 2 (g e 3 (g ei(-/3fc 33 /cn + /3fci 3 fc 3 i - 5k 33 k 2 i + 5k 23 k 31 - k 23 k 3 i + k 2 ik 33 ); 
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(6) e 3 <g ei <g e 2 (-/c 33 fci2 + /e 3 ifc 3 2 - (3k 33 k u + fik 31 k 13 - Sk 33 k 12 + ^32^13); 

(7) ei (8) e 3 <g> e 2 (-/c 33 /ci2 + A; 13 /c32 - fik 13 k 32 + (ik u k 33 - 5k l3 k 32 + 6k 12 k 33 ); 

(8) e 3 <g e 2 <g ei(-/3fc 33 /cn + fik 3 ik 3 i - 5k 33 k 21 + 5k 32 k 3 i - k 33 k 2i + ^31^23); 

(9) e 2 <g ei <g e 3 (-/3fc 3 i/ci 3 + f3k u k 33 - 5k 3 \k 23 + 5k 2 ik 33 - k 23 k 13 + /c 2 ife 33 ); 

(10) ei (g ei <g e 2 (-k 3 ik\ 2 + ^11^32 - ki 3 k\ 2 + fcn^); 

(11) e 2 (g ei (g ei(-/c 23 /cn + ^21^31 - /c 23 /cn + fc 2 ifci3); 

(12) ei (g ei (g e 3 (-k 3 ik 13 + /cn/; 33 - /ci 3 /ci 3 + kuk 33 ); 

(13) e 3 (g ei (g ei(-/c 33 /cn + fc 3 i^ 3 i - /c 33 /cn + £31 £13) I 

(14) e 2 (ge 2 (gei(- f3k 32 k u + fik 12 k 31 - 8k 32 k 2 i+6k 22 k 31 - f3k 23 k u + (ik 21 k 3 i-8k 23 k 2 i+6k 22 k 3 i); 

(15) ei<8>e2<8>e2(-/?fci3fci2+/?fciifc32-5fci3A;22+£^ 

(16) e 2 (ge 2 (ge 3 (-/3A; 3 2/ci 3 +/?A;i2A: 33 -Sk 32 k 23 +Sk 22 k 33 - fik 23 ki 3 + f3k 2 ik 33 -Sk 23 k 23 +8k 22 k 33 ); 

(17) e 3 (ge 2 <ge 2 (-/3A; 33 A;i2+/3A; 3 iA; 3 2-<5A; 33 A;22+5A; 3 2A; 3 2-/3A; 33 A;2i+/3A; 3 iA;2 3 -(5^ 

(18) e 3 (ge 3 (gei(0); 

(19) ei (ge 3 ®e 3 (0); 

(20) e 3 (ge 3 ®e 2 (0); 

(21) e 2 (ge 3 (ge 3 (0); 

(22) e x (g e 3 (g ei(-/c 33 /cn + A:i 3 /c 3 i - fci 3 £; 3 i + fcii/; 33 ) = ei (g e 3 (g ei(0); 

(23) ei <g e 2 (g ei(-fc 3 2fcn + k 12 k 31 - f3k 13 k u + j3kuk 31 - Ski 3 k 21 + ^12^1 - h 3 k 21 + fen £23); 

(24) e 2 (^ei0e 2 (-Pk 3 iki 2 + pk 1 ik 32 -5k 3 ik 22 + 5k 2 ik 32 -k 23 ki 2 + k 2 ik 32 -Pk 23 ku + (3k 2 iki 3 - 
Sk 23 k 12 + 5k 22 k 13 ); 

(25) e2<ge 3 <ge 2 (-/3/;; 33 fcl2+/3/Cl3^32-^33fc22 + ^23^32-/?fc23^31+/3/C2l/C33 + 

(26) e 3 (g e 2 (g e 3 (-/3fc 33 fci 3 + fik 31 k 33 - 5k 33 k 23 + <5fc 32 A; 33 ); 

(27) e 3 (g ei (g e 3 (-/c 33 /ei 3 + /c 3 ife 33 ); 

Let fcn = x, k 22 = y, k 33 = z, k 12 = p, k 21 = q, k 13 = s, k 31 = t, k 23 = u, k 32 = v. 
It follows from (l)-(27) that 

(28) -sx + xt = 0; 

(29) —fiup + fiqv — buy + 5yv = 0; 

(30) — vs + pz — fis 2 + fixz — 5su + 5zp = 0; 

(31) — j3xz + f3st - 5zq + 5ut -ut + qz = 0; 

(32) -zp + tv- (5zx + fits - 5zp + 5vs = 0; 

(33) — zp + sv — fist + fixz — Ssv + 5zp = 0; 

(34) -fizx + (3tt - 5zq + dvt - zq + tu = 0; 

(35) — fist + [ixz — Stu + 5qz — us + qz = 0; 

(36) — + xt> — sp + v x = 0; 

(37) — ux + qt — ux + qs = 0; 

(38) -st + xz - s 2 + xz = 0; 

(39) -zx + tt - zx + st = 0; 

(40) -/?vx + fipt - 5vq + 5yt - fiux + /3g£ - 5uq + <5yi = 0; 

(41) — fisp + fixv — 5sy + 5pv — (3sq + (3xu — 5sy + 5pu = 0; 

(42) — fivs + (3pz — 5vu + 5yz — fisu + fizq — 5u 2 + 5yz = 0; 

(43) —fizp + 0tv — 5zy + Svv — fizq + fitu — 8zy + Svu = 0; 
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(44) — vx + pt — (5sx + (5xt — Ssq + 5pt — sq + xu = 0; 

(45) — (5pt + (5vx — Sty + Sqv — up + qv — (3ux + (3qs — Sup + Sys = 0; 

(46) -(3zp + I3sv - (3ut + (3qz = 0; 

(47) -f3zs + /3tz - Szu + Svz = 0; 

(48) -zs + tz = 0; 

It is clear that r is a solution of CYBE iff (28)-(48) hold. 
By computation we have that 

(49) t = s (by (39) + (38) ); 

(50) Su = Sv (by (42) + (43) ). 

(I) Let = and S ^ 0. If r is the case in part (II), then r is a solution of CYBE by 
straightforward verification. Conversely, if r is a solution of CYBE, then u = v by (50) and we 
have that 



(1 + S)zp = 


(1 +S)us 


by (30) 


{1 + S)zq = 


(1 +5)us 


by (31) 


(1 + S)sp = 


(1 +S)qs 


by (44) 


(1 + S)qu = 


(1 + 8)up 


by (45) 



Thus r is the case in part (II). 

(II) Let (3 7^ and 6 = 1. If r is the case in part (III), then r is a solution of CYBE by 
straightforward verification. Conversely, if r is a solution of CYBE then u = v by (50) and we 
have that 



up = 


qu 


by (29) 


s 2 = 


xz 


by (30) 


sp = 


qs 


by (40) 


zp = 


zq 


by (46) 



Thus r is the case in part (III). 

(Ill) Let P = S = 0. It is clear that the system of equations (28)-(48) is equivalent to the 
following: 

8 = t 

us = qz 
< vs = zp 
up = qv 

(p + q)s = (u + v)x 

Thus we complete the proof. □ 



13.5 Coboundary Lie bialgebras in the case of chark = 2 

In this section, using the general solution, which are obtained in the preceding section, of CYBE 
in Lie algebra L with dim L < 3, we give the the sufficient and necessary conditions for 
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(L, [ ], A r ,r) to be a coboundary (or triangular ) Lie bialgebra over field k of characteristic 2. 
Throughout this section, the characteristic of field k is 2. 

We now observe the connection between solutions of CYBE and triangular Lie bialgebra 
structures. 

Lemma 13.5.1. If r 6 Im(l — t), then 

x ■ C(r) = (1 + f + ® A)A(x) 

/or any x £ L. 

Proof: Let r = J2i( a i ^ »i — &i <%> ai). 
We see that 

C(r) = y]([afc,Ot] ®b k ®bi- [a k , h] ® b k ® a; - [6 fc , a*] ®a k ®bi 

i,k 

+ [6fe, 6i] ® a fc ® a, + a fc [6fc, a,] (g> 6j - a fc (g> [6 fe , 6j] ® a, 
- Ofc ® [a fe , en] ®bi-b k ® [a k , a*] <£>bi + b k <g> [a k , bi] ® a, 
+ a fe ® aj ® [6 fc , 6j] - a fe ® 6j ® [o fe , a*] - o fc ® a, ® [a fe , 6,] 
+ 6fe ® 6j ® [afc,ai]) 

and 

(1® A)A(x) 

= y^([ar, o fe ] ® [6 fc , a,] 6j + [x, a k ] ® a* ® [6 fc , &*] - [x, a fe ] [& fc , 6j] a t 

i,k 

- [x, a k ] ® bi ® [6 fe , a,] - [x, 6 fe ] ® [afc, a*] 6« - [x, &&] ® a; ® [afc, &,] 
+ [x, ® [afc, 6j] ® a, + [x, 6 fc ] ® &j [afc, a;] + a k ® [[x, 6 fe ], a*] ® &j 
+ a k ®ai® [[x, b k ], bi] - a k <g> [[x, ® a, - a fc ® bi ® [[x, & fc ], a,] 

- 6^ ® [[x, a fe ] , aj] ® 6, - 6 fc ® a, ® [[x, a k ] , bi] + b k ® [[x, a fc ] , &*] ® a« 
+ 6fc ® 6j ® [[x,afc],aj]). 

It is easy to check that the sum of the terms whose third factor in (1 + £ + £ 2 )(1 + A)A(x) 
includes element x is equal to 
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^{[frfc,ai] <8> h ® [x,a k ] +04® [b k ,bi] <8 [x,a k ] - [b k ,bi] <8 a* (8) [x,a fc ] 

- fej (8) [6fc, ai] 8) [x, afe] - [ajfe, aj] (8 6j (8 [x, 6*] - aj ® [a fc , &*] (8 [x, 6 fc ] 

+ [ajfe, &*] <8 ai (8 [x, fefe] + 6j (8 [a fc , a*] (8 [x, b k ] 

+ (6, (8 a fc (8 [[a;,6 fc ],Oj] - b k (8 Oj (8 [[x, a fc ], 

+ (o fe (8 Oj (8 [[x, & fe ], 6j] - aj (8 a fc (8 [[x, 6 fc ], 

+ (~a k (8 6j (8 [[x,6 fc ],aj] + a; (8 6fc <8 [[x,o fe ],6j]) 

+ (-6 4 (8 bfc ® [[x,a k ],ai] + b k ®bi® [[x,a k ],ai])} 

= (1 (8 1 <8 L x )C(r) by Jacobi identity, 

where L x denotes the adjoint action L x (y) = [x, y] of L on L. 
Consequently, 

(1 + e + £ 2 )(1 ® A)A(x) = (La ®L X ® L x )C(r) = x ■ C(r) 

for any x G L. □ 

By Lemma ll3.5.1l and [844 Proposition 2.11 ], we have 

Theorem 13.5.2. (L, [ ], A r , r) is a triangular Lie bialgebra iff r is a solution of CYBE in 
L and r G Im(l — r). 

Consequently, we can easily get a triangular Lie bialgebra structure by means of a solution 
of CYBE. 

Theorem 13.5.3. Let L be a Lie algebra with a basis {e±, e 2 , 63} such that [ei, e 2 ] = e 3 , [e 2 , e^\ = 
aei, [es,ei] = fie.%, where a,f3 G k , a/3 7^ or a = f3 = 0. Then 

(I) (L, [ ], A r , r) is a coboundary Lie bialgebra iff r G Im(l — r) ; 

(77,) (L, [ ], A r ,r) is a triangular Lie bialgebra iff r G Lm(l — r) and r zs a,/3- symmetric to 
the basis of {e 1; e2, 63}. 

Proof. (I) Obviously, r G 7m(l — r) when (L, [ ],A r ,r) is a coboundary Lie bialgebra. 
Conversely, if r G 7m(l — r), let r = p(ei (8 62) — p(e2 <8 ei) + s{e\ (8 63) — s(e3 (8 ei) + u(e2 (8 
63) — u{e$ (8 e2). It is sufficient to show that 

(l + £ + £ 2 )(l® A)A(ei) = 

for i = 1,2,3 by [84|, Proposition 2.11]. First, by computation, we have that 

(1(8 A)A(e x ) 

= {(ei (8 e 2 <8 e 3 )((3ps - (3ps) + (e 3 (8 ei <8 e 2 )((3ps) + (e 2 (8 e 3 (8 ei)(— /3sp)} 
+ {(ei (8 e 3 (8 e 2 )(-(3ps + /3ps) + (e 3 (8 e 2 (8 ei)(— /3ps) + (e 2 (8 ei (8 e 3 )(/3sp)} 
+ {(ei (8 ei (8 e 2 )(a/3sn) + (ei (8 e 2 (8 ei)(— /fasu) + (e 2 (8 ei (8 ei)(0)} 
+ {(ei (8 ei (8 e 3 )(— apu) + (ei (8 e 3 (8 ei)(apii) + (e 3 (8 ei (8 ei)(0)} 
+ {(e 2 (8 ei (8 e 2 )(-/?V) + (ei (8 e 2 (8 e 2 )(0) + (e 2 (8 e 2 <8 ei)(^ 2 s 2 )} 
+ {(e 3 (8 e 3 (8 ei)(p 2 ) + (e 3 <8 e x (8 e 3 )(-p 2 ) + (e x (8 e 3 (8 e 3 )(0)}. 
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Thus 

(l+£ + £ 2 )(l® A)A(ei) =0. 

Similarly, we have that 

(1 + £ + £ 2 )(1 ® A)A(e 2 ) =0, (1 + £ + £ 2 )(1 A)A(e 3 ) = 0. 

Thus (L,[ ], A r ,r) is a coboundary Lie bialgebra. 

(II) It follows from Theorem 1 1 3 . 5 . 2 1 and Proposition I13.4T2"! □ 

Example 13.5.4. Under Example \13.4-3 , we have the following: 

(i) (sl(2), [ ], A r ,r) is a coboundary Lie bialgebra iff r £ Im(l — t) ; 

(ii) (s/(2), [ ],A r ,r) is a triangular Lie bialgebra iff r is 0,0- symmetric to the basis of 
{ei,e 2 ,e 3 } iff r = s{e x <8> e 3 ) + s(e 3 ® e x ) + u(e 2 <8> e 3 ) + u(e 3 (8) e 2 ). 

Theorem 13.5.5. Let L be a Lie algebra with a basis {ei,e 2 ,e 3 } such that 

[ei, e 2 ] = 0, [ei, e 3 ] = ei + /3e 2 , [e 2 , e 3 ] = <5e 2 , 

where 5, £ k and 5 = 1 when (3^0. Let p,s,u£ k and r = p{e\ (g> e 2 ) — p(e 2 (g) ei) + s(ei 
e 3 ) - s(e 3 (g> ei) + u(e 2 (g> e 3 ) - u(e 3 (g> e 2 ). T/iera 

(%) (L, [ ], A r ,r) is a coboundary Lie bialgebra iff r £ Im(l — r) and 

(6 + l)((8 + l)u + f3s)s = 0; 

(II) (L, [ ], A r ,r) is a triangular Lie bialgebra iff ' r £ Im(l — r) and 

(5s + (1 + <y)«s = 0. 
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Proof . (I) We get by computation 





(1(8) A)A(ei) 




= 


{(ei <g> e\ <g> e 2 


)(/35ss — Sus) + (ei (8 e 2 (8 e\){—(35ss + <5us) + (e 2 (8 e\ (8 ei)(0)} 


+ 


{(e 2 <8 e 2 <8 ei 


){—/3us + uu + (3 2 s 2 — I3su) 


+ 


(e 2 ® ei <8 e 2 ) 


Pus -uu + Pus - P 2 s 2 ) + (ei (8 e 2 (8 e 2 )(0)} 




(1<8 A)A(e 2 ) 




= 


{(ei (8) ei <8 e 2 


)(£ 2 ss) + (ei (8 e 2 (8 ei)(-5 2 s 2 ) + (e 2 (8 e a <8 ei)(0)} 


+ 


{(e 2 (8 e 2 (8 ei 


)(<5/3ss - £su) + (e 2 (8 ei (8 e 2 )(<5sii - e)/?ss) + (ei 0e 2 e 2 )(0)} 




(l(8A)A(e 3 ) 




= 


{(ei (8 e 2 (8 e 3 


)(5su + Pss) + (e 2 (8 e 3 ® ei)(— (5ns — /3ss) 


+ 


(e 3 <8 ei <8 e 2 ) 


&5us + /35ss + /3ss — su)} 


+ 


{(ei (8 e 3 (8 e 2 


)(— 5su — /3ss) + (e 3 (8 e 2 (8 ei)(— /?<5ss — 55us — Pss + su) 


+ 


(e 2 (8 ei (8 e 3 )( 


Sus + /3ss)} 


+ 


{(ei (8 ei (8 e 2 


)(— 5sp — SSps + sp + 5sp) 


+ 


(ei (8 e 2 (8 ei)i 


5ps + 55ps — 5sp — sp) + (e 2 (8 ei (8 ei)(0)} 


+ 


{(ei (8 ei (8 e 3 


)(ss) + (ei (8 e 3 (8 ei)(-ss) + (e 3 <8 e x <8 ei)(0)} 


+ 


{(e 2 (8 e 2 (8 ei 


)(—Pps + pu — 5Psp — 55up — 5 ftps + £pii — /3sp — Sup) 


+ 


(e 2 (8) ei (8) e 2 )( 


Pps — pu + 5Psp + 55up + <5/3ps — tfpit + Psp + <5itp)) 




(ei (8 e 2 (8 e 2 )( 


0)} 


+ 


{(e 2 (8 e 2 (8 e 3 


)(55uu + 5/?iis + /3<5-us + PPss) 


+ 


(e 2 (8 e 3 (8 e 2 )( 


—55uu — 5Pus — P5us — PPss) + (e 3 (8 e 2 (8 e 2 )(0)}. 



Consequently, 

(l + £ + £ 2 )(l^A)A( ei ) = 0, 
(l + £ + £ 2 )(l®A)A(e 2 ) = 

and 

(l + £ + £ 2 )(l^A)A(e 3 ) = 

iff 

5 2 us + 5Ps 2 + /3s 2 - us = 0. 
This implies that (L, [ ], A r , r) is a coboundary Lie bialgebra iff r G Im(l — r) and 

(5 + l)((5 + l)u + ps)s = . 

(II) It follows from Theorem 113.5.21 and Proposition I13,4~41 □ 

Theorem 13.5.6. If L is a Lie algebra with dimL = 2 and r 6 L <£> L, then (L, [ ], A r ,r) is 
a triangular Lie bialgebra iff (L, [ ], A r , r) is a coboundary Lie bialgebra iff r £ Im(l — r). 

Proof. It is an immediate consequence of the main result of [S3]. D 
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13.6 The solutions of CYBE with char k ^ 2 



In this section, we find the general solution of CYBE for Lie algebra L with dim L =3 and dim 
V = 2, where char k ^ 2. If & is not algebraically closed, let P be algebraic closure of k. we 
can construct a Lie algebra Lp = P (g> L over P, as in [59l Section 8]. 
By [591 PI 1~14], we have that 

Lemma 13.6.1. Let L be a vector space over k. Then L is a Lie algebra over field k with dim 
L =3 and dim L = 2 iff there is a basis e±, C2, ej, in L such that [ex, e<i\ =0, [ex, e%\ = aex + (3&2, 
[^2, 63] = 7^1 + 5e2, where a, /3, 7, <5 G k, and a5 — ft-y 7^ 0. 

In following three sections, we only study the Lie algebra L in Lemma 113.6.11 Set A = 
I a 7 



i 


^ 


)or( 




N 


in 




A2 1 











. Thus A is similar to or in the algebraic closure P of 

\P 6 J 1 > 1 

k. Therefore, there is an invertible matrix D over P such that AD = D [ x I , or 





AD = D I 1 J. Let Q = I 1 j and (e 1 ,e 2 ,e 3 ) = (ei, e2, e 3 )<3. By computation, 



i 



we have that [e\, e 2 ] = 0, [e\, e 3 ] = e\ + j3 e 2 , [e 2 , e 3 ] = 5 e 2 , where /? = and 5 = y 1 when ^4 is 





similar to ( x j ; (3 = and e) = 1 when A is similar to 

and Q- 1 = (%) 3 x3- If r = £^ =1 %( e « ® e,) = E^=i k 'ij( e 'i ® wnere % G G P for 

i,j =1, 2, 3, then 

3 3 



for i, j = 1,2,3. Obviously, /C33 = k 



33- 



Lemma 13.6.2. (%) fcj 3 = fc 3ij /or i =1, 2, 3 iff k' i3 = k' 3i for i = 1, 2, 3; 

(ii) k i3 = -k 3i for i =1, 2, 3 iffk' i3 = -k' 3i for i =1, 2, 3; 
(Hi) hj = kji for i,j =1, 2, 3 iff k'^ = k' j{ for i,j = 1, 2, 3; 
(iv) kij = -k^ for i,j =1, 2, 3 iff k'^ = -k^ for i,j =1, 2, 3. 
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Proof (i) If k i3 = k' 3i for i =1, 2, 3, we see that 

3 

= ^ 1 ^•mnQ.irnQZn 
m,n 

3 

= fc m3^m^33 ( since g 3 i = g 32 = 0) 

m 
3 

= fc 3m%m933 ( by assumption) 

m 
3 

m 
3 

m,n 

= hi- 

Therefore, k^ = k%i for i =1, 2, 3. The others can be proved similarly. □ 

Theorem 13.6.3. Let L be a Lie algebra with a basis e\,e2, e 3 such that [e±, e%\ =0, [ei, 63] = 
ote\ +/3e2, [e 2 , 63] = 7ei + <5e2, where a, /?, 7, <5 G fc, and a<5 — ^7 7^ 0. Zet p,q,s, t, u,v,x,y, z G fc. 
TTien r is a solution of CYBE iff r is strongly symmetric, or r = p(e± (g> e 2 ) + g(e2 ei) + s(ei 
e3) - s( e 3 <8> ei) + u(e 2 8) e 3 ) - u(e 3 (8) e 2 ) + x(ei <g> ei) + y(e 2 <8> e 2 ) wt/i s(2ax + 7(2? + g)) = 
-u(2<5y + [3{q + p)) = u(2ax + j(q + p)) = s(25y + (3{q + p)) = (a - + 7U 2 - (3s 2 = 
s{2jy + 2f3x + (a + 5)(q + p)) = u(2jy + 2(3x + (a + 5)(p + g)) = 0. 

Proof Let r = X^j=i ^ij( e i ® &j) E L(E) L, and fcjj G fe, with i, j =1, 2, 3. By computation, 
for all i,j,n =1, 2, 3, we have that the cofficient of e,- <8> ej (8> in [ r 12 ;r 23 ] i s ze ro and the 
cofficient of e« (8) ej <8> ej in [r 13 , r 23 ] is zero. 

We can obtain the following equations by seeing the cofficient of e« <S> e,- <S> e n in [j- 12 ^ 13 ] -|_ 
[r 12 , r 23 ] + [r 13 , r 23 ], as in |131} Proposition 2.6]. To simplify notation, let k\\ = x, /C22 = y, ^33 = 

Z, fel2 = P, &21 = 9, &13 = S, fc 3 l = i, /c 23 = U, £; 32 = V. 



(1) - 


-asx + axt — 


jsq + jpt = 


--0; 






(2) - 


-Pup + (3qv - 


- 5uy + Syv - 


= 0; 






(3) - 


-avs + apz - 


- juv + jyz - 


- Ps 2 + /3xz - 


- 5su + <5zp = 


= 0; 


(4) - 


-f3xz + (3st — 


5zq + Sut — 


aut + agz — 


^yuv + 7wz = 


0; 


(5) - 


-azp + atv — 


jzy + juv - 


- Pzx + - 


- Szp + = 


0; 


(6) - 


-azp + asv - 


- jzy + juv - 


- Pst + - 


- 5sv + 5zp = 


0; 


(7) - 


-(3zx + (3tt - 


5zq + Svt — 


azg + atu — 


7zy + juv = 


0; 


(8) - 


-fist + [ixz — 


8tu + 5qz — 


aus + aqz — 


■yuu + jyz = 


0; 


(9) - 


-atp + axv - 


"fty + jqv - 


- asp + avx - 


- 7sy + 'ypv = 


= 0; 


(10) 


—aux + aqt 


— "fuq + jyt 


— aux + aqs 


— 'yup + 72/s 


= 


(11) 


—ast + axz 


- jtu + jqz 


— as 2 + axz 


— 7SM + 


= C 


(12) 


—azx + att - 


- jzq + >yvt 


- azx + ast - 


- 7zp + 7« s = 


= 
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(13) 


—f5vx + (3pt — 


Svq + Syt - 


- flux + 0qt — 


5uq + Syt = 


0; 


(14) 


—(3sp — ftxv - 


■ 5sy + 5pv 


— f3sq + (5xu - 


■ 5sy + 5pu = 


= 0; 


(15) 


—(3vs + (5pz — 


5vu + 5yz 


— (3su + (3zq - 


- 5u 2 + 5yz = 


= 0; 


(16) 


—(3zp + 0tv — 


5zy + Svv 


— (3zq + (3tu — 


5zy + Svu = 


= 0; 


(17) 


—"fzq + jut — 


jsv + jpz 


= 0; 






(18) 


—avx + apt — 


jvq + jyt 


— (3sx + (5xt — 


5sq + 5pt — 


asg + axu — 


(19) 


—(3pt + j3vx — 


Sty + 8qv - 


- aup + aqv — 


juy + 7yt> - 


- flux + /3gs — 


(20) 


—f3zp + (3sv — 


5zy + 5uv 


— (3ut + (3qz — 


5uv + <5yz = 


= 0; 


(21) 


—j3zs + (3tz — 


bzu + bvz 


= 0; 






(22) 


—azs + atz — 


JZU + JVZ 


= 0; 






It is 


clear that r is 


a solution 


of CYBE iff (1 


)-(22) hold. 





7sy + 7pn = 0; 
• Sup + <5ys = 0; 



By simple computation, we have the sufficiency. Now we show the necessity, If ^33 ^ 0, then 
k' 33 7^ 0' and so r is a strongly symmetric element in Lpt&Lp by [1311 The proof of Proposition 
1.6 ]. Thus r is a strongly symmetric element in L <g> L. If ^33 =0, then k' 33 =0. By |13H 
Proposition 1.6], we have that k' i3 = —k' 3i for i =1, 2, 3, which implies that k& = —k^ for i =1, 
2, 3 by Lemma ll3.6.2[ 

It immediately follows from (l)-(22) that 

(23) s(-2ax - j(q + p)) =0; 

(24) u (25y + fl(q + p)) = 0; 

(25) ju 2 - fls 2 + (a - 5)us = 0; 

(26) u(2ax + j{q + p)) = 0; 

(27) s(2^ + /9(Q + p)) = 0; 

(28) 2cmx - 27ys - 2/3xs + (-s(a + (5) + 7u)(g + p) = 0; 

(29) -2 flux + 25ys - 2juy + (-u(a + 5) + (3s){q + p) = 0; 
By (26), (27), (28) and (29), we have that 

(30) s(2 7 y + 2flx + (a + 5)(q + p)) = 0; 

(31) u(2 7 y + 2(3x + (a + 5){p + q)) = 0. □ 

Example 13.6.4. Let L be a Lie algebra over real field R with dim L =3 and dim L' = 2. If 

there is complex characteristic root X\ = a + bi of A and the root is not real, then r £ L (g) L is a 
solution of CYBE iff r is strongly symmetric, or r = p{ei®e2)+q{e2®ei)+x{ei®e\) + y{e2®e2) 
for any p, q,x,y £ R. 

Proof. There are two different characteristic roots: Ai = a + bi and A2 = a — bi, where 

(a b \ ^ T ^__^ 
. By Theorem I13.6.3[ we can complete the 
-b a J 

proof. □ 

13.7 The solutions of CYBE with char k =2 

In this section, we find the general solution of CYBE for Lie algebra L with dim L =3 and dim 
L' = 2, where char k =2. 
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Theorem 13.7.1. Let L be a Lie algebra with a basis ej, e^, e% such that [ei, e?\ =0, [ei, 63] = 
aei + /3e2, [e2, 63] = 7ei + <5e2, where a, /?, 7, 5 £ k, and a5 — [3^ / 0. Lei p, g, s, i, u, v, x,y, z £ k 
a 7 \ 
/3 ^ / 

(L) If two characteristic roots of A are equal and A is similar to a diagonal matrix in the 
algebraic closure P of k, then r is a solution of CYBE in L for any r £ L <S> L; 

(II) If the condition in Part (l)does not hold, then r is a solution of CYBE in L iff r = 

p(e\ <g> ei) + p(e2 <8> e\) + s(e\ <g> e^) + s(e3 <g> ei) + u(e2 <8> 63) \-u(es <g) e2) + x(e\ (g) ei) + 

yie.2 <8> £2) + ^(63 <8> 63) with aus + apz + 7U 2 + 7yz + (3s 2 + /3xz + 5su + fep = and z / 0; or 
r = p(ei (g) e 2 ) + 5(62 (g> ei) + s{e\ (g) e 3 ) + s(e 3 ® e\) + u(e 2 (g> e 3 ) + u(e 3 e 2 ) + x(ei ® e\) + y(e 2 (8) e 2 ) 
with s , y(p + q) = uf3(j> + q) = wy(p + q) = s[3(p + q) = (a + 8)us + 7U 2 + (3s 2 = s(a + <5)(p + q) = 
u(a + 5)(p + q) = 0. 

Proof We only show the necessity since the sufficiency can easily be shown. By the proof 
of Theorem 113.6.31 there exists an invertible matrix Q such that (e'^e^e^) = (ei,e2,e%)Q and 
\e x ,e 2 \ = 0, [e'-^e^] = e x + /?'e 2 , [e 2 ,e 3 ] = S'e 2 - We use the notations before Lemma 113.6.21 By 
[11, Proposition2.4], k i3 = k 3i for i =1, 2, 3, which implies that k^ = k^ for i =1, 2, 3 by 
Lemma 113.6.21 

(I) If A is similar to ^ ^ ^ ^ , then = and <5' = 1. By [11, Proposition 2.4], we have 
Part (I). 

(II) Let A be not similar to 

(a) . If z 7^ 0, then /c 33 / Thus k' 12 = &2i by [1361 Proposition 2.4], which implies ki 2 = &21- 
It is straightforward to check that relation (l)-(22) in the proof of Theorem 113.6.31 hold iff 
aus + apz + 7U 2 + jyz + f3s 2 + (3xz + 5su + fcp = 0. 

(b) . If z =0, then we can obtain that r is the second case in Part (II) by using the method 
similar to the proof of Theorem 113.6.31 □ 
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13.8 Coboundary Lie bialgebras 

In this section, using the general solution, which are obtained in the section above, of CYBE 
in Lie algebra L with dim L =3 and dim L =2, we give the sufficient and necessary conditions 
which ( L, [ ], A r ,r ) is a coboundary (or triangular)Lie bialgebra. 

Theorem 13.8.1. Let L be a Lie algebra with a basis e\, e2, e^ such that [e\, C2] =0, [ei, 63] = 

(a, 7 \ 
. Let 
(3 5 J 

p,u, s £ k, r £ Im(l — r) and r = p(e\ (g) 62) — p(e2 <8> e\) + s(e\ tg) e^) — s(e3 <S> e±) + u[e2 <8> e^) — 
u(es0e2)- Then 

(I) ( L, [ ], A r ,r ) is a coboundary Lie bialgebra iff 

' pS + a/3 -/?7 - a 2 
5 2 + 7/3 —<57 — 7a 









I u ) 



308 



(II) If two characteristic roots of A are equal and A is similar to a diagonal matrix in the 
algebraic closure P of k with char k =2, then ( L, [ ], A r ,r ) is a triangular lie bialgebra for 
any r £ Im(l — r); 

(III) If the condition in Part(II) does not hold, then( L,[], A r ,r ) is a triangular Lie bialgebra 
iff ~f3s 2 + iu 2 + (a- 5)us = 0. 

Proof We can complete the proof as in the proof of [131, Theorem 3.3]. □ 

Example 13.8.2. Under Example \13. 6.41 an d r £ Im(l — t), we have the following : 

(I) ( L, [ ], A r , r ) is a coboundary Lie bialgebra iff r = p(e\ (g> e^) — p(e2 ei) + s(ei (g> 63) — 
s(es ® ei) + u(e2 63) — u{e^ e-j) with a(s 2 + u 2 ) = 0; 

(II) ( L, [ ], A r , r )is a triangular Lie bialgebra iff r = p{e\ (g) c-i) — p(&i (8> ei). 



309 



Chapter 14 



Classification of PM Quiver Hopf 
Algebras 

In noncommutative algebras quivers and associated path algebras are intensively studied be- 
cause of a remarkable interaction between homology theory, algebraic geometry, and Lie theory. 
Ringel's approach to quantum groups via quivers suggested that there may be an interesting 
overlapping also between the theory of quivers and Hopf algebras. Some years ago Cibils and 
Rosso [36j [37] started to study quivers admitting a (graded) Hopf algebra structure and there 
are many papers (e.g. |2H [Mj ) follow these works. The representation theory of (graded) Hopf 
algebras has applications in many branches of physics and mathematics such as the construction 
of solutions to the quantum Yang-Baxter equation and topological invariants (see e.g. [7i \ 1108] . 
Quivers have also been used in gauge theory and string theory (see e.g. |144t 1105] ). 

This chapter can be viewed an extension of the analysis of Cibils and Rosso. Let G be a group 
and kG be the group algebra of G over a field k. It is well-known [37] that the /cG-Hopf bimodule 
category Icy-M^ is equivalent to the direct product category riceAC(G) ^ kZ u(c)i wnere ls 
the set of conjugate classes in G, u : /C(G) — > G is a map such that u(C) G C for any C G K,(G), 
Zu(c) = {9 £ G I gu(C) = u(C)g} and M.kZ u{C) denotes the category of right kZ u ( C ymodules 
(see [37[ Proposition 3.3] |36[ Theorem 4.1] and Theorem 114. 1.2[) . Thus for any Hopf quiver 
(Q,G, r), the &;G-Hopf bimodule structures on the arrow comodule kQ\ can be derived from 
the right kZ u Nj\ -module structures on "^(/cQ^) 1 for all C G K,(G). If the arrow comodule kQ\ 
admits a /cG-Hopf bimodule structure, then there exist six graded Hopf algebras: co-path Hopf 
algebra kQ c , one-type-co-path Hopf algebras kG[kQf\, one-type-path Hopf algebras (kG)*[kQi\, 
semi-path Hopf algebra kQ s , semi-co-path Hopf algebra kQ sc and path Hopf algebra kQ a . We 
call these Hopf algebras quiver Hopf algebras over G. If the corresponding fcz^/^-modules 
^XkQl) 1 is pointed (i.e. it is zero or a direct sum of one dimensional /cZ u (<7)-modules) for all 
C G fc(G), then kQ\ is called a PM fcG-Hopf bimodule. The six graded Hopf algebras derived 
from the PM /cG-Hopf bimodule kQ\ are called PM quiver Hopf algebras. A Yetter-Drinfeld 
//-module V is pointed if V = or V is a direct sum of one dimensional YD //-modules. If V is 
a pointed YD //-module, then the corresponding Nichols algebra B(V) is called a PM Nichols 
algebra. For example, when G is a finite abelian group of exponent m and k contains a primitive 
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m-th root of 1 (e.g. k is the complex field ), all quiver Hopf algebras are PM ( see Lemma 
I14.1.3p . all YD kG- modules are pointed and all Nichols algebras of all YD kG- modules are PM 
(see Lemma fl4.2.3p . 

The aim of this chapter is to provide parametrization of PM quiver Hopf algebras, multiple 
Taft algebras and PM Nichols algebras. In other words, this chapter provides a kind of classifi- 
cation of these Hopf algebras. This chapter is organized as follows. In Section 114, 11 we examine 
the PM quiver Hopf algebras by means of ramification system with characters. In Section [14.21 
we describe PM Nichols algebras and multiple Taft algebras by means of element system with 
characters. In Section 114.31 we show that the diagram of a quantum weakly commutative mul- 
tiple Taft algebra is not only a Nichols algebra but also a quantum linear space in k k %yV; the 
diagram of a semi-path Hopf algebra of ESC is a quantum tensor algebra in ^yT>; the quan- 
tum enveloping algebra of a complex semisimple Lie algebra is a quotient of a semi-path Hopf 
algebra. 

Throughout this chapter, we work over a fixed field k. All algebras, coalgebras, Hopf algebras, 
and so on, are defined over k; dim, (g> and Horn stand for dim^, (g)fc and Honifc, respectively. Books 
[4"0"1 1571 1114] provide the necessary background for Hopf algebras and book [3] provides a nice 
description of the path algebra approach. 

Let Z, Z + and N denote sets of all integers, all positive integers and all non-negative integers, 
respectively. For sets X and Y, we denote by \X\ the cardinal number of X and by X Y or X^ 
the Cartesian product Hy^yXy with X y = X for any y G Y. If X is finite, then \X\ is the 
number of elements in X. If X = (Bi^iX^ as vector spaces, then we denote by L{ the natural 
injection from Xu\ to X and by 7Tj the corresponding projection from X to Xu\. We will use 
[i to denote the multiplication of an algebra, A to denote the comultiplication of a coalgebra, 
a~ , q + , 5~ and 5 + to denote the left module, right module, left comodule and right comodule 
structure maps, respectively. The Sweedler's sigma notations for coalgebras and comodules are 
A( x ) = ® x (2)> S~(x) = Y^ x (-i) ® x (o)> = E^o) &>£(i)- Let G be a group. We 

denote by Z(G) the center of G. Let G denote the set of characters of all one-dimensional 
representations of G. It is clear that G = {x \ X is a group homomorphism from G to the 
multiplicative group of all non-zero elements in k }. 

A quiver Q = (Qo,Qi, s,t) is an oriented graph, where Qo and Q\ are the sets of vertices 
and arrows, respectively; s and t are two maps from Q\ to Qo- For any arrow a G Qi, s(a) and 
t(a) are called its start vertex and end vertex, respectively, and a is called an arrow from s(a) 
to t(a). For any n > 0, an n-path or a path of length n in the quiver Q is an ordered sequence 
of arrows p = a ra a n _i • • • a\ with i(aj) = s(aj+i) for all 1 < % < n — 1. Note that a 0-path is 
exactly a vertex and a 1-path is exactly an arrow. In this case, we define s{p) = s(a\), the start 
vertex of p, and t(p) = t(a n ), the end vertex of p. For a 0-path x, we have s(x) = t(x) = x. Let 
Q n be the set of n-paths. Let y Q% denote the set of all n-paths from x to y, x, y G Qo- That is, 

V Qn = {p£Qn\ S(p) = X, t( P ) = y}. 

A quiver Q is finite if Qo and Q\ are finite sets. A quiver Q is locally finite if y Q\ is a finite 
set for any x, y G Qo- 

Let G be a group. Let JC(G) denote the set of conjugate classes in G. A formal sum r = 
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Y2ceK(G) r cC of conjugate classes of G with cardinal number coefficients is called a ramification 
(or ramification data ) of G, i.e. for any C G /C(G), rc is a cardinal number. In particular, a 
formal sum r = X^ceAC(G) r cC of conjugate classes of G with non-negative integer coefficients is 
a ramification of G. 

For any ramification r and a C G /C(G), since rc is a cardinal number, we can choice a set 
Ic(r) such that its cardinal number is rc without lost generality. Let fC r (G) := {C G /C(G) \ 
r<; / 0} = {C G IC(G) | Ic(f) 7^ 0}- If there exists a ramification r of G such that the cardinal 
number of v Qf is equal to rc for any x,y G G with G C G IC(G), then Q is called a -Hop/ 
quiver with respect to the ramification data r. In this case, there is a bijection from Ic{r) to 
^Qf, and hence we write V Q\ = {ay} x \ i G Ic( r )} f° r an Y i,!/ £ G with G C G /C(G). 

Denote by (Q, G, r) the Hopf quiver of G with respect to r. 

The coset decomposition of Z u iq\ in G is 

G = |J Z u{c) g e , (14.1) 
eee c 

where 0c is an index set. It is easy to check that |©c| = |G|. We always assume that the repre- 
sentative element of the coset Z u (c) is the identity 1 of G. We claim that 9 = f] if g () 1 u(C)ge = 
g- l u(C)g v . In fact, by the equation g e l u{C)g e = g^u^g^ one gets g^g^uiC) = u^g^ 1 . 
Thus g^gg 1 G Z u rQ, and hence 9 = r/. For any x, y G G with x~ x y G G G /C(G), there exists a 
unique 6> G 0c such that 

aT^ = gg l u{C)ge- (14.2) 

Without specification, we will always assume that x, y, 9 and G satisfy the above relation (|14.2p . 
Note that 9 is only determined by For any h G G and # G 0c, there exist unique 

ft/ G Z u (c) and G ©c such that c^/i = h'ggi. Let CflC 1 ) = Then we have 

geh = Ce{h)ge>. (14.3) 

If u(C) lies in the center Z{G) of G, we have = idc- In particular, if G is abelian, then 
Ce = id G since Z u{C ) = G. 

Let H be a Hopf algebra. A (left-left) Yetter-Drinfeld module V over H (simply, YD H- 
module) is simultaneously a left //-module and a left iZ-comodule satisfying the following com- 
patibility condition: 

^2(h ■ u)(_i) <S> (/i • f)(o) = h {i) v {-l) S ( h @)) ® ^(2) " v (0)' v eV,h£ H. (14.4) 

We denote by j^yD the category of YD //-modules; the morphisms in this category preserve 
both the action and the coaction of H. 

The structure of a Nichols algebra appeared first in the paper [91] , and N. Andruskiewitsch 
and H. J. Schneider used it to classify finite-dimensional pointed Hopf algebras [H E] • Its 
definition can be found in Definition 2.1]. 

If (j) ■ A —* A 1 is an algebra homomorphism and (M, a~) is a left A'-module, then M becomes 
a left A- module with the ^4-action given by a-x = 4>(a)-x for any a G A, x G M, called a pullback 
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A-module through 0, written as a,M. Dually, if <p '■ C — > C be a coalgebra homomorphism and 
(M,6~) is a left C-comodule, then M is a left C"-comodule with the C'-comodule structure 
given by 5' := (<p ® id)<5 _ , called a push-out C'-comodule through 0, written as ^M. 

Let A be an algebra and M be an ^4-bimodule. Then the tensor algebra Ta(M) of M over ^4 
is a graded algebra with Ta(M) (0) = A, Ta(M) (1) = M and T A (M) (n) = ® n A M for n > 1. That 
is, = .A © (©„>o ®^Af)- Let -D be another algebra. If h is an algebra map from A to D 

and / is an A-bimodule map from M to hDh, then by the universal property of Ta{M) (see [9H 
Proposition 1.4.1]) there is a unique algebra map f) : Ta(M) — > D such that TA(h, /)lq = h 

and TA(h,f)ii = f. One can easily see that T^(h, f) = h + En^/ 1 " ^"(/)> where T n (f) is 
the map from ©>^M to ©^.D given by T n (f){x\ ® iE2 ® ■ ■ • ® x n ) = /(xi) © /(a?2) 8) ■ ■ • ® f(x n ), 
i.e., T n (f) = / ®^ / • • • (8)^ /. Note that can be viewed as a map from D ©^4 D to D. 

Dually, let C be a coalgebra and let M be a C-bicomodule. Then the cotensor coalgebra 
3£(M) of M over C is a graded coalgebra with T£(M) (0) = C, I£(M) (1) = M and T£(M) n = 
□£M for n > 1. That is, T£(M) = Cffi (0 n>o DgM). Let D be another coalgebra. If 
h is a coalgebra map from D to C and / is a C-bicomodule map from h D h to M such that 
/(corad(Z))) = 0, then by the universal property of Tq{M) (see |91[ Proposition 1.4.2]) there is a 
unique coalgebra map T£(h, f) from D to T^,{M) such that TToT^(h, f) = h and niT^(h, f) = f. 
It is not difficult to see that T£,(h, f) = h + ^ n>0 T^(/)A n _i, where T£(f) is the map from 
U n c D to U n c M induced by T n c (/)(xi © x 2 © • • • © x n ) = /(xi) © /(x 2 ) ® • • ■ ® /(x n ), i.e., T„ c (/) = 
/®/®---®/. 

14.1 PM quiver Hopf algebras 

In this section we describe PM quiver Hopf algebras by parameters. 

We first describe the category of Hopf bimodules by categories of modules. 

Let C be a group and let (B, 5~ , 5 + ) be a /cG-bicomodule. Then the (x, y)-isotypic component 
of B is 

VB X = {b e B I 5- (b) = y ®b,5 + (b) = b®x}, 

where x, y £ G. Let M be another /cG-bicomodule and / : B — > M be a &;G-bicomodule 
homomorphism. Then f( y B x ) C "M 1 for any x,y G G. Denote by "/^ the restriction map 
/|»B« : y B x -> y ikP, x,yeG. 

Theorem 14.1.1. (See J37| Proposition 3.3] and JM Theorem 4.IJ) The category k k %M k k % 
of kG-Hopf bimodules is equivalent to the Cartesian product category Y\ceK(G) -^ kZ u(o °f ca ^' 
egories -M.kz u , a s of right kZ u (py modules for all C G /C(G). 

For later use, we give the mutually inverse functors between the two categories here. The 
functors W from t%M k k % to UceK(G) M kZ u{C ) ls defined by 

W(B) = {< c ^} Ce ^ G) , W(f) = r^c^G) 
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for any object B and morphism / in ^qM^q, where the right kZ u /Q\ -module action on n ( c ')i? 1 
is given by 

b<\h = h- 1 ■ &■ h, be u ^B l , heZ u{c) . (14.5) 

The functor V from YlceKiG) -M-kz u r C ) to kG-^kG is defined as follows: 
For M = {M{C)} CeK{G) G UceiC(G) M k z u{C) , V(M) is given by 

V V(M) X = x®M{C)® kZ<c) g e , 

h-{x®m® kZu(c) ge) = hx <g> m ®kZ u{C) 96 , (14.6) 
(x ® m ®kZ <a) 9e) ■ h = xh®m® k z u(C) geh = xh®(m<\C,e{h))®kz u{C) ge', 

where h,x,y G G with x~ l y G C and the relation (114.21) and (|14.3j) . m G M{C). For any 
morphism / = {/c}ceK:(G) : { M (C)}ceC(G) -> {^ r (C)}ceC(G), VC/X 35 ® m <8>fcx u(c) 5e) = 
x ® /c(m) ®fcz ( „ (c)) 56* for any m G M c , x,y G G with = g^uiQge- That is, y V(f) x = 
id® f c ® id. 

An ^4-module M is called pointed if M = or M is a direct sum of one dimensional A- 
modules. 

Definition 14.1.2. A kG-Hopf bimodule N is called a kG-Hopf bimodule with pointed module 
structure ( or a PM kG-Hopf bimodule in short) if there exists an object W.ceK(G) M{C) 
i n Y\.CeK(G) M-hZ^c) suc h that M(C) is a right pointed kZ u (Q) -module for any C G IC(G) and 
N V({M(C)} C eK:(G)) ■= ® y = g ^u{c) ge , x, y eG x ® M ( C ) ^z u{C) ge as kG-Hopf bimodules. 
Here V({M(C)} CeK{G) ) := ® y=g -^c)g e , x, y eG x ® M ( C ) ®kZ <C ) 9e is defined in the proof of 
Theorem 

Lemma [14.1.31 - 114,1.71 Theorem 1 1 4 . 1 . 9 1 and Lemma [14.2.71 are well-known. 

Lemma 14.1.3. Assume that G is a finite commutative group of exponent m. If k contains 
a primitive m-th root of 1, then (i) every kG-module is a pointed module; (ii) every kG-Hopf 
bimodule is PM. 

Lemma 14.1.4. Let H = ©j> Hu\ be a graded Hopf algebra. Set B := H^ and M := Hn\ . 
Then M is a B-Hopf bimodule with the B- actions and B-coactions given by 

Ct~ = 7Tl//(i0 ® a + = 7Tl/Lt(tl (g> Lq), S~ = (7T (g> 7Ti)Ati, 5 + = (?ri (g> 7To)Atl. 

Lemma 14.1.5. (i) Let B be an algebra and M be a B-bimodule. Then the tensor algebra 
Tb(M) of M over B admits a graded Hopf algebra structure if and only if B admits a Hopf 
algebra structure and M admits a B-Hopf bimodule structure. 

(ii) Let B be a coalgebra and M be a B-bicomodule. Then the cotensor coalgebra T^(M) 
of M over B admits a graded Hopf algebra structure if and only if B admits a Hopf algebra 
structure and M admits a B-Hopf bimodule structure. 

Let B be a bialgebra (Hopf algebra) and M be a i?-Hopf bimodule. Then Tg(M) is a graded 
bialgebra (Hopf algebra) by Lemma 114. 1.5[ Let B[M] denote the subalgebra of Tg(M) generated 
by B and M. Then B[M] is a bialgebra (Hopf algebra) of type one by [SH section 2.2, p. 1533]. 
B[M] is a graded subspace of Tg(M). 
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Lemma 14.1.6. Let B and B' be two Hopf algebras. Let M and M' be B-Hopf bimodule and 
B'-Hopf bimodule, respectively. Assume that <j> : B —* B' be a Hopf algebra map. If if) is simulta- 
neously a B-bimodule and B' -bicomodule map from ^M^ to <f>ML, then (i) Tb(i^o4>, <-iVO := t o</ ) + 
Yln>o t J - n ~ 1 T n (ti' t l>) is a graded Hopf algebra map from Tg(M) to Tb'(M'). (ii) T B ,((pTTo, ipni) := 
<Mo + Yln>o ^n(V' 7r i)^n-i is a graded Hopf algebra map from T B (M) to T B ,(M'). 

Lemma 14.1.7. Let B and B' be two Hopf algebras. Let M and M' be B-Hopf bimodule 
and B'-Hopf bimodule, respectively. Then the following statements are equivalent: (i) There 
exists a Hopf algebra isomorphism <ft : B — > B' such that M = t M't as B-Hopf bimodules. 
(ii) Tb(M) and T B >(M') are isomorphic as graded Hopf algebras, (iii) T B (M) and T B ,(M') 
are isomorphic as graded Hopf algebras, (iv) B[M] and B'[M'] are isomorphic as graded Hopf 
algebras. 

Let Q = (G,Qi, s,t) be a quiver of a group G. Then kQ\ becomes a fcG-bicomodule under 
the natural comodule structures: 

5~ (a) = t(a) ® a, 5 + (a) = a® s(a), a G Qi, (14.7) 

called an arrow comodule, written as kQf. In this case, the path coalgebra kQ c is exactly 
isomorphic to the cotensor coalgebra T kG (kQf) over kG in a natural way (see [27] and [36J). 
We will regard kQ c = T£ G (kQf) in the following. Moreover, when G is finite, kQ\ becomes a 
(fcG)*-bimodule with the module structures defined by 

p ■ a := (p, t(a))a, a ■ p := (p, s(a))a, p G (kG)* ,a G Q\, (14.8) 

written as kQf, called an arrow module. Therefore, we have a tensor algebra T^ G y(kQf). Note 
that the tensor algebra Tn.Q\* (kQf) of kQf over (kG)* is exactly isomorphic to the path algebra 
kQ a . We will regard kQ a = T {kG y(kQf) in the following. 

Assume that Q is a finite quiver on finite group G. Let £fcQj denote the linear map from kQf 
to (kQf)* by sending a to a* for any a G Q\ and ikQ\ denote the linear map from kQf to (kQf)* 
by sending a to a* for any a G Q\. Here {a* \ a* G (kQi)*} is the dual basis of {a \ a G Qi}. 

Lemma 14.1.8. Assume that Q is a finite Hopf quiver on finite group G. Then 

(i) If (M, a~ , a + , 5~ , 5 + ) is a finite dimensional B-Hopf bimodule and B is a finite dimen- 
sional Hopf algebra, then (M* , 5~* , 5 + * , a~*, a + *) is a B*-Hopf bimodule. 

(ii) If (kQf,a~,a + ,5~,5 + ) is a kG- Hopf bimodule, then there exist unique left (kG)*- 
comodule operation S k g a and right (kG)* -comodule operation S k g a such that (kQf,a k Q a ,a k Q a , 
S^qa, S^na) becomes a (kG)* -Hopf bimodule and CkQ^ becomes a (kG)* -Hopf bimodule isomor- 
phism from (kQi,a^ Qa ,a^ Qa ,S^ Qa ,S^ Qa ) to ((kQf)*, 6'*, 6 + *, or*, «+*). 

(iii) If (kQf,a~,a + ,5~,5 + ) is a (kG)*- Hopf bimodule, then there exist unique left kG- 
module operation ol^qc and right kG-module operation a^gc such that (kQf,a k Qc,a k Q C ,S k Q C , 
S^qc) become a kG-Hopf bimodule and ^kQf becomes a kG-Hopf bimodule isomorphism from 
(kQla^ QV a+ QV 6- Qt ,6+ Qt ) to ((kQf)*, S~ *]s+*, a'*, a+*). 

fa) £,kQl is a (kG)* -Hopf bimodule isomorphism from (kQf,a k Qa,a k ga,S k Qa,S k Qa) to ((kQf)*, 8] 
if and only if £kQi becomes a kG-Hopf bimodule isomorphism from (kQf, a k qc, cx^qc , S^qc , <^!qc) 

tO ((kQf)*, 5 k ga*, S^ga*, Oi k Qa* , O^Qa*) ■ 
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Proof. It is easy to check (i)-(iii). Now we show (iv). Let A := kQf, B := kQf. Let <7g 
denote the canonical linear isomorphism from B to B** by sending b to b** for any b 6 B, where 

< 6**, / >=< /, b > for any f eB*.HA^ B* as (/;G)*-Hopf bimodules, then B ^ B** ,4* 
as fcG-Hopf bimodules. It is easy to check = (Ca)*^. Therefore £b is a A;G-Hopf bimodulc 

isomorphism. Conversely, if -B = A* as A;G-Hopf bimodules, we can similarly show that A = B* 
as (A:G)*-Hopf bimodules. □ 

Theorem 14.1.9. (see f3U[ Theorem 3.3] and ' t 37. Theorem 3.1]) Let Q be a quiver over 
group G. Then the following two statements are equivalent: 

(i) Q is a Hopf quiver. 

(ii) Arrow comodule kQf admits a kG-Hopf bimodule structure. 
Furthermore, if Q is finite, then the above are equivalent to the following: 

(Hi) Arrow module kQf admits a (kG)* -Hopf bimodule structure. 

Assume that Q is a Hopf quiver. It follows from Theorem 114.1.91 that there exist a left kG- 
module structure a~ and a right /cG-module structure a + on arrow comodule (kQf, 5~ , S + ) such 
that (kQf,a~,a + ,5~, 5 + ) becomes a £;G-Hopf bimodule, called a /cG-Hopf bimodule with arrow 
comodule, written (kQf, a~ , a + ) in short. We obtain three graded Hopf algebras T k G(kQf), 
T kG (kQf) and kG[kQf], called semi-path Hopf algebra, co-path Hopf algebra and one-type- 
co-path Hopf algebra, written kQ s (a~ ,a + ), kQ c (a~ ,a + ) and kG[kQf, a~ , a + ], respectively. 
Dually, when Q is finite, it follows from Theorem 114.1.91 that there exist a left (feG)*-comodule 
structure 6~ and a right (A;G)*-comodule structure 5 + on arrow module (kQf, aT , a + ) such that 
(kQf , a~ , a + , 5~ , 5 + ) becomes a (/cG)*-Hopf bimodule, called a (kG)* -Hopf bimodule with arrow 
module, written (kQf , <5~, 5 + ) in short. We obtain three graded Hopf algebras T( kG y(kQf), 
T(kG)* (kQi) ano - (kG)*[kQf], called path Hopf algebra, semi-co-path Hopf algebra and one- 
type-path Hopf algebra, written kQ a (5~, 5 + ), kQ sc (5~~ ,5 + ) and (kG)*[kQf, a.%, a + ], respectively. 
We call the six graded Hopf algebras the quiver Hopf algebras (over G). We usually omit the 
(co)module operations when we write these quiver Hopf algebras. 

If ikQi or ^kQ\ is a Hopf bimodule isomorphism, then, by Lemma 114.1.71 and Lemma ll4.1.8l 
T(kG)*( L o,ti£,kQ<t) and T£ G (ir , ^kQf^i) are graded Hopf algebra isomorphisms from T( kG y(kQf) 
to T^ kG) ,((kQf)*) and from T£ G (kQf) to T{; G ((kQf)*) , respectively; T^ g) ,(tt , ^kQf^i) an d 
TkG^o, i-iCkQc) are graded Hopf algebra isomorphisms from T^ kG y(kQf) to T? kG y ((kQf )*) and 
from T kG (kQf) to T kG ((kQf)*), respectively. In this case, (kQf, kQI), (kQ a ,kQ c ) and (kQ s , kQ sc ) 
are said to be arrow dual pairings. 

If (kQf, a~ , a + , 6~, 5 + ) is a PM fcG-Hopf bimodule, and (kQf, kQf) is an arrow pairing, then 
(kQf , a~*, a + *) is called a PM (/cG)*-Hopf bimodule and six quiver Hopf algebras induced by 
kQf and kQf are called PM quiver Hopf algebras. 

Now we are going to describe the structure of all PM /cG-Hopf bimodules and the corre- 
sponding graded Hopf algebras. 

Definition 14.1.10. (G, r, ~x,u) is called a ramification system with characters (or RSC 
in short ), if r is a ramification of G, u is a map from K.(G) to G with u(C) G C for any 
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C G K{G), and x = {Xc}iel c (r),CelC r (G) G UceK r (G)( Z n(C)Y c with Xc G Z u(c) f° r an V 
ieI c (r),CelC r (G). 

RSC(G, r, ~x,u) and RSC(G', r', x! ■> u') are said to be isomorphic if the following conditions 
are satisfied: 

• There exists a group isomorphism (f> : G — ► G'. 

• For any C G tC(G), there exists an element he G G such that cf){h^} u{C)hc) = u'{<j>{C)). 

• For any C G K r (G), there exists a bijective map <\>c ■ Ic( r ) — > I<f>(C)( r ') such that 
x'^cfH^hhc)) = X ( c\h) for all h G Z u{c) and i G I c (r). 

Remark. Assume that G = G', r = r' and u(C) = u'{C) for any C G K, r {G). If there is a 
permutation <pc on Ic(r) for any C G K r (G) such that Xc = ^G^ ^ or an * ^ ^c( r )> then 
obviously RSC(G, r, ~x , u) S RSC(G, r, J, u). 

Proposition 14.1.11. If N is a PM kG-Hopf bimodule, then there exist a Hopf quiver 
(Q,G,r), an RSC(G,r,~x ,u) and a kG-Hopf bimodule (kQ1,a~ ,a + ) with 

a-(h ® a% ) := • a« = a« te , a + (a« 8) fc) := a» ■ h = X ( § (Ce(h))af hjXh 

where x,y,h G G with x~ x y = gg 1 u(C)ge, Ce is given by (|14.3|) . C G fC r (G) and i G Ic( r ), such 
that N = (kQl,a~ ,a + ) as kG-Hopf bimodules. 

Proof. Since N is a PM /cG-Hopf bimodule, there exists an object ricgK;(G) M(Cf) 

i n nceAC(G) -^^^(c) sucn that M(C) is a pointed kZ u ^ -module for any C G /C(G) and JV = 
V({M(C)} C€K{G) ) = ® y=g ^ u(c)ge , x ,yeG x ® M ( C ) ®fc^«(o) 5e as fcG-Hopf bimodules. Let 
r = X^ceAC(G) r cC with rc = dimM(C) for any C G JC{G). Notice that dimM(C) denotes 
the cardinal number of a basis of a basis of M{C) when M(C) is infinite dimensional. Since 
(M(C),ac) is a pointed kZ u fQ\ -module, there exist a /c-basis {x^ | i G -Zc( r )} m M(C) and a 
family of characters {x§ G Z u (c) | & G ^c( r )} such that ac(&Q ®h) = x^ <\ h = (/i)^ for 
any i G Ic{r) and /i G Z u(C ). 

We have to show that (kQ{ , a", a + ) is isomorphic to (By= g - 1 u (C)g e , x , y &G x ® M { c )®kZ u{c) 96 
as fcG-Hopf bimodules. Observe that there is a canonical /cG-bicomodule isomorphism ip : kQi — ► 
© y=9 -i u( C) 99 , * lJ/G G x ® M ( C ) ®*z«(o) 5e given by 

<p(a y %) = x®x { § ® k z <c) 98 (14.9) 

where x,y G G with = gg 1 u(C)gg, C G JC r (G) and i G Ic{ r )- Now we have 



= h-{x®x { § <8) feZa(c) se) (see (HMD) 
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and 

V?(a+(a« ® h)) = X { c\C9(h)Maf htXh ) = X ® {Q(h))xh ® xg } ® kZ<C) gg, 
(since hg^, 1 = gJ x C,o{h) and yh = xhgj}u{C)gQt) 
= (x ® xg } ®fcz: tt(0 j S*) • /* ( see CM) 

where x,y,h G G with = g g ~ 1 u(C)ge, Qe is given by (|14.3p . C G JC r (G) and i G Ic( r )- 

Consequently, 93 is a /cG-Hopf bimodule isomorphism. □ 

Let (kQ1,G,r,~x ,u) denote the /cG-Hopf bimodule (kQi, a>~ , a + ) given in Lemma ri4.1.11l 
Furthermore, if (kQi, kQ\ ) is an arrow dual pairing, then we denote the (A;G)*-Hopf bimodule 
kQ\ by (kQf,G,r,~x,u). We obtain six quiver Hopf algebras kQ c (G,r,~x ,u), kQ s (G,r,~x ,u), 
kG[kQl,G,r,^c,u], kQ a (G,r,^( ,u), kQ sc (G,r,^ ,u), (kG)*[kQf,G,r, x , u], called the quiver 
Hopf algebras determined by RSC(G, r, X i u )- 

From Proposition 114.1.111 it seems that the right /cG-action on (kQi, G, r, "x , u) depends on 
the choice of the set {ge \ 6 G 0c} of coset representatives of Z u rc) m G (see, Eq. (|14.ip ). The 
following lemma shows that (kQ\ , G, r, X > u ) i s ' i n fact, independent of the choice of the coset 
representative set {gg \ 9 G ©c}, up to kG- Hopf bimodule isomorphisms. For a while, we write 
(kQi , G, r, x , u) = (kQi , G, r, x 1 u i {de}) given before. Now let {hg G G | G ©c} be another 
coset representative set of Z u in\ in G for any G G K(G). That is, 

G= |J Z u[c) h e . (14.10) 

6»G6 C 

Lemma 14.1.12. Wzi/i f/ie akwe notations, (kQi, G, r, x > {ge}) and (kQi, G, r, x 1 u i {he}) 
are isomorphic kG-Hopf bimodules. 

Proof. We may assume Z u in\hg = Z u uj\gg for any C G K.(G) and 9 G ©c- 
Then gehg 1 G Z u iq\. Now let x,y,h G G with x^ 1 ^ = g d ~ 1 u(C)ge- Then = 
he 1 {9eh 1 y 1 u(C)(g e h 9 1 )h e = h^u(C)h 6 andhgh = {h e g e l )g e h = (heg^CeWge' = (hgg e ~ 1 )Cg(h)(gg'hg, 1 )hg', 
where ggh = Qe(h)ge'- Hence from Proposition 114.1.111 we know that the right /cG-action on 
(kQf,G,r, ~x,u,{h e }) is given by 

afo-h = Xc\( h e9e 1 )Ce(h)(ge'hg / 1 ))a i 'l xh 

= xg ) ((^V 1 )- 1 )xg ) (C e (/ i ))xS ) (^^ 1 )a«^, iel c (r). 

However, we also have 

(xhy 1 (yh) = h~ 1 (x~ 1 y)h = h' 1 g e l u(C)g e h = g dl l u(C)g e >. 

It follows that the /c-linear isomorphism / : kQ\ — > /cQi given by 

f(o^ = X ( §(9ehe 1 )o^ c 

for any x, y G G with = g () 1 u(C)ge, C G JC r (G) and i G Ic( r ), is a /cG-Hopf bimodule 

isomorphism from (feQf , G, r, x , u, {ge}) to (fcQJ, G, r, x > ^ {^e})- D 

Now we state one of our main results, which classifies the PM (co-)path Hopf algebras, PM 
semi-(co-)path Hopf algebras and PM one-type-path Hopf algebras. 
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Theorem 14.1.13. Let (G,r,~x,u) and (G',r', x': u ') are two RSC's. Then the following 
statements are equivalent: 

(i) RSC(G,r,^,u) * RSC(G',r',xV)- 

(ii) There exists a Hopf algebra isomorphism <f> : kG — > kG' such that (kQ^,G,r,~x ,u) = 
t ((kQ\ c , G', r', x' , as kG-Hopf bimodules. 

(iii) kQ c (G,r,^,u)^kQ' c (G,r,^,u). (iv) kQ s (G, r, u) * kQ' s (G', r' , u'). 

(v) kG[kQlG,r^,u] = kG'ikQ^^G'y,^',^}. 

Furthermore, if Q is finite, then the above are equivalent to the following: 

(vi) kQ a (G,r,^,u) - kQ' a (G',r',^',u'). (vii) kQ sc (G, r, ^, u) - kQ' sc (G\ r', u'). 
(viii) (kG)*[kQi , G, r, ~x, u] = (fcG / )*[&;Q; / 1 a , G', r', x' i u']. Notice that the isomorphisms above 
are ones of graded Hopf algebras but (i) (ii). 

Proof. By Lemma 114.1.71 and Lemma 114.1.81 we only have to prove (i) (ii). 

(i) =>■ (ii). Assume that RSC(G, r, x > u ) — RSC(G', r', %',-u'). Then there exist a group 
isomorphism <-/> : G — ► G', an element lip 6 G such that 4>{hg l u(C)hc) = u r ((f>(C)) for any 
G G /C(G) and a bijective map 0c* : ^c( r ) — * I<j>(c){ r ') such that x / ^^| i ^(0(/t^ 1 /t/ic')) = Xc W 
for any /i G Z u (C)i G € K, r {G) and i € Ic( r )- Then (^(/i^ 1 Z u iQ)hc) = Z U '(MC)) and 4> : — * 
is a Hopf algebra isomorphism. Now let G = Ueeec Z u (c)9o be given as in (|14.2p for any 
G € JC(G), and assume that the fcG-Hopf bimodule (fcQf , G, r, x , it) is defined by using these 
coset decompositions. Then 

G'= |J Z^^ih^gehc)) (14.11) 

is a coset decomposition of Z u /^ c ^ in G' for any 0(G) G JC(G'). By Lemma 114.1.121 we 
may assume that the structure of the /cG'-Hopf bimodule (kQ[ c ,G' ,r' ,~x' ,u') is obtained by 
using these coset decompositions (|14.11|) . Define a /c-linear isomorphism ip : (kQ±, G,r,~x,u) — > 
(K^G'y^Oby 

^(«a)=x^(w i ))«ss ( I g.) 

for any x,y G G with x _1, y = gg 1 u{C)gQ, and ? G Ic( r ), where G G JC r (G) and geh^ 1 = 
Cei^Q )Pj7 with CeQ 1 ^}) G 2 u (c) and 0,7/ G 0c- It is easy to see that V is a fcG-bicomodule 
homomorphism from (kQ\,G,r,~x,u) to ^ (kQi c ,G',r',^l',u')t ) . Since (hx)~ 1 (hy) = x~ 1 y 
for any x,y,h G G, it follows from Proposition 114.1.111 that is also a left A;G-module homo- 
morphism from (&Qf , G, r, "x , it) to ^ {kQ[ c , G, r, "x , -u)^ . 

Now let x,y,h G G with x -1 -// = gg 1 u(C)ge, C G K. r {G) and G 6c- Assume that 
Se^c 1 = Co{hc l )gr,, geh = (e(h)ge>, g^hchh^ 1 ) = Cv^chh^g^ and ge'h^ 1 = C,e'{h c l )ge» with 
(eihc^XeWXnihchhc 1 ),^^ 1 ) G Z u(C r) and r},0',rf,0" G 6c- Then we have 

S^/i/i^ 1 = C,e{h)ge'hc l = C,e{h)Qo'{hc l )ge» 

and 

^/j/i" 1 = (g e h^ l )(h c hh^ 1 ) = Ceihc^g^hchh^ 1 ) = Q(hc 1 )C v (hchhc' L )g v > . 
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It follows that 9" = rj and 

Ce{h)Ce>{hc l ) = CoC^X^^ 1 )- ( 14 - 12 ) 

By Proposition I14.1.TT1 a$ x ■ h = xg (CflW) !^ xh for any i G Ic( r )- Moreover, we have 
{xh)~ 1 (yh) = h~ 1 gg 1 u(C)goh = gg, 1 u(C)ggi . This implies that 

M% ■ h ) = X { S(Ce(hmaf h>xh ) = xg ) (C e (^))xg ) (^(^ 1 ))4tSV)- 
On the other hand, we have ge = geh^hc = CeO\})g v hc, and hence 

4>(x)~ l 4>(y) = = c/)(gg 1 u{C)g e ) = (^{h^ 1 g- l u{C)g rj h c ) 

= 4'(h c 1 g^ 1 hc)4'(h c 1 u(C)hc)cl)(h^ 1 g v hc) 
= ^h^g^hcr'u'icPiC^h^g^hc). 

We also have 

<t>Qhc 9r, h c)4>(h) = <t^{hc L 9r 1 hchh c 1 hc) 

= ^{h^Cvihchh^hc^ih^g^hc). 

Thus by Proposition 114.1.111 one gets 
Now it follows from Eq. (|14.12|) that 

= xg ) (0(^ 1 ))xg\c,(^^ 1 ))4S)!i(^) 

= i>(ay?x - h). 

This shows that ^ is a right /cG-module homomorphism, and hence a fcG-Hopf bimodule iso- 
morphism from (kQi , G, r, ~x, u) to t (kQ[ c , G', r', ~x', u')t . 

(ii) (i). Assume that there exist a Hopf algebra isomorphism <j> : kG — > kG' and a /cG-Hopf 
bimodule isomorphism ^ : (kQ\,G,r,~x ,u) — > ^ (kQ' 1 c ,G',r',~x',u')'lj ) . Then (j) : G —> G' 
is a group isomorphism. Let C G Then 0(«(C)), u'(<j){C)) G 0(C) G /C(G'), and 

hence u'(0(C)) = ^{hc)' 1 <l>{u{C))<j){hc) = (j){h^ x u{C)hc) for some /ic G G. Since ^ is a /cG'- 
bicomodule isomorphism from ^(kQ1,G,r,~x ,u)^ to (kQ[ c , G' , r' ,~x' , u') and cj){h^j l u{C)hc) = 
u'((f)(C)), by restriction one gets a fc-linear isomorphism 

h c lu ^ hc (kQi) 1 -» "'(^^fcQi) 1 , a:i->^(x). 

We also have a fc-linear isomorphism 

/ c : "^(fcQi) 1 -» h c 1 «(C)'»c(jfeQ 1 )i j x^h^-x-hc- 

Since (j){h^ 1 u(C)h c ) = u'(<p(C)) and h^}Z u ^ c) h c = Z h ~i u{c)hc , one gets ^(h^Z^hc) = 
Zu'{cj>{C))- Hence and /ic induce an algebra isomorphism 
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Using the hypothesis that ifi is a /cG-bimodules homomorphism from {kQ\, G, r, ~x, u) to ^(kQ^ , 
G' , r', x' \ u ')<t>i one can easily check that the composition rpcfc is a right kZ u r C \-module iso- 
morphism from ^XkQi) 1 to ( vf ^\kQ' 1 ) 1 ) <rc . Since both "(^(feQi) 1 and ("'^^^(fcQi) 1 )^ 
are pointed right kZ u in\ -modules, they are semisimple /cZ^^-modules for any C E IC r (G). 
Moreover, ka^L,^ 1 and 1 are simple submodules of "^(/cQi) 1 and ("'^^(^Q'i) 1 )^, 

respectively, for any i E Ic(r) and j E I$(C)(r'), where C E K r (G). Thus for any C E )C r (G), 
there exists a bijective map (j>c '■ Ic{ r ) ^>(c)( r such that fca^L« 1 and (^%f^(c)) i)°"c are 
isomorphic right /cZ^^-modules for any j E Ic( r )> which implies \h) = x y^ih^hhc)) 

for any h E Z tt(G ) and i E It follows that RSC(G, r, x, u) = RSC(G", r', x* , u'). □ 

Up to now we have classified the PM quiver Hopf algebras by means of RSC's. In other 
words, ramification systems with characters uniquely determine their corresponding PM quiver 
Hopf algebras up to graded Hopf algebra isomorphisms. 

Example 14.1.14. Assume that k is a field with char(k) ^ 2. Let G = {l,g} — Z2 be the 
cyclic group of order 2 with the generator g. Let r be a ramification data of G with r\ = m 
and 7*{ 9 } = and (Q, G, r) be the corresponding Hopf quiver, where m is a positive integer. 
Then ^Qx) 1 = {a$ | % = 1, 2, • • • , m}, g (Qi) 9 = {a® | i = 1, 2, • • • , m}, ^Qi) 9 and 9 {Qi) 1 
are two empty sets. For simplification, we write X{ = af\ and yi = Og jg for any 1 < i < m. 
Clearly, Z u my\ = G and G = {x+,X-}> where x±{g) = il- F° r any < n < m, put 

Xt E (G) m with xtm = \ lf [ >n : Then {RSC(G, r, xt, «n) | n = 0, 1, 2, • • • , m} 

1 1 I x+i otherwise. 

are all non-isomorphic RSC 's. Thus by Theorem \14-1-13\ we know that the path coalgebra 
kQ c exactly admits m + 1 distinct PM co-path Hopf algebra structures kQ c (G,r,x^,u n ), < 
n < m, up to graded Hopf algebra isomorphism. Now let < n < m. Then by Proposition 
\14-1-11\ the kG-actions on {kQ\ , G, r, Xm u n ) are given by g ■ xi = yi, g • y% = Xi, 1 < 



. , J ~Vh ifi>n, J -Xi, ifi>n, 

1 < m; Xi ■ g = < Hi ' 9 = \ lhus by ]3o\ p. 245 

I yi, otherwise, I Xi, otherwise. 

or Theorem 3.8], the products of these arrows Xi,yj in kQ c (G,r,Xn,u n ) can be described as 

follows. For any i,j = 1,2, ••• ,m, Xi.Xj = x-iXj + XjXi, yi.Xj = yiyj + yjVi, Xi.yj = 

J -(yiVj + yjyi) , ifi>n, J -(xiXj + XjXi) , ifi>n, 

< Vi-Vj — s . where x.y ae- 

I ViVj + VjVi > otherwise, I XiXj + XjXi , otherwise, 

notes the product of x and y in kQ c (G,r,x^,,u n ) for any x,y E kQ c (G,r,x^,u n ), Xi%j and yiyj 

denote the 2-paths in the quiver Q as usual for any 1 < i, j < m. 



14.2 Multiple Taft algebras 

In this section we discuss the PM quiver Hopf algebras determined by the RSC's with UfC r {G) C 
Z(G). We give the classification of PM Nichols algebras and multiple Taft algebras by means of 
element system with characters when G is finite abelian group and k is the complex field. 

Let r be a ramification data of G and (Q, G, r) be the corresponding Hopf quiver. If C con- 
tains only one element of G for any C E K, T (G), then C = {g} for some g E Z(G), the center of 
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G. In this case, we say that the ramification r is central, and that RSC(G, r, ~x, u) a central ram- 
ification system with characters, or a CRSC in short. If RSC(G, r, x , u) is CRSC, then the PM 
co-path Hopf algebra kQ c (G,r,~x ,u) is called a multiple crown algebra and kG[kQ\,G,r,~x ,u] 
is called a multiple Taft algebra. 

Definition 14.2.1. (G,~g,~x,J) is called an element system with characters {simply, ESC) 
if G is a group, J is a set, ~~g = {gi\ieJ G Z(G) J and ~x = {Xi}ieJ £ G J with gi £ Z(G) and 
Xi £ G. ESC(G, g , ~x, J) and ESC(C, g' , x' , J') ire said to be isomorphic if there exist a group 
isomorphism eft : G — ► G' and a bijective map a : J — > J' such that (j)(gi) = g' a u\ o,nd X^j) 1 ^ = Xi 
for any i £ J. 

ESC(G, g , ~x, J) can be written as ESC(G, gi, xf, i £ J) for convenience. Throughout this 
chapter, let qji := Xi(j}j)i Qi = Qii an d be the order of qi (N+ = oo when qi is not a root of 
unit, or qi = 1) for i, j £ J. 

Let H be a Hopf algebra with a bijective antipode S. A YD //-module V is pointed if V = 
or V is a direct sum of one dimensional YD if -modules. If V is a pointed YD ff-module, then 
the corresponding Nichols algebra B(V) is called a PM Nichols algebra. 

Lemma 14.2.2. Let (V,a~ ,S~) be a YD kG-module. Then (V, a~,5~) is a pointed YD 
kG-module if and only if (V,a~) is a pointed (left) kG-module with S~(V) C kZ(G) (g> V . 

Proof. We may assume V ^ 0. Assume that V is a pointed YD fcG-module. Then V is 
obviously a pointed fcG-module. Now let U be a one dimensional YD /cG-submodule of V and let 
^ x G U. Then 5~(x) = g<3>x for some g £ G. Let h £ G. Then h-x = (3x for some ^ (3 £ k. 
By Eq. (|14.4p . one gets that fig <g> x = 5~(/3x) = 5~(h- x) = hgh^ 1 (g> h ■ x = f3hgh~ l ® x. This 
implies that hgh -1 = g for any h £ G, and hence g G Z(G). It follows that <5 _ (V) C kZ(G) ® V. 
Conversely, assume that V is a pointed fcG-module and 5 _ (V) C kZ(G) ® V. For any g £ G, 
let 

Vg = G V | <T(v) = 5 ® «}. 

Then is a /cG-subcomodule of V and any subspace of V g is a /cG-subcomodule for all g £ G. 

By £~(V) C feZ(G) V, we know that V = (B geZ (G) V g- Now let 9 G Z ( G )- Then it; fo llows 
from Eq. Q14.4p that V g is a /cG-submodule of V. Since V is a pointed fcG-module, any submodule 
of V is pointed, and hence V g is a pointed fcG-module. Thus if ^ then is a direct sum of 
some one dimensional fcG-submodules of V g . However, any one dimensional kG-sub module of V g 
is also a /cG-subcomodule, and hence a YD /cG-submodule. Thus V is a pointed YD /cG-module. 
□ 

Lemma 14.2.3. Assume that G is a finite abelian group of exponent m. If k contains a 
primitive m-th root of 1, then every YD kG-module is pointed and Nichols algebra of every YD 
kG -module is PM. 

Proof. It follows from Lemma 114.1.31 and Lemma ll4.2.2i □ 
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Let (G,gi,Xi',i G J) be an ESC. Let V be a k- vector space with dim(V) = \J\. Let 
{xi | i G J} be a basis of V over fc. Define a left /cG-action and a left /cG-coaction on V by 

5 • »i = Xi(g)xi, S~(xi) = gi®x u ie J, g e G. 

Then it is easy to see that V is a pointed YD /cG-module and kx{ is a one dimensional YD 
fcG-submodule of V for any i G J. Denote by V(G, gi,Xi)^ G -0 the pointed YD /cG-module V. 
Note that V{G,gi,Xi'^ G J) = if J is empty. 

Proposition 14.2.4. 1/ is pointed YD kG-module if and only ifV is isomorphic to V(G, gi, %i\ 
i G J) /or some ESC (G,gi,Xi',i G J). 

Proof. If V = V(G,gi, Xi] i G J) for some ESC (G,gi, Xu i G J) of G, then 1/ is obviously a 
pointed YD £;G-module. Conversely, assume that V is a nonzero pointed YD /cG-module. By 
Lemma [14.2.2l V = ® g£ z(G) ^ff anc ^ ^5 = e V"|5 _ (u) = g(g>v} is a pointed YD fcG-submodule 
of V for any g G Z{G). Let g G Z(G) with V g ^ 0. Then V g is a nonzero pointed /cG-module. 
Hence there is a fe-basis {xj | i G J g } such that is a /cG-submodule of for any i £ J g . 
It follows that there is a character %j G G for any i G J g such that h ■ Xi = Xi{h)xi for all 
h £ G. For any « G J 9 , put Oj = g. We may assume that these index sets J g are disjoint, that 
is, J g n Jft = for any g ^ h'm Z(G) with V g ^ and 7^ 0. Now let J be the union of all the 
J g with g G ^(G) and 7^ 0. Then one can see that (G, gi, xf, i G J) is an ESC of G, and that 
V is isomorphic to V(G, gi,Xi',i G J) as a YD fcG-module. □ 

Now we give the relation between RSC and ESC. Assume that (G,gi,Xiii G J) is an ESC 
of G. We define a binary relation ~ on J by 

i ~ 3 & 9i = 9j, 

where i,j G J. Clearly, this is an equivalence relation. Denote by J/ ~ the quotient set 
of J modulo ~. For any i G J, let [i] denote the equivalence class containing i. That is, 
[*] := {j £ J I 3 ~ Choose a subset J C J such that the assignment i 1— > [£] is a bijective 
map from J to J/~. That is, J is a set of representative elements of the equivalence class. Then 
J = U ig is a disjoint union. Let r s g .\ = \ [i] \ for any i G J. Then r = YlieJ r {gi}i9i} is a central 
ramification of G with = [i] for ie J. Moreover, K r (G) = {{g%} \ i G J}. Put X^.i := Xj 

for any i G J and j G [i]. We obtain an CRSC, written CRSC(G, r{gi, xf, i G J), ~x{gi-,Xi'^ £ 
J),u). Let (Q,G,r) be the corresponding Hopf quiver with r = r(gi,Xi',i G J) and denote 
by (kQl, gi,Xi]i £ <-0 the fcG-Hopf bimodule (kQl,G,r,~x ,u). Denote by kQ c (G, gi,Xi',i G 
J) and kG[kQl,G,gi,Xi]i G J] the corresponding multiple crown algebra kQ c (G,r,~x ,u) and 
multiple Taft algebra ZcGf/cQf, G, r, x , «], respectively. We also denote by kQ a (G, gi,Xi\i £ 
kQ sc (G,gi,Xhi G J), kQ s (G, g^Xi'^ S J) and (kG)*[kQf,G,gi,Xf,i G J] the corresponding 
path Hopf algebra kQ a (G, r,~x,u), semi-co-path Hopf algebra kQ sc (G, r,~x,u), semi-path Hopf 
algebra kQ s (G,r,~x ,u) and one-type- path Hopf algebra (kG)*[kQi,G,r,~x ,u], respectively. 

Conversely, assume that (G, r, ~x,u) is a CRSC. We may assume I{ g }(r) n Jr^\(r) = for 
any {g} / {/t} in K r {G). Let J := U{ g } e ;c r (G) 7 {9}( r )- For an y * G J > P ut & : = 3 and Xi := X{j } 
if i G 7{ 5 }(r) with {(7} G /C r (G). We obtain an ESC, written ESC(G, 5 (r, x > u), x ( r > x > w), J). 
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From now on, assume I{ g \(r) H I{h}( r ) = $ f° r an Y {d}i{h} £ /C r (G) with {5} / {/i}. Note 
that, in two cases above, for any i,j G Ir g \(r), we have 



9i=m= 9 , x$ } =xS>=*- ( i4 - 13 ) 

(i) 

Throughout this chapter, let Ej := o, gj) i for any j G J. 

Proposition 14.2.5. CRSC(G, r, ~x, u) CRSC(G, r', ?X) t/ and on/y if ESC(G, 
^(r,^,n), ^(r, J) = ESC(G',7(r',?, n'), ?(r', n'), J')- 

Proof. We use notations above. If CRSC(G, r, x, u ) = CRSC(G, r', ~x', u'), then there 
exists a group isomorphism <fi : G — > G'; for any C G fC r (G), there exists a bijective map 

: Ic{ r ) I(p(C)( r ') such that X / 0(c) V = Xc*''- Let cr be the bijection from J to J' such that 
er(i) = 4>c{i) for any G G /C r (G), i G Ic(r). It is clear that tp(gj) = g 1 ^ and x' CT y)0 = Xj for 
any j G J. Thus ESC(G, ^(r, ^, u), ^(r, ^, «), J) ESC(G, xV), xV, ?,«'), A 

Conversely, if ESC(G, ~g(r,^x,u), ~x(r,~x,u),J) - ESC(G', ?, «'), xV, ?,«'),■/'), 

then there exist a group isomorphism : G —* G', a bijective map a : J —> J' such that 

<KSj) = 3^0') and ^00^ = X J for any J " G J ' For any C = ^ G K-r{G),j G lc(r), we define 
4>c = & \ic(r) an d have 

4tcfV = xt|f^ = x / . o -)0 = xi = xg ) . □ 

If (G, gi,Xi',i G J) is an ESC, then {kQ\, G,gi,xf,i G J) is a fcG-Hopf bimodule with module 
operations a~ and a + . Define a new left /cG-action on fcQi by 

g \> x := g ■ x ■ g^ 1 , g G G, x G feQi, 

where g ■ x = a~(g (g) x) and x ■ g = a + {x (g) 5) for any g G G and x G /cQi. With this 
left /cG-action and the original left (arrow) fcG-coaction <5~, kQ\ is a YD /cG-module. Let 
Q\ := {a G Q\ \ s(a) = 1}. It is clear that kQ\ is a YD /cG-submodule of kQi, denoted by 
(kQ\,ad(G,gi,Xi;i G J)). 

Lemma 14.2.6. (kQ\,ad(G, gi,Xi',i G J)) and V(G, gi, x^ -1 ! * e °0 are isomorphic YD fcG- 
modules. 

Proof. By definition, V(G, ffi, Xi i ^ G J) nas a &-basis {a^ | j G J} such that <5~(xj) = <7i<8>Xj 
and g ■ Xi = xT^is)^ f° r alH S J and g G G. By Proposition I14.1.TTT for any j G J, we have 
that g > = Xj(5 ,_1 )a^.' ) i and <5~( a ^\) = 5j ® R follows that there is a YD /cG-module 
isomorphism from (kQ\, ad(G, gi, Xi', i G J)) to V(G, gi, X^*! * e ^) given by 1— > Xj for any 
i G J. □ 

Lemma 14.2.7. Let B and B' be two Hopf algebras with bijective antipodes. Let V be a YD 
B-module. Assume that there is a Hopf algebra isomorphism (f> : B' — > B. Then ^ B(V) = 
Bit V) as graded braided Hopf algebras in ^,yT>. 
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Proof. We first show that t B(V) is a Nichols algebra of . V by following steps. Let 
R :=t B(V). (i) Obviously, Rq = k, R\ = P(R) and R is generated by i?i as algebras. Since 
C(x®y) = C'{x' ®y') for any x', y' G R, x,y £ B(V) with x' = x, y' = y, where G and C denote 
the braidings in and ^yV, respectively, we have that R is a graded braided Hopf algebra 
in %yV. (ii) R 1 =J _1 B(V)i =J _1 V as YD ^'-modules, since B{V)i V as YD 5-modules. 

Consequently, , B{V) is a Nichols algebra of ^ V. By [3 Proposition 2.2 (iv) ], R = 
B(^ V) as graded braided Hopf algebra in %yV. □ 

Theorem 14.2.8. Assume that (G,gi,Xi',i G </) {G',g'i,x'i'ii £ <^') are ESC 's. TTien 
the following statements are equivalent: 

(i) ESC(G,g ilX i;i G J) = ESC(G",^, X ^ € J'). 
_^ (ii) CRSC(G,r(G, 5i , Xi ;i € J), x(G,g h Xi;i € J),«) = CRSC(G',r'(G',ix^ 6 J'), 
?(G',5i,X^e J'), «')• 

(iii) There is a Hopf algebra isomorphism : ZcG — > /cG' suc/i £/iai V(G, gi,Xi', z G J) = 
^~ 1 V'(G'g' i ,x' i ; i G J') as YD kG -modules. 

(iv) There is a Hopf algebra isomorphism '■ kG — ► A;G' suc/i i/iai B(V(G, gi,Xi', i G J)) = 
^ iB(V (G', x^; i G J')) as graded braided Hopf algebras in ^yD. 

(v) There is a Hopf algebra isomorphism : kG — ► fcG' sitc/i i/toi (/cQ{, ad(G, <7i, Xij ^ £ <^)) — 
J~ 1 (JfeQ / i,ad(G',^,Xi;» G •/')) « s YD kG-modules. 

(vi) kG[kQi,G,gi,Xi',i G J] * kG'[kQ'l,G' , g'^x'^i G J']. 

Proof. We use he notations before Proposition 114.2.51 

(i) =>■ (ii). There exist a group isomorphism : G — > G' and a bijective map a : J — > J' such 
that 0(g,) = fl/^ and x' a (j)^ = Xj for any j G J. For any C = {g{\ G K r (G) and j G Ic(r), we 
have gi = gj and 

(i) (i) 
Xc-X& } = Xj = X aU) <t> 

_ y /(-0')) ^ _ Y /(^0')), _ /(0c 0')) , 

~ * K w r - x m^)} <p ~ x hc) Q ■ 

(ii) =>- (i). There is a group isomorphism : G ^ G' and a bijection 0c : Ic( r ) ~> ^>(C)( r ') 
such that x'^(c)V = Xc f° r anv ^ = {&} G K-r{G), j G Ic{ r )- Define a map cr : J — ► J' 
such that cr |/ c (r)= 0C fo r any C G K r (G). Thus cr is bijective. For any C = {gi} G K r (G) and 

i e J {<?i}( r ), we have <f>(9j) = 4>(9i) = 9' u{j) and X ' *(j)<t> = X^ {g , } {j)4> = X^S})^ > = xj£ } = 
This shows that ESC(G, ~g, x, J) = ESC(G', 7, j?, ^')- 

(i) (iii). Let V := V(G,^,Xi; » 6 and V' := V'iG'&jfc % G J'). By definition V has 
a fc-basis {xj | z G J} such that g ■ Xi = Xi{g) x i and o"~(xj) = gi® Xi for any i G J and g G G. 
Similarly, V' has a A:-basis {yj \ j G J'} such that h ■ yj = x'j{h)Vj and 5~~(yj) = g', ® yj for all 
j G J' and h G G'. 

Assume ESC(G, if, ~x,J) = ESC(G', g' , x'^J')- Then there is a group isomorphism : 
G — » G' and a bijective map a : J ^ J' such that 0(oj) = and x4(i)^ = Xi f° r any i E J. 
Hence : /cG — > kG' is a Hopf algebra isomorphism. Define a /c-linear isomorphism ip : V — > V 
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by ip(xi) = y a (j\ for any i £ J. Then it is straightforward to check that ip is a YD fcG-module 
homomorphism from V to ^ V . 

Conversely, assume that <p : kG — > /cG" is a Hopf algebra isomorphism and ip : V — ► t V is 
a YD /cG-module isomorphism. Then : G — > G' is a group isomorphism. We use the notations 
in the proof of Lemma [14.2.2l and the notations above. Then ip(V g ) = VL g \ fo r any 9 £ G. Since 
V = 0j g j V 9i and V = 0j g j/ K'., there is a bijection r : J — > J' such that ^(T^J = K' 
for any i £ J. This shows that </>(<&) = g'/-, and F gi = ^(V' ) as left fcG-modules for any 
i £ 3. However, is a pointed fcC-module and kxj is its one dimensional submodule for any 
j £ [i]. Similarly, V„> is a pointed /cG'-module and kyj is its one dimensional submodule for 
any j £ Hence there is a bijection </>{ 9 .} : [i] — > [T(i)] for any i £ J such that fexj and 

(p(ky<j, {g . } (j)) are isomorphic A;G-modules for all j G [i]. This implies that Xj = X^, { ^ or an 

j £ [i] and i £ J. Then the same argument as in the proof of (ii) =>- (i) shows that ESC(G, g , 
"X, J) ESC(G',7, (iii) ^ ( iv ) It follows from Lemma[H221 (hi) (v) It follows 

from Lemma 114.2.61 (ii) 4^ (vi) It follows from Theorem 114. 1.131 □ 

Up to now we have classified Nichols algebras and YD modules over finite abelian group 
and the complex field up to isomorphisms, which are under means of Theorem 114.2.81 (iv) (iii) , 
respectively. In fact, we can explain these facts above by introducing some new concepts about 
isomorphisms. For convenience, if B is a Hopf algebra and M is a i?-Hopf bimodule, then 
we say that (B,M) is a Hopf bimodules. For any two Hopf bimodules (B,M) and (B',M'), 
if cj) is a Hopf algebra homomorphism from B to B' and ip is simultaneously a S-bimodule 
homomorphism from M to ^M' ^ and a i?'-bicomodule homomorphism from ^M^ to M', then 
((f), ip) is called a pull-push Hopf bimodule homomorphism. Similarly, we say that (B,M) and 
(B, X) are a YD module and a YD Hopf algebra if M is a YD .B-module and X is a braided 
Hopf algebra in Yetter-Drinfeld category ^yD, respectively. For any two YD modules (B,M) 
and (B', M'), if <p is a Hopf algebra homomorphism from B to B', and ip is simultaneously a left 
B-module homomorphism from M to ^M' and a left S'-comodule homomorphism from to 
M 1 , then (cp, ip) is called a pull-push YD module homomorphism. For any two YD Hopf algebra 
(B,X) and (B',X'), if (p is a Hopf algebra homomorphism from I? to B' , ip is simultaneously a 
left -B-module homomorphism from X to ^X' and a left -B'-comodule homomorphism from ^X 
to X' , meantime, ?/> also is algebra and coalgebra homomorphism from X to X', then (<p,ip) is 
called a pull-push YD Hopf algebra homomorphism. 

Consequently, we have classified Nichols algebras over finite abelian group and the complex 
field up to pull-push graded YD Hopf algebra isomorphisms and YD modules over finite abelian 
group and the complex field up to pull-push YD module isomorphisms, respectively. In other 
words, element systems with characters uniquely determine their corresponding Nichols algebras 
and YD modules up to their isomorphisms. 
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14.3 The relation between quiver Hopf algebras and quotients 
of free algebras 



In this section we show that the diagram of a quantum weakly commutative multiple Taft 
algebra is not only a Nichols algebra but also a quantum linear space in ^3^; the diagram of a 
semi-path Hopf algebra of ESC is a quantum tensor algebra in ^yV; the quantum enveloping 
algebra of a complex semisimple Lie algebra is a quotient of a semi-path Hopf algebra. 

14.3.1 The structure of multiple Taft algebras and semi-path Hopf algebras 

Assume that H = © i>0 Hu\ is a graded Hopf algebra with invertible antipode S. Let B = Hr Q \, 
and let ttq : H — > H(n) = B and lq : B = Hffy — > H denote the canonical projection and 
injection. Set oj := idjj * (lottoS) : H — > H. Then it is clear that (H, 5 + ,a + ) is a right S-Hopf 
module with 5 + := (id0vr o )A and a + := /i(id<g)i )- Let R := H coB := {h € H \ 6+(h) = h®l}, 
which is a graded subspace of H. Then it is known that R = Im(u;) and A(i?) C H ® R. Hence 
R is a left coideal subalgebra of H, and so R is a left ff-comodule algebra. It is well known that 
R is a graded braided Hopf algebra in ^yD with the same multiplication, unit and counit as in 
H, the comultiplication A.r = {uj <&id)A , where the left S-action an and left S-coaction 5r on 
R are given by 

a R (b®x) = b ^ ad x = y~)b( 1 )xS(b(2)), S^(x) = y^n (x(i)) <g) X( 2 ), b£B, x G R (14.14) 

( see the proof of [991 Theorem 3]). R is called the diagram of H, written diag(H). Note that 
diagram R of H is dependent on the gradation of H. By [991 Theorem 1], the biproduct of R 
and B is a Hopf algebra, written R^#B, or Rj^B in short. The biproduct R%^#B is also 
called the bosonization of R. Furthermore, we have the following well known result. 

Theorem 14.3.1. (see f£0 p. 1530], J$ and J22J/) Under notations above, if H = (& i>0 H (i) 
is a graded Hopf algebra, then R is a graded braided Hopf algebra in B yD and R#B = H as 
graded Hopf algebras, where the isomorphism is a + := uniidn 8) to)- 

Remark: If A be a Hopf algebra whose coradical Aq is a Hopf subalgebra, then it is clear 
that H := grA is a graded Hopf algebra. The diagram of H with respect to gradation of grA is 
called the diagram of A in [5J Introduction ]. 

Lemma 14.3.2. (i) Assume that H and H' are two graded Hopf algebras with B = H(q\ 
and B' = . Then H = H' as graded Hopf algebras if and only if there exists a Hopf algebra 
isomorphism (j) : B —> B' such that diag(H) = ^ diag(H') as YD B-modules and as graded 
braided Hopf algebras in B yD. 

(ii) Let B and B' be two Hopf algebras. Let M and M' be B-Hopf bimodule and B 1 -Hopf 
bimodule, respectively. Then B[M] = B'[M'] as graded Hopf algebras if and only if there exists 
a Hopf algebra isomorphism <f> : B B' such that diag(B[M\) = t diag(B'[M']) as YD 
B-modules and as graded braided Hopf algebras in ^yT> . 
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Proof, (i) Assume that £ is a graded Hopf algebra isomorphism from H to H' . Let R := 
diag(H), R' := diag(H'), <fr '■= £, \b and ^ := £ |#. It is easy to check that ^ is the map required. 

Conversely, by Theorem MAH R#B = H and R'#B' = H' as graded Hopf algebras. Let £ 
be a linear map from R#B to R'#B' by sending rff-b to i/j(r)#<f)(b) for any r £ R, b £ B. Let 
;/ be a linear map from to by sending r'#b' to i/! _1 (r')#</> -1 (&') for any r' £ i?', 

b' £ B' . Obviously, v is the inverse of £. Since i/> is graded, so is £. 

Now we show that £ is an algebra homomorphism. For any r, r' £ -R, b, b' G 5, see 

^pt^)®^')) = ^(r(6 ( i) V))#0(6 (2) 6') 

= r/»(r)(0(6 (1) )^(rO)#0(& ( 2))0(6) 

(since ^ is a pullback module homomorphism 
and an algebra homomorphism. ) 
= Mfl'#B'(e(r#6)®e(r'#&')). 

Similarly, we can show that £ is a coalgebra homomorphism. 
(ii) It follows from (i). □ 

Lemma 14.3.3. (i) (kQ c (G,r,~x ,u)) co kG = span{j3 \ is a path with s(/3) = 1}. (ii) 
(kG\kQ\, G, r, ~x,u]) co kG is the subalgebra of kG[kQ1,G,r,~x ,u] generated by Q\ as algebras. 

(iii) {kG[kQ\ , G, r, ~x, u]) co kG j^kG = kG[kQ\, G, r, ~x, u] as graded Hopf algebra isomorphism. 

(iv) (kQ s (G,r,~x ,u)) co kG is the subalgebra of kG s (G,r,~x ,u) generated by Q\ as algebras. 

Proof, (i) For a path 0, see that 

5 + (P) = (id®ir )A(f3) = 0®s(0). 

This implies (kQ c ) co kG = span{(3 \ is a path with s(0) = 1}. 

(ii) Since every path generated by arrows in Q\ is of start vertex 1, this path belongs 
to {kG[kQl,G,r^,u]) co kG . Let R := (kG[kQ$,G,r,x \u]) c ° k ° and A := the subalgebra 
of kG[kQi,G,r,~x,u] generated by Q\ as algebras. Obviously, A C R. It is clear that 
a+(R#kG) = a + (A#kG) = kG[kQl,G,r,^c,u] and a+ is injective. Thus R#kG = A#kG 
and R = A. 

(iii) It follows from Theorem 114.3.11 

(iv) We first show (kQ s ) co kG = span{(3 \ = 1, or = n ® kG n -i ®kG • • • ®kG Pi with 
niLi s (Pi) = 1 and 0i £ Q\, i = 1, 2, • • • , n; n G Z + }. Indeed, obviously right hand side C the 
left hand side. For any = n Pn-l ®kG ' " ' ®kG Pi with 0i £ Qi, called a monomial, define 
S (P) = Iir=i For any / ti £ (kQ s ) co kG with it fcG, there exist linearly independent 
monomials u\, it2, ■ ■ ■ , it n such that it = £)£=i &iUj with / 6j G for i = 1, 2, • • • n. See S + (u) 
= Y17=i bi u i ® s ( u i) = u ® 1. Consequently, s(«j) = 1 for i = 1, 2, • • • , n. This implies that it 
belongs to the right hand side. 

For any = n <8> fcG /? n _i (g> fcG • • • ® fcG ft with n"=l s (Pi) = 1 and ft G Qi, i = 1, 2, • • • ,n, 
we show that can be written as multiplication of arrows in Q\ by induction. When n = 1, it 
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is clear. For n > 1, see f3 = (3 n ® kG /3 n _i ® kG ■ ■ ■ ® kG j3 2 ■ s(/3i) ® kG (s(fh) 1 ■ 0i)- Thus (3 can 
be written as multiplication of arrows in Q\. Consequently, we complete the proof of (iv). □ 

Recall that a braided algebra A in braided tensor category (C, C) with braiding C is said 
to be braided commutative or quantum commutative, if ab = fiC(a (g) b) for any a, b £ A. An 
ESC(G, gi, Xi', i G J) is said to be quantum commutative if 

Xi(9j)Xj(9i) = 1 

for any i,j £ J. An ESC(G, gi, Xi', i G J) is said to be quantum weakly commutative if 

Xi(9j)Xj(9i) = 1 

for any i,j £ J with % ^ j. 

Lemma 14.3.4. (i) ESC(G, gi, x%\ i G J) is quantum weakly commutative if and only if in 
diag{kG[kQ\,G,gi,Xui G J]), 

Ei-E j = Xj(g; 1 )E j -E i (14.15) 

for any i,j £ J with i ^ j. 

(ii) diag(kG[kQ\,G, gi,Xi',i G J]) is quantum commutative in^yV if and only if 'ESC (G, gi,x%,i £ 
J) is quantum commutative. 

Proof, (ii) By Theorem 114.3. 1\ R := diag(kG[kQ\, gi,Xi]i G J]) is a braided Hopf algebra 
in kG yD. If diag(kG[kQ1, gi,Xi',i G J]) is quantum commutative in kG yT>, then 

Ei-E^xjigr^Ej-Ei (14.16) 

for any i,j G J. By [36\ Theorem 3.8] and Proposition 114.1.111 we have 



Ei ■ E 



(j) (i) , W 0) 

j — a 9igj,gi a g u l + '/'/"v ," ; y : .i • 

pi pi _ „ „0) _(*) i „(*) „0) 

-C'j • -C'i — qji u gigj,gi a gi) i ~r a gigj,gj u gj ,i- 

Thus Xi^ 1 ) =Xj(9i)- 

Conversely, if Xi(gj l ) = Xj(9i) for any i,j £ J, see 

pi pi _ „(*) „0) 

(j) W , W 0) 

— a 9i9j,9i a gi,l + < lij a gigj,gj a g J ,l 

= 1ij{lji a g\gj,g t a gi ,i + a g%g^gj a g h \) 

CO W 

Since E^'s generate -R as algebras, i? is quantum commutative, 
(i) It is similar to the proof of (ii). □ 
For any positive integers m and n, let 

n+m 

D n+m = |^ = (^ n+jn)C f n+m _ l5 . . . | d. = or 1, ^ d i = n }- 

i=l 
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(dA)i 



Let d G D™ +m and let A = a n a n ^\ ■ ■ ■ a\ G Q n be an n-path. We define a sequence dA = 
((dA) n+m , ■ ■ ■ , (dA)i) by 

*(od(i)) , if di = 0; 

, if dj = 1, 

where 1 < i < n + m and d(i) = Sj=i dj- Such a sequence d^4 is called an n + m-thin splits of 
the n-path A Note that if d(i) = then we regard i(a^(i)) = since s(ad(i)+i) = s(ai) in 

this case. 

If ^ q G k and < i < n < ord(q) (the order of q), we set (0) 9 ! = 1, 
1 1 where (n) q \ = J J_ (i) q , : ' 



(i) q i(n-i )q v — ^11;- ^ ,-1 



In particular, (n) 9 = n when q = 1. 



Lemma 14.3.5. in kQ c (G,r,~x,u), assume {g} G K r (G) and j G 7{ g }(r). Zei g := X/g}(5)' 
If ill Hi' " li-m be non-negative integers, then 

where a m = i x + i 2 H h i m; Pjf\g,m) = cigl h>g m-i h agi-i h>gm -2 h ■ • ■ /?i = and 

/3m = (*l + *2 H h ij) ifm>l. 

Proof. We prove the equality by induction on m. For m = 1, it is easy to see that the 
equality holds. Now suppose m > 1. We have 

C?) . o 0') o 0') 

f^m — l 

= a (») . c a (J') ' a (?) ) 

= o^- 1 (m - l) g !a^ +1)ffim • Pg°L-i (9, m-1) (by inductive assumption ) 



9 m ~ 1 1 ,9 



1 + 1 n a m-l - 



qpm-i^ _ \) q \ a 



g^m — L > "- " iQ^ rn ~ x ' ~ ** v " g a m— l~^^g a m— 1+^ ^ ' 

C„0') . n a m -i+!-lvJ m . „0') \ . . . c„i m . \1 

^jim+l^im i/ U, g a m -l+l-l g a m _ 1 +l-2) \!J U j«m- 1 + 1 y g a m- 1 /J 

(by [36, Theorem 3.8] ) 

{X^ } (9 am - 1+l - l )a^ m+l ^^ (by ProposztioTMUM 

= q Pm -Krn-l) q \YT=i^ m - 1+l ' l 4^9,rn) 
= qP™-i +a ™-i(m) q \P { g il(g,m) 
= qP m (m) q \Pgi! m (g,m). □ 

Lemma 14.3.6. (See |5l Lemma 3.3]) Let B be a Hopf algebra and R a braided Hopf algebra 
in ^yD with a linearly independent set {x\ . . . ,xt} Q P(R)- Assume that there exist gj G G(E>) 
(the set of all group-like elements in B) and Xj G Alg(B, k) such that 

8(xj) = gj (g) Xj, h- Xj = Xj(h) x j, f or all h £ B,j = 1,2, - ■■ ,t. 
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Then 



{x^x™ 2 ■ ■ ■ x™* | < rrij < Nj, 1 < j < t}. 

is linearly independent, where iVj is the order of qi := Xi{9i) ( Ni = oo when qi is not a root of 
unit, or qi = 1 ) for 1 < i < t. 

Proof. By the quantum binomial formula, if 1 < nj < Nj, then 

A(*?)= £ 



l 3 J 



X- u Xj < 



We use the following notation: 

n = (m, ■ • • ,rij, ■ ■ ■ ,n t ), x n = x™ 1 • • • x" J ■ ■ ■ x™', |n| = n\ -\ Vrij-\ \-n t ; 

accordingly, N = (N\, • • • , N t ), 1 = (1, • • • ,1). Also, we set 

i < n if ij < n,j, j = 1, • • • , t. 
Then, for n < N, we deduce from the quantum binomial formula that 

A(x n ) =x n ® l + l®x n + £ c^x^x"" 1 , (14.17) 

0<i<n, O^i^n 

where c nj i ^ for all i. 

We shall prove by induction on r that the set 

{x n | |n| < r, n< N} 

is linearly independent. 

Let r = 1 and let oq + Yll=i a i x i = 0> with cij G k, < j < t. Applying e, we see that ao = 0; 
by hypothesis we conclude that the other a/s are also 0. 

Now let r > 1 and suppose that z = ^| n |< r n<N a n x n = 0. Applying e, we see that ao = 0. 
Then 

= A(z) = Z(g)l + l(g)Z+ £ «n £ Cn ' ixi ® %X 11 

l<|n|<r,n<N 0<i<n, O^i^n 

= £ £ a-nC^iX 1 ® x n ~ l . 

l<|n|<r,n<N 0<i<n, O^i^n 

Now, if |n| < r, < i < n, and / i / n, then |i| < r and |n — i| < r. By inductive hypothesis, 
the elements x 1 (g) x 11-1 are linearly independent. Hence a n c nj i = and a n = for all n, |n| > 1. 
Thus a n = for all n. □ 

Assume that (G, Qi,Xu3 G J) is an ESC. Let T(G, Qi,XuJ £ ^) be the free algebra generated 
by set {xj \ j G J}. Let S(G,gi,Xi',j G </) be the algebra generated by set {xj | j G J} with 
relations 

XiXj = Xj(9i)xjXi for any i,j G J with i / j. (14.18) 



331 



Let 1Z(G, gi,Xi', j £ J) be the algebra generated by set {xj \ j G J} with relations 



x. 



Ni _ 



0, XiXj = Xj{9i)XjXi for any i,j, I G J with Ni < oo, i ^ j. 



(14.19) 



Define their coalgebra operations and fcG-(co-)module operations as follows: 



Axi = Xi <g> 1 + 1 <g> Xi, e(xi) = 0, 5 (xi) = gi (g> x« 



h-xi = Xi(h)xi 



(14.20) 



T(G, gi,Xu j £ </) is called a quantum tensor algebra in j^yC, S(G, gi,Xu j £ </) is called a 
quantum symmetric algebra in and lZ(G,gi,Xi',j £ </) is called a quantum linear space in 

^3^D. Note that when ESC(G, gj, x?.; i £ is quantum weakly commutative with finite J and 
finite Nj for any j G J, the definition of quantum linear space is the same as in [51 Lemma 3.4]. 
Obviously, if Ni is infinite for all i G J, then S(G,gi,Xuj G J) = 1Z(G, gi,Xi] j G •/)• 

Theorem 14.3.7. Assume that ESC(G, gfj, x«; i G J) is quantum weakly commutative. Let -< 
be a total order of J. Then 

(i) The multiple Taft algebra kG[kQi,G,gi,Xi]i £ J] has a k-basis 



Moreover, kG[kQ1,Ggi,Xi',i £ J] is finite dimensional if and only if \G\, \J\ and Nj are finite for 
any j G J. In this case, d\m k {kG[kQ\, G,gi,Xi',i £ J]) = \G\N1N2 • • • N t with J = {1, 2, • • • , t}. 
(ii) diag(kG[kQi,G,gi,Xi]i £ ^]) a k-basis 



{E™ 1 -K 2 2 K: I < rrij < Nj ; Vj < u j+1 , Vj G J,j = 1, 2, • • • , t; i G Z+}. (14.21) 



(iii) diag(kG[kQl,G, gi,Xui S J]) is a Nichols algebra in and 1Z(G, g%,xT iJ £ ^) - 
diag(kG[kQ1,G, gi,Xi',i £ </]) as graded braided Hopf algebras in ^yD, by sending Xj to 
for any j £ J. 

(iv) T(G,gi,x^ 1 ',j G J) = diag(kQ s (gi,Xi',i G J)) as graded braided Hopf algebras in 
algebras, by sending Xj to \ for any j G J. 

(v) kQ s (G,gi,Xi]i G J) =T(G,g i ,Xi 1 'ij 6 J)#kG as graded Hopf algebras and kQ s (G , gi , xf, t 
J) has a k-basis 

{g-E Ul ® k GE V2 ® kG ---® kG E Vt I r/j G J,j = l,2,--- , t; t G Z+ U {0}, 5 G G}, 

w/iere 5 • (gifec E^ ®fcG • ■ ■ ®fcG E Vt = g when t = 0. 

./Vote i/iai fw) and (v) still hold without quantum weakly commutative condition. 

Proof, (ii) Since (Nj) q A = 0, it follows from Lemma T14.3.3I that E^ J = when Nj < 00. 
By Lemma 114.3.41 Ej ■ Ej = Xj(d^ 1 )Ej ■ Ei for any i,j G J with % ^ j. Considering Lemma 
114.3.61 we complete the proof. 

(iii) By Lemma [14.3.3l and Eq. (|14.15p . there exists an algebra homomorphism ifj from TZ(G, gi, xi 
J) to diag(kG[kQl,G, gi,Xi',i £ J]) by sending Xj to for any j G J. By (ii), ip is bijective. 
It is clear that ip is a graded braided Hopf algebra isomorphism. 



{g • • E- 2 



E™ 4 I < < AT,-; i/,- -< ^ G J, j 



1,2,- •■ ,t;tGZ+, 5 GG}. 
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Let R := 1Z(G, gi, xf, * £ Obviously, Rn\ C P(R). It is sufficient to show that any 
non-zero homogeneous element z £ R, whose degree deg(z) is not equal to 1, is not a primitive 
element. Obviously, z is not a primitive element when deg(z) = 0. Now deg(z) > 1. We can 
assume, without lost generality, that there exist v\,V2,--- , ft € J such that z = X^|i|=n ^i^S 
where fcj G /c, x 1 = x^x 1 ^ ■ ■ ■ x l J t with i\ + ii + • • • + it = n. It is clear 

A(z) = ^2 kA^ 1 ) = z®1 + 10z+^ ^ fciCijar 5 ® (14.22) 

|i|=n |i|=n 0<j<i, O^j^i 

If z is a primitive element, then 5Zm=n So<j<i o^j^i ^i c i,j xJ ® 3;1 ~ J = 0- Since cy / 0, we have 
fei = for any i with | i |= n, hence z = 0. We get a contradiction. Thus z is not a primitive 
element. This show Rm = P(R) and R is a Nichols algebra. 

(iv) and (v). Let A := T(G, x~i X \3 S J) and i? = diag(kQ s (G, gi, Xi',i £ <-0)- Let ?/> be an 

algebra homomorphism from T(G,gi,x^ 1 ',j e ^) *° diag(kQ s (G,gi,Xi',i S J)) by sending Xj to 

(i) 

i 

It is clear that T(G,gi,x^ 1 ',j G J) is a kG- module algebra. Define a linear map v from 
A#kG to feQ s by sending Xj#g to • 5 = a + (a^\ !g> 5) for any g £ G,j £ J. That is, z/ is 
the composition of 



A#kG^ d R#kG°^ kQ s , 

where a + = /J>kQ s (id<8i lq) (see Theorem 114. 3. 1|) . Define a linear map A from kG to Aj^kG by 
sending g to l#g for any g £ G and another linear map 7 from kQ\ to AjfkG by sending ft h 
to x'i 1 { n ) x iH zn fo r an y ^ € G, i & J- It is clear that 7 is a /cG-bimodule homomorphism from 
kQl to \(A#kG)\. Considering kQ s = T^cikQI) and universal property of tensor algebra over 
kG, we have that there exists an algebra homomorphism <p = T^q{\,^) from kQ s to A#kG. 
Obviously, <f> is the inverse of v. Thus 4> is bijective. It is easy to check that <f> is graded Hopf 
algebra isomorphism. Obviously, {x Vl x U2 ■ ■ ■ x Ut #g \ Vj € J, j = 1, 2, • • • , t; t G Z + U {0}, 5 G G} 
is a basis of T(G, gi, Xi '■> j G J)#kG. See 

v{x vx x v ^ - ■ ■ x vt #g) 
= E V1 ® kG E V2 ® fcG • • • ® fcG Ey t • 5 

Thus {<? • E Vl ®kG Pu 2 ®kG ' ' ' ®kG Pu t I Vj G J, j = 1,2, • • ■ ,t;t £ Z + U {0}, 5 G G} is a basis of 
/cG; s . It is easy to check that t/> is graded braided Hopf algebra isomorphism. 

(i) Considering (ii), Lemma 114.3.31 and Theorem ll4.3.1l we complete the proof. □ 

14.3.2 A characterization of multiple Taft algebras 

In this subsection we characterize multiple Taft algebras by means of elements in themselves. 

Definition 14.3.8. For a quantum weakly commutative ESC(G, gi, Xi] i £ J) } let A be the 
Hopf algebra to satisfy the following conditions: (i) G is a subgroup of G(A); (ii) there exists a 
linearly independent subset {Xi \ i £ J} of A such that A is generated by set {Xi \ i £ J} U G 
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as algebras; (iii) X~ is (1, gA -primitive, i.e., A(Xj) = Xj ® 1 + gj £3 Xj, for any j £ J; 
(iv) Xjg = Xj{g)gXj, for any j £ J„ g £ G; (v) XjXi = Xj{m) x i x j, for i,j G J with 
i ^ j; (vi) ^4(o) H ^(i) = 0; where := /cG and is iae vector space spanned by set 
{hX{ \ i £ J;h £ G}. Furthermore, let J(A) denote the ideal of A generated by the set 

{X^ | Ni < oo, i G J} 

and H(G, gi,Xi]i G J) iae quotient algebra A/J{A). 

Lemma 14.3.9. ^See JSl Lemma 3.3] ) Let H be a Hopf algebra with a linearly independent 
set {x±...,Xt} and G a subgroup of G(H). Assume that gi £ Z(G) and Xi G G such that 
A(xi) = Xi <g> 1 + g% ® Xi, Xih = Xi(h)hxi, for i = 1, 2, • • • , t, h G G. If the intersection of kG 
and span {hxi | 1 < i < t, h £ G} is zero, then 

{hx^x™ 2 ■ ■ ■ x™< | < mj < Nj, 1 < j < t; h £ G}. 

is linearly independent, where Ni is the order of qi := Xi(di) ( N = oo when qi is not a root of 
unit, or qi = 1 ) for 1 < i < t. 

Proof, (i) We first show set {hxi \ i = 1, 2, • • • , t; h G G} is linearly independent. Indeed, 
suppose that z = Y2heG^2l=i ^i,h^ x i = ® with kij t £ k for h £ G, 1 < i < t. Applying A, we 
get 

t 

^ ^ ki^ h {hgi (g> hxi + hxi ® h) = 0, 
h£G i=l 

which implies that X^i=i ^i,h^ x i = f° r an y h £ H, hence kih = for any h £ H, i = 1, 2, • • • , t. 

(ii) We use the notation in the proof of Lemma 114.3.61 We shall prove by induction on r 
that the set 

{hx 11 | |n|<r, n<N;h£G} 

is linearly independent. 

By the quantum binomial formula, if 1 < nj < Nj, then 

A(x] j ) = ( ' ) 9j ® 4 ! 1 1.23) 

For n< N, we deduce from Eq. (114.231) or [UU Eq. (5.9)]) that 

A(x n ) = x n ®l + g n ®x n + Yj Cn.i^^"" 1 ® ^, (14.24) 

0<i<n, O^i^n 

where g 1 = g % i g % 2 • • • g % t an d 7^ c n> i G for all i. Obviously, the claim holds when r = 0. 

Let r = 1 and let Ylh&G b hh + ^2 heG Ya=i h,ihxi = 0, with b htj ,b h £ k, < j < t. It follows 
from hypothesis that J2 heG b^h = and YlheG Yli=i °h,ihxi = 0, hence b^ = and b^i = by 
(i) for any h G G, 1 < i < t. 
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Now let r > 1 and suppose that z = J2h&G S|n|<r n<N t>h,nhx n = 0. Then 

= A(z) = z®l + l® z + ^2b hfi h® ^2 b h,n ^2 Cn^/l""' <g> x 1 

heG heG l<H<r,n<N 0<i<n, O^i^n 

/iGG l<|n|<r,n<N 0<i<n, O^i^n 

Now, if |n| < r, < i < n, and 7^ i 7^ n, then |i| < r and |n — i| < r. By inductive hypothesis, 
the set {hg x x n ~ l (g> hx K | < i < n, 7^ i / n, | n | < r, n < N, h G G} U{/i g) /i | /j G G} are 
linearly independent. Hence 6^ i0 = and 6ft, jn c n i = 0, which implies bh n = for any h G G, all 
n. □ 

Proposition 14.3.10. // ESC(G, 5^, i G J) is quantum weakly commutative, then H(G; 
9i)Xi] i £ J) a-nd multiple Taft algebra kG[kQ1,G, gi,Xu « G J] are isomorphic as graded Hopf 
algebras. 

Proof. Let H := H(G; gi,Xi'^ £ J)- Denote by Xj the image of Xj under the canonical 
projection A — > A/J(A). We say that hX^X^ • • ■ XI* is a monomial with degree n if h G G 
and i± + 12 + • ■ ■ + it = n, where v\, U2, ■ ■ ■ , ft G J, t G Z + . Let i7( ) := &G an d -£f( n ) be the 
vector space spanned by all monomials with degree n. It follows from Lemma 114.3.91 that H is 
a graded Hopf algebra. By the method similar to the proof of Lemma I14.3.3( ii) , we can obtain 
that H co kG is a subalgebra of H generated by X-s. By Theorem 114.3.11 H co kG is a braided 
Hopf algebra in and H is the bosonization of H co kG . Considering Theorem 114.3.71 (iii), 

we only need to show that 1Z(G,gi,Xi l 'i3 G J) = H co kG as graded braided Hopf algebras. Let 
-< be a total order of J. Since (Nj) qj \ = 0, it follows from Lemma 114.3.31 that X^ j = when 
Nj < 00. Considering Lemma ll4.3.61 we have that 

{X^X^ ■ ■ ■ X%* I < mj < Nj; Vj ■< is j+h Uj G J,j = 1,2, ■ - - , t;t G Z+} 

is a basis of diag(H). Consequently, we have an algebra isomorphism ijj from 7Z(G, gi, x7 j i G J) 
to H co kG by sending Xi to Xj. It is easy to check that ip is also a graded braided Hopf algebra 
isomorphism. □ 

Remark: H(G ', <7i,Xij* ^ J) J us t ^ s H(C, n, c, c*, 0, 0) in |40^ Definition 5.6.8 and Definition 
5.6.15] with G = C, J = {1, 2, • • • , i}, 1 < = iVj < 00, = a, c* = Xi for i = 1, 2, • • ■ , t. 

14.3.3 The relation between semi-path Hopf algebras and quantum envelop- 
ing algebras 

If 7^ q G k and < 2 < n < ord{q) (the order of q), we set 



n 
i 



where [n] g ! = j [ 



\l \ a l \n — l\ > 

1 sq 1 lq Ki<n 



Let 5 be a Hopf algebra and R a braided Hopf algebra in ^yD. For convenience, we denote 
r#l by r and 1#6 by b in biproduct R#B for any r £ R, b £ B. 
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Lemma 14.3.11. Let B be a Hopf algebra and R a braided Hopf algebra in %yT> with x\,x 2 6 



P(R) and (71,52 G ^{G{B)). Assume that there exist XI1X2 G Alg(B,k) with \/xi{dj) £ k such 
that 

Sr(xj) = gj ®Xj, h- xj = Xj{h~ l )xj, 

for all he B,j = 1,2. 

(i) If r is a positive integer and 

X2(gi)xi(92)xi(gi) r - 1 = 1, xi{gi)^ r - 1] X2{gi) = l, r - i< ord( X i(gi)), (14.25) 



£(-*)' 



m=0 



r 
m 



J Vxitef 1 ) 



(14.26) 



= (ad c xi) r a;2 is a primitive element of R and a (1, g^g 2 ) -primitive element of biproduct Rfj^B, 
where (ad c xi)x2 = x\x 2 — X2{g\ V )x 2 x\. 

(™) If Vxi(g2)\/X2{gi) = 1 and xigj = Xi{gj)gjXi for i,j = 1,2, then 



Vx2{gi)xix 2 - \/xi (g2)x 2 xi 

is a primitive element of R and 

Vx2(gi)xix 2 - VxAg2)x 2 xi - f3{g 1 g 2 - 1) 
is a (1, 3152) -primitive element of biproduct RffB for any (5 E k. 



Proof, (i) Let z := £^(-1)' 
is primitive. However, 

{ad c xi) r x 2 



r 

m 



f x m x 2 x™. By [6j Lemma A. 1], {ad c x\) r x 2 



r 
r 



m=0 



r 
rn 

r 
m 

r 
m 



Xi(g^))^ m{m - l) x 2 (g^)) m x\- m x 2 x? (by 0(A8)]) 



xi (sr 1 ) 



Vxiisr 1 ) 



xi( 5 r 1 ))^ m(T - 1) x2(5r 1 )) m ^r m ^xr (by @ p4od 



^~ m rE 2 x™ (by assumption fl!4.25[> ). 



Thus z is primitive in R, i.e. 



A^z) = ^(8)1 + 1(8) z. 



(14.27) 
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Since 



we have 



m=0 

r 



rn=0 

9[92 <8 Z, 



r 
m 

r 
m 



5 R (x r 1 - m x 2 xr 



9x92 <8 x\- m x 2 x 1 1 n 



A R#B (z) = A R#B (z#l) 

= (icLr <8 [Ib <8> id,R <8 id B )(id R (8 ids <8 C RyB <8 ids) 

(id R ®5 R (g> A B )(l#z (8) 1) + z <8 1 (by Theorem [14XT}) 
= <7l#2 <8 z + £ <8 1, 

where C R)B denotes the ordinary twist map from R (8 B to <8 by sending r (8 6 to b <g> r for 
any r £ R,b € B. 
(ii) See 



A 



Vx2(gi)(gi92 <8 xix 2 + a;i52 0x2 + 5ix 2 <8 a>i + xix 2 <8 1) 
-\f\Km){9i92 <8 x 2 xi + x 2 g\ ®xi+ g 2 xi ®x 2 + x 2 Xi <8 1) 



9192 ® (Vx2(9i)xix 2 - Vxi(92)x 2 x 1 ) + (y^Cs^x^ - \ / Xi(92)x 2 x 1 ) (8) 1 
(by assumption of (ii)) 



and 



A R#B (Vx2(gi)xix 2 - Vxi(92)x 2 x 1 ) - A R#B {j3(gig 2 - 1)) 
5152 8) (\/x2(fii)xiX2 - Vxi (52)^2x1 - /S(ffi52 - 1)) 



+(Vx2(9i)xix 2 - \JxY[g 2 )x 2 x 1 - (3(gig 2 - 1)) (8 1. 



Thus y X2{gi)x\x 2 — yXi{92)x 2 xi — (3{gig 2 — 1) is a (1, <7i<72)-primitive element of R#B. See 
A j r(v / X2(5i)xiX2 - Vxi (52)^2x1) 



V / X2(5i)(l ® xix 2 + x x (8 x 2 + X2G71) x 2 <8> xi + xix 2 8) 1) 



VXi(52)(l 8) x 2 xi + x 2 <8 xi + xife) X xi (8 x 2 + x 2 xi (8 1) 



1 ® (v / X2(fi'i)xiX2 - V / Xi(5 , 2)x 2 xi) + (VX2(ffi)xiX2 - \/xi (52)^2X1) (8 1 
(by assumption of (ii)). 



Thus y X2(5i)xiX2 — y 7 Xi(<?2)x2Xi is a primitive element of i?. □ 
For an ESC(G, Xi, g%\ i £ we give the follows notations: 
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(FL1) A is a set and J = U se 7v(J s U J' s ) is a disjoint union. 

(FL2) There exists a bijection a : — > J 1 - 2 -* such that ct | j u is a bijection from J u to J' u for 
u £ N, where jW := U ue 7vJ M and j( 2 ) := \J ue ^J' u . 

(FL3) There exists a x jW-matrix ^4 = (dij) with cijj = 2 and non-positive integer a^- for 
any i, j G J^ 1 ) and i 7^ j. For any -u G A, there exists an integer such that <4 <%' = djdji 
for any i,j G J u . 

(FL4) For any u G A, there exists ^ q u <E k such that Xiidj) = Qu % % \ Xa(i){9j) = 
X^idj) and g a{j) = gj for i,j e J u . 

(FL5) There exists & G G such that x<r(i) = X^iCj), £<r(i) : = and & = 5<r(i) := £? for 
any i, j G J u , u G A; there exists a positive integer such that T a u\ a i^ = rij for any i,j G 
with i ^ j. 

(FL6) Xj(9i)Xi(9j)Xi(5i) ri3_1 = 1. = Xj(&), Xi(0i)3 (ry_1) Xj(Si) = 1, for any i,j G J u , 

i^j,ueN. 

(FL7) G is a free commutative group generated by generator set \ i G J^}. 

An ESC(G,5i,Xi;i G J) is said to be a local FL-matrix type (see |6, P.4]) if (FL1)-(FL4) 
hold. An ESC(G,gi,Xi]i & J) is said to be a local FL-type if (FL1), (FL2), (FL5) and (FL6) 
hold. An ESC(G,gi,Xi]i G J) is said to be a local FL-free type if (FL1), (FL2), (FL5), (FL6) 
and (FL7) hold. An ESC(G, gi,Xf, i £ J) is said to be a local FL-quantum group type if (FL1)- 
(FL4) and (FL7) hold. If A only contains one element and = {1, 2, • • • , n}, then we delete 
'local' in the terms above. 

Let ESC (G, Xi, 9i',i G J) be a local FL-free type. Let I be the ideal of kQ s (G, gi,Xu^ £ J) 
generated by the following elements: 

a 2 - I 

Xji&EiEj - xTH&EjEk - S a( i )d yi _ , for i G J u ,j G J' u , u G A; (14.28) 

XilsiJ XivsiJ 

E-'J^EjE™, (14.29) 

x ! «r 1 ) 

for any i,j G J u or i,j G / j and r {j - 1 < ord(xi(9i)); u G A. 
Let C/ be the algebra generated by set { Aj , | i G J} with relations 

K 2 ~K~ 2 

XiXj - XjXi = 5 a{i)J Xife )_ Xi ( gi )-i » for any i G J u , j G J' u ] u G A; 
KiK^ = K a (i)Ki = 1 for any i G J (1) ; 
Xj(Ci)KiXj = XjKi, KiKj - KjKi = 0, for any i,j G J; n ^ QnN( 

m=0V ^ 

for i,j G J u or i,j G J£,i ^ j and r^- - 1 < ord(xi{gi));u G A. 

The comultiplication, counit and antipode of U are defined by 

A(X j ) = X j ®K a{j) +K j ®X j , S(X j ) = - Xj ^ j )X j , e(X t ) = 0, 

A(K i ) = K i ®K i , S(Kj) = K a{j) , e{Ki) = l, (14.31) 

A(X a[j) ) = X a{j) ® + K 3 ® A CT(j) , S^A^) = -X«t(,-)(^)^(j) 



m=0 



m 
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for any j G ,i G J. 

In fact, if^j) = ^ST" 1 in {/ for any j G jW. 

Theorem 14.3.12. Under notation above, if ESC(G, gi, Xi'i i & J) is a local FL-free type, 
then kQ s (G, gi, Xi] i £ J)/I — U as Hopf algebras. 

Proof. For any i,j £ J u , u G AT, see Xa(i)(£a(j)) = Xi{£j) = Xj(&) = Xa(j){t,a{i)) , Xa(i)(€j) = 
X^iij) = Xj 1 ^) = Xj(ta(i)), Xi(Za(j)) = Xi{ij)~ l = Xj{ii)~ l = Xa(j)(£i)- Therefore, 

xMi)=xMi) (14-32) 



For any i,j G J U U J' u ,u G N. Obviously, for i,j G J' u , i 7^ j, u G AT, (FL6) holds. 
We show this theorem by following several steps. 



(0 



(i) There is a algebra homomorphism $ from kQ s to U such that = i^i, &{o\ g 



i,h> 



<5>{h)KiXi and ^(ajj™ h ) = <S>(h)KiX a(i) for all h G G and i G jW . Indeed, define algebra 
homomorphism : /cG — > {/ given by <^>(£i) = for i G J and a /c-linear map V : — ► ^ 
by ^(4flU) = <t>(9)KjXj and ^4S!U) = (t>{9) K j X a(j) for any j G jW, g £ G. For any 
g,heG,j G J (1) , see 



and 



^■4iU = ^(a$ fl . )hfl ) = 

ipAg-h) = X j W{a% g . )hg )= Xj (h)<i>(hg)K j X j 

= ^KjXjfth) ( since X j( (>(h)=(f>(h)x j (h)X j ) 

Similarly, ^ • a^,,) = 0W(4SU and ^(4£!U " M = ^SlU)^)- This implies 
that ^ is a fcG-bimodule map from (kQi, gi,xf,i £ to <^L^. Using the universal property of 
tensor algebra over kG, we complete the proof, 
(ii) <&(/) = 0. For any i G J u , j G J^, see that 



= KiKJ^XiXj - Kj l KiXjXi - 5 a{i)J Xi{i) J~^-i 

= KiK'^XiXj - x^ ~ S ff( i )d ^_ x %)-i ) 

_i K 2 -K -2 
= tf^ (XiX,- - - <5 ctWj Xi( ftj_ Xi k -i ) = 0. 

For i, j S J u , i ^ j, see that 

= {KiXiY^KjXjiKiXi)™ 

= Xi(£j)3K r " -m ^ rij ' -m-1 ) +m ( m-1 ) +2 ( r "^ 

= xi(&) i(r «- 1)ry x<(^) ry < tf " m ^^r ((W (™)) 
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and 

E r y~ m EjE^ 1 ) = 0. 

Similarly, the equation above holds for i, j G J' u , i ^ j, u G N. 

By (ii), there exists an algebra homomorphism <1> from kQ s /I to U such that &(x + I) = <&(x) 
for any x G kQ s . For convenience, we will still use x to denote x + 1. 

(iii) It follows from the definition of U that there exists a unique algebra map : U — > kQ s /I 
such that = = £T x Ei and = for all i G J (1) . It is easy to see 
that ^¥ = id and = id. 

(iv) We show that I is a Hopf ideal of kQ s . It follows from Theorem 114.3.71 that R := 
diag{kQ s ) is a braided Hopf algebra with 5~{Ei) = g, L <S> E,- L , h> E\ = x^ 1 (h)Ei for any h G G, 
i G J. By Theorem 114.3.11 Rf^B = kQ s as Hopf algebras. It follows from Lemma II4.3.11I that 
/ is a Hopf ideal of kQ s . 

Obviously, $ preserve the comultiplication and counit. Since kQ s /I is a Hopf algebra, then 
^ is a Hopf algebra isomorphism. □ 

Corollary 14.3.13. The quantum enveloping algebra of a complex semisimple Lie algebra is 
isomorphic to a quotient of a semi-path Hopf algebra as Hopf algebras. 

Proof. Let k be the complex field and L a complex semisimple Lie algebra determined by 
A = (o«) nxtl . So A is a symmetrizable Cartan matrix with di G {1, 2, 3} such that diOij = djOji 
for any i,j G jW = {1,2,- •• ,n}. Let |JV|= 1, J (2) = {n + 1, n + 2, • • • ,n + n}, J = jW U j( 2 ) 
and a : J 1 - 1 ) — > by sending i to i + n. Let G be a free commutative group generated by 
generator set {& | i G J (1) }. Set = ^ = := = r a ^ >a ^ = 1 - Oy for any 

i, j G J (1) , i / j. Define = q~ dlCl13 and X<r(i)(£.j) = X^iCj) for any i, j G J (1) , where is 

not a root of 1 with ^ q G k. It is easy to check (FL1)- (FL7) hold, i.e. ESC(G, gi, Xi', i G J) 
is an FL-quantum group type. U in Theorem 114.3.121 exactly is the quantum enveloping algebra 
U q (L) of L (see [87l p. 218] or [72J). Therefore the conclusion follows from Theorem EXES □ 

In fact, for any a generalized Cartan matrix A, we can obtain an FL-quantum group type 
ESC(G, gi, Xi] i G J) as in the proof above. By the way, if ESC(G, gi, Xu i G J) is a Local FL- 
type, then there exist the Hopf ideals, which generated by (|14.28|) and (|14.29|) . in co-path Hopf 
algebra kQ c (G,gi,Xi]i G J) and multiple Taft algebra kQ c (G, gi,Xi',i G J), respectively. 

14.4 Classification of ramification systems for the symmetric 
group 

Unless specified otherwise, in the section we have the following assumptions and notations, n 
is a positive integer with n ^ 6; F is a field containing a primitive n-th root of 1; G = S n , the 
symmetric group; AutG and InnG denote the automorphism group and inner automorphism 
group, respectively; Si denotes the group of full permutations of set /; Z(G) denotes the center 
of G and Z x the centralizer of x; 1 denotes the unity element of G; G denotes the set of characters 
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of all one-dimensional representations of G. (j)^ denotes the inner automorphism induced by h 
given by (j)h( x ) = hxh~ l , for any x G G. C n is cyclic group of order n; D B denotes the cartesian 
product Y\ Di, where Di = D for any % G B. 

i&B 

Proposition 14.4.1. (i) There are A !A ; A i"!^^ — Permutations of type l Al 2 A2 ---n An 

in S n ; 

(ii) Ifnj^G, then Aut(S n )=Inn{S n ); If n ^ 2,6, then Inn(S n ) = S n ; 
(Hi) S' n = A n , where A n is the alternating group. In addition, 

Sn/ A n - 

Proof, (i) It follows from [571 Exercise 2.7.7]. 

(ii) By [nB Theorem 1.12.7], Aut(A n ) ^ S n when n > 3 and n ^ 6. By [56, Theorem 
1.6.10], A n is a non-commutative simple group when n ^ 4 and re > 1. Thus it follows from [141t 
Theorem 1.12.6 ] that Aut(5 n ) = Inn(S' n ) = S n when n / 6 and n > 4. Applying [141| Example 
in Page 100], we obtain Aut(5 n ) = Inn(S' n ) = S n when n = 3,4. Obviously, Aut(S , n ) = Inn(S' n ) 
when n = 1, 2. 

(iii) It follows from [ml Theorem 2.3.10]. □ 

Definition 14.4.2. A group G is said to act on a non-empty set Vt, if there is a map Gx f2 — > 

Q, denoted by (g,x) hjoi, such that for all x G Q and gi,g2 £ G: 

(9192) x = gi o (g 2 o x) and lox = x, 
where 1 denote the unity element of G. 
For each x € let 

Gcc := {g°x I 5 G G}, 
called the orbit of G on Q. For each g £ G, let 

F 9 := {z S f! I i?ox = x}, 

called the fixed point set of g. 

Burnside's lemma, sometimes also called Burnside's counting theorem, which is useful to 
compute the number of orbits. 

Theorem 14.4.3. (See \51\ Theorem 2.9.3.1]) ( Burnside's Lemma ) Let G be a finite group 
that acts on a finite set Q, then the number M of orbits is given by the following formula: 

1 1 9£G 

Definition 14.4.4. Let G be a group. A character of a one- dimensional representation of G 
is a homomorphism from G to F — {0}, that is , a map x '■ G ^ F such that x( x u) = x{ x )x{v) 
and x(l) = 1 for any x,y £ G. The set of all characters of all one- dimensional representations 
of G is denoted by G. 
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For convenience, a character of a one-dimensional representation of G is called a character 
of G in short. \12\ Page 36, example 4] indicated that there is a one-to-one correspondence 
between characters of G and characters of G/G' . 

Proposition 14.4.5. Let G be a finite abelian group and F contains \ G\th primitive root of 
1, then there are exactly \ G\ characters of G, i.e. \ G |=| G \ . 

Corollary 14.4.6. Let G be a finite group and F contains \G\th primitive root of 1, then 
there are exactly \ G/G'\ characters ofG, i.e. \ G \=\ G/G' \ . 

14.4.1 Ramification Systems and Isomorphisms 

We begin with defining ramification and ramification system. 

Definition 14.4.7. Let G be a finite group and JC(G) the set of all conjugate classes ofG. r 

is called a ramification data or ramification of G if r = Yl r c^' where rc is a non-negative 

OeK(G) 

integer for any C in JC(G). For convenience, we choice a set Lc(r) such that r c =\ Lc(r) \ for 
any C in K,(G). 

Let K r {G) = {Ce K{G) \ r c ^ 0} = {C G K{G) \ L c {r) ^ 0}. 

Definition 14.4.8. (G, r, ~x,u) is called a ramification system with characters (or RSC in 
short), if r is a ramification of G, u is a map from fC(G) to G with u( C)£ C for any CG fC(G), 

and~x={xc}ieic(r),CeK r (G)^ U ( Z u(C)Y c ■ 

ce/c r (G) 

Definition 14.4.9. RSC(G,r,~x ,u) and RSC(G' ,r' , x' \ u ') are said to be isomorphic(denoted 
RSC(G, r, x > u ) — RSC(G', r', x' ■, u ') ) if the following conditions are satisfied: 

(i) There exists a group isomorphism <j) : G — > G'; 

(ii) For any C G IC(G),there exists an element he £ G such that 4>(hcu(C)h c 1 ) = u'(4>(C)); 
(Hi) For any C G K, r {G),there exists a bijective map 4>c '■ Ic( r ) ~^ I<j>(C)( r ') such that 

X^i^hchh- 1 )) = X { c\h), for all h G Z u(c) , for all i G I c (r). 

Remark. Obviously, if u(C) = u'{C) for any C G /C r (G), then RSC(G, r, x, u) = RSC{G, r, x 
In fact, let <j> = idc and (f>c = idj c ^ for any C G K, r (G). It is straightforward to check the 
conditions in Definitio ril4.4.9l hold. 

Lemma 14.4.10. Given an RSC(G,r,^x,u).If RSC(G',r',x? ,u') RSC(G,r,^,u), then 
there exists a group isomorphism (p : G —* G' such that 

ft) r Hc) = r c f° r an y c G 

(ii) K r '{G') = <f>{K r {G)) = {<t>{C) | C G K r {G)}. 

Proof, (i) By Definition 114. 4. 9} there exists a group isomorphism <p : G —* G' such that 
r 0(C) = r c ^ or an y C e 1C r (G). If C ^ fC r (G), i.e. r c = 0, then r'^ c ^ = r c = 0; 
(ii) is an immediate consequence of (i). □ 
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Proposition 14.4.11. Given a RSC(G, r, x, u), then RSC(G, r' , x' , v!) = RSC(G, r, x, u) 
if and only if there exists a group isomorphism (j) G AutG such that: 

(i)r' = r <p-i(C)C; 
cg/c(G) 

(«) 4(C) = Xc^Wc)" 1 and u'(0(C)) = <f><t> hc (u(C)) for any C G JC r {G) , i G I c (r), 
(p G AutG and 4>c G Sr c > he G G. 

Proof. If RSC(G,r',x' ',«') = RSC(G,r,~x,u), then, by Lemma 0331111) , there exists 
<p G AutG such that 

r'= £ ^C= £ rJ(o)^= £ ^(<?) = E ^-(^C- 
Ce/C(G) CeK(G) Ce/C(G) ce/c(G) 

This shows Part (i). 

By Definition 114.4.91 (ii), there exists h c G G such that u'((j>{C)) = (j){h c u{C)hQ X ) = 
<fxj>h c {u{C)) for any G G K. r {G); By Definition 114.4.91 (iii), there exists <pc £ ^i G {r) = "Sr c 
such that x]$£) i&ihchhe 1 )) = X^p) (M = Xc W for an y ft e ^u(G)- Consequently, 

where G G /C r (G). That is, (ii) holds. 
Conversely, if (i) and (ii) hold, let 

r '= £ r ^ x (G)C 

and 

%7)(r')=-fcM 

for any G G /C(G), GAutG. Obviously, K r /(G) = {0(G) | G G /C r (G)}. For any G G 
K r {G),hc G G,0 C G 5 /o(r ) = S rc , let 

n'(0(G)) = <j>(hcu(C)hc X ) 

and 

for any « G ^(G)( r 0- ^ i s eas y t° check RSC(G,r f , x'i u ') — RSC(G,r, ~x,u).D 

Corollary 14.4.12. If G = S n with n^6, then RSC(G, r, ~x, u) RSC{G, r', J, it') i/ and 
on/?/ i/ 

(i) r' = r; 

(n) xf = Xc° 1{i)) <t>i* and u'(C) = <P 9c (u(C)) for any C G K r {G), i G I c (r), G AutG 
and g a G G. 
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Proof. By Proposition EXTfii), AutG = InnG and 4>{C) = C for any 4> eAutG, C G 
K,{G). There exists g c £ G such that 4>4>h c = 4>g c since 4>4>h c e AutG = InnG for any 
he G G,4> GAutG, C £ fC(G). Considering Proposition I14.4.TT] we complete the proof.D 

From now on, we suppose that G = S n {n ^ 6). For a given ramification r of G, let 
£l(G, r) be the set of all RSC's of G with the ramification r, namely, f2(G, r) := {(G, r, ~x,u) \ 
(G,r,~x ,u) is an RSC}. Let M(G,r) be the number of isomorphic classes in f2(G, r). This 
article is mostly devoted to investigate the formula of ftf(G, r). 

14.4.2 Action of Group 

Denote RSC(G,r,^,u) by (\x { c} ,u{C)) for short. Let M := \[ (AutGx S Ic{r) ) 

= J [ (InnG x S r ). Define the action of M on Q(G, r) as follows: 

C&Kr(G) 

(K^c)co({x$} i ,u(C)) c = ({xF^V^} _,0 flc «(C)) (14.33) 

In term of Corollary |14.4.12l each orbit of Q(G, r) represents an isomorphic class of RSC's. As 
a result, Af(G,r) is equal to the number of orbits in Q(G,r). 
We compute the the number of orbits by following steps. 

14.4.3 The structure of centralizer in S n 

We recall the semidirect product and the wreath product of groups (see [22], Page 21], [1111 Page 
268-272], ). 

Definition 14.4.13. Let N and K be groups, and assume that there exists a group homo- 
morphism a : K — > AutA^. The semidirect product N x> a K of N and K with respect to a is 
defined as follows: 

(1) As set, N x Q K is the Cartesian product of N and K; 

(2) The multiplication is given by 

(a,x)(b,y) = (aa(x)(b),xy) 

for any a S N and x £ N. 

Remark. Let L = N xi Q K. If we set 

N = {(a,l) | a e N},K = {(l,x) | x E K)}, 

then and K are subgroups of L which are isomorphic to N and K, respectively, and will be 
identified with N and K. 

Definition 14.4.14. Let A and H be two groups and H act on the set X. Assume that B is 
the set of all maps from X to A. Define the multiplication of B and the group homomorphism 
a from H to Aut B as follows: 

(bb')(x) = b{x)b'(x) and a(h)(b){x) = b(h~ l ■ x) 
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for any x e X,h £ H,b,b' € B. 

The semidirect product B xi a H is called the (general) wreath product of A and H, written 
as A wrH. 

Remark, [ml Page 272] indicated that in Definition [L4A14] B = f] A x , where A x = A for 

any x G X. Hence W = iwr H = B x H = ( n A x ) x H. In particular, the wreath product 

xex 

plays an important role in the structure of centralizer in S n when H = S n and X = {1, 2, • • • , n}. 

Now we keep on the work in [111} Page 295-299 ]. Let Yi be the set of all letters which belong 
to those cycles of length i in the independent cycle decomposition of a. Clearly, Y{ f] Yj = for 
i^j and(J^ = {l,2,--- ,n}. 

i 

Lemma 14.4.15. p G Z a if and only if Yi is p-invariant, namely p(Yi) C Yi, and the 
restriction pi of p onYi commutes with the restriction Oi of a onYi for i = 1, 2, • • • , n. 

Proof.lt follows from [ml Page 295]. □ 

Proposition 14.4.16. If a and o~i is the same as above, then 

(i) Z a = Y[Z ai ; 

i 

(ii) Z ai = CiwrS\ i = (Cj) Al x S\ v where Z a . is the centralizer of o~i in Sy t ; (Cj) Al = 
A, 

, * V 

Cj X • • • X Cn define Z ai = 1 and S\ i = 1 when A« = 0. 

Proof, (i) It follows from Lemma ll4.4.15l 
(ii) Assume 

T = (aiodii • • • ai j j_i)(a20 • • • a 2,l-l) • • • ( a m0 ■ ■ ■ Om,J-l) 

and 

X = {1, 2, • • • , m}, Y = {aij \ 1 < i < m, < j < I - 1}. 

Obviously, in order to prove (ii), it suffices to show that Z T = C[WiS m , where Z T is the 
centralizer of r in Sy ■ The second index of aij ranges over {0, 1, • • • ,1 — 1}. It is convenient to 
identify this set with C\ = Z/(Z), and to use notation such as a^z+j = a^. We will define an 
isomorphism tp from Z T onto C\ wr S m . For any element p of Z a , we will define a permutation 
9{p) G S m and a function f{p) from X into Cj by 

P _1 (aio) = Oj-fc, j = Oipy 1 ^), f p (i) = g k , 

where g is the generator of C\, 1 < i < m. Let 

<p(p) = (f p ,0(p)). 

Then ip maps Z a into C;wr5 m . First we show that <p is surjective. In fact, for any (/, 9) G 
Ci wr S m and i G X, if /(«) = g k , 6*(j) = then there exists a permutation p such that 
p ((%■) = aj : k+ r - It is easy to verify that p £ Z a and y(p) = (f,0)- Next we show that ip is 
injective. If p G Keri^, then #(/?) = 1 and f p (i) = g , this means that p(ajo) = aio for all i. 
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Hence, p{aij) = a™ for all i and j and p = ly, which implies that tp is bijective. We complete 
the proof if tp is homomorphism, which is proved below. For any p, 7r E Z T , suppose that 

(/wr)~ (a*o) = 7r~ (a,-*.) = a s j +k , 

where j = 9( P y 1 (i),g k = f p (i),s = 9{*y l (j) = 9^y 1 9( P y 1 (i),g t = U(j) = U9{ P y\i)). 
Consequently, 

9{pn)-\{) = s = {9{p)6(K))-\i), = g t+k = f p (i)U(j) = /,(*)/* OWHO)- 

On the other hand, in view of Definition 114.4. 14} 9(p)(f n )(i) = f n (9(py 1 (i)) = f pn (i), 
whence 

(f P ,0(p))(fn,9(7T)) = (f p 9(p)(f 7T ),9(p)9(7T)) = (f pn ,9( P 7T)). 

It follows that 

tp(pir) = tp{p)tp{Tt), 

which is just what we need. □ 

Corollary 14.4.17. (i) \Z a \ = Ai!A 2 ! • • • A n !l Al 2 A2 • • • n Xn , where a is the same as above; 
(it) Z \Zh\ = \G\ = n\ for any C G K{G), 

Proof, (i) It follows from [MA16] that 

i z„ i= n i z °< i= n i (^) Ai * ^ i= n i ^ \\ ^ i= n^o- 

i i i i 

(ii) Assume the type of C is l Al 2 A2 ■ ■ ■ n An . Combining (i) and Proposition H4.4TTT i) . we have 

V I Z h |= (Ax!A 2 ! • • • A n !l Al 2 Aa • • • n A ") — — " ! = n! . □ 

AiiAt' • • • A n !l Al 2 A2 • • • n An 

hec 

Proposition 114.4.161 shows that Z a is a direct product of some wreath products such as 
Ci wr S m . Denote by a) the element of C/ wr S m = (Ci) m x S m where 6« £ Ci, a £ S m . By 

Definition 114.4.131 and 114.4.141 we have 

cr)((6^)i, cr') = ((bi)i ■ 0-((6') i ),CJCr / ) 

= ■(*£-!(,•) W) 

= (( & j & a-l(i)) i ' <70 ' / ) 

and 

((fcfji.a)-^^)*^- 1 ). 



346 



14.4.4 Characters of Z a 

Lemma 14.4.18. If H = H\ x • • • x H r , then 

(i) H' = H[ x • • • x H' r ; 

(ii) H/H> - ft Hi/H(. 

i=l 

Proof, (i) It follows from [HH Page 77]; 

(ii) It follows from |56} Corollary 8.11] and (i). □ 

According to Proposition I14.4.16H ) and Lemma Il4.4.18f ii). to investigate the structure of 
Z a jZ' a ., we have to study (Q wr S m )/ (Q wr S m )' . 

Lemma 14.4.19. Let B = (Ci) m , B = G B | f} bi = l| and W = Qwr S m = BxS m . 

Then W = B x S' m = B x A m . 

Proof. Obviously, B < B. 

For any ((&i)i,cr), ((&•)*, cr') G see 

Considering L] 6 r (j\ = F] h for any r G 5 m , we have 

i i 

II (^5) ^V(i) h v'<j{i) b 'a~l*>a(i)) 

= rR'nriF.iF; 

i i i i 

= 1 

and K®K>l® b °'°® h 'a-^'a{i) e 5 - B y Proposition EXHiii), a^a'^aa' e S' m = A m . Thus 
which implies W' C -B x A m . 

_ m 

Conversely, for any b = ((fe-j)i, 1) G B, then FJ 6j = 1. Let a = (1,2, ••• ,m),6j = 1,6- = 

i=l 

i-1 

n b j ( 2 < * < m )> See 

^"Hl.^-^C^)*, l)(l,^) = ((b'r 1 hl)(l,a- 1 )m i ,a) 

= ((n^ri^ 1 ) 

j=l 3=1 

= ((&()<, 1) = 6. 
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Therefore, b is a commutator of ((b'Ai, 1) and (1, a), i.e. b G W . This show B C W . 
Furthermore, for any a, a' G SVn,, we have 

which implies (1, o-V~W) G W and 5^ = A m C W. 
Consequently, S x A m CW'.D 



Proposition 14.4.20. (i) Let B and B be the same as in Lemma \14-4-19 . Then B/B = Cf, 
(ii) Let W and W be the same as in Lemma \14-4-19 Then 



QxC 2 m>2 

W/W' = { Q m = 1 ; 

1 m = 

(Hi) Let a be the same as in Proposition \14-4-16 , Then 



\Xi=l J \\i>2 

Proof, (i) It is clear that v : B — > Ci by sending to \\ hi is a group homomorphism 

i 

with Kerz/ = B. Thus (i) holds. 

(ii) By (i) and Proposition MMXm), we have to show W/W = (B/B) x (S m /A m ). Define 

rP : W -> (fl/S) x (5 m /A») 
(6,cr) i ^ (6,ct), 

where 6 and a are the images of b and c under canonical epimorphisms B — > 5 / B and 5m — * 
S m /A m , respectively. Therefore 



i>((V,cr')(b,cr)) = (b'a'(b),a'a) = (V a' (b) , a' a) . 
Let b = (bi)i. Since v(a'(b)) = v((b a '-i{i))i) = \[ = Y[bi = v(b), we have a'(b) = b. 

i i 

Consequently, 



^((a',b')(a,b)) = (Va(b),a'a) = (b'b, a'a, ) = ^((6', a'))^((b, a)). 

This show that rp is a group homomorphism. Obviously, it is surjective and Kerip = B x ^4 m = 
W'. we complete the proof of (ii). 

(iii) ByPropositionHmii:!) and LemmaEXHii), Z a /Z' a = (\\ Z ai )/(U = \l(Z*JZ' ai ). 

i i i 

Applying (ii), we complete the proof of (iii). □ 

Corollary 14.4.21. If a G C is apermutation of type l Al 2 A2 • • • n Xn , then \Z a \= I n M II 2 M > 

\Xi=l J \X Z >2 J 

written as jc- 

Proof. It follows from Corollary 114.4.61 and Proposition [T4.4.2Uf iii). □ 
Remark. Obviously, 7 C only depends on the conjugate class C 
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14.4.5 Fixed Point Set ^ ^ c ) c 



Let (<t>g c ,<t> c )c 6 M. If ({^c }. > u (C)) c , G F (<t>g c ,<Pc)ci tnen > according to (|14.33|) . we have 
(0 gc ,0 C )c°({xg ) }.XC')) = ({xf^UA A 9c u(C) 



({x ( S}.MC) 



c 



Consequently, 



and 



<P 9c (u(C)) = u(C) (14.34) 



= xg } (14.35) 

for any C G IC r (G), i G Ic(r). 

(|14.34p implies u(C) G Z 9c and g c G Z u ^ c y Considering u(C) G C, we have u(C) G Z 5c DC. 
Conversely, if a G Z 9c n C, then u(C) = a satisfies (|14.34[) . Consequently, the number of u(C)'s 
which satisfy (jl4.34H is | Zg c DC \ , written 

K Hz 9c nc\. 

(114.35P is equivalent to 

X$^ = X^ C{1) \ (14.36) 



where (f>c G Sj c ^ = S rc . It is clear that (|14.36p holds if and only if the following (|14.36ip holds 
for every cycle, such as r = (ii, ■ ■ ■ , i r ), of a: 

xj?< = x£ (i)) ; ' 'V- «n» 



By (|14.3flll) . we have 



xg 2) = X^, 

x c 3) = x^ ] ^ = x£\^) 2 , 



— JMi-i-J'ila-l 



X^ = X^^Xc^T- (14-37) 

We can obtain XcV" >Xc w hen we obtain Xc ■ Notice (<f>g^) r = ( ( / , g c )~ 1 = (.'ftg r c )~ 1 - 
Therefore (j!4.37p is equivalent to 

J^rh — 

X C 9g T c ~ X C i 



i.e. 



Xc l) (9 r c h(g r c T 1 )=X^\h) (14.38) 
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for any h £ Z u{ cy Since g c £ Z ulyC) implies g r c £ Z u(c) , we have 

X [ c l] (9 r c h(g^) = xg° fa) xg° (h) (fa)- 1 ) = W • 

This shows (|14.38p holds for any characters in Z u iq\, By Corollary 114.4.211 there exist j c 
characters Xc^'s such that (I14.37|) holds. Assume that <pc is written as multiplication of k$ c in- 
dependent cycles. Thus given a u(C), there exist Jq elements {x^ji's such that (j!4.36|) holds. 
Consequently, for any C £ IC r (G), there exist 7c°Pg c distinct elements fixc^}. i M (C))' s such 
that both (firajl and (fl4T35l) hold. 
Consequently, we have 



Ff, 



CeK r (G) 



(14.39) 



for any <pg c , cp c )c G M. 



14.4.6 The Formula Computing the Number of Isomorphic Classes 



Applying Burnside's Lemma and (|14,39p . we have 

1 



M(G,r) 



M 
1 



M 
1 



M 
1 



E 



E n 

{<Pg c ,<t>c)c£MC(LK.r(G) 

n e 

CeKr(G) tg c &anG 

n e e (tc°a 

SlnnG <f>c&Sr n 




9 C 



E ^ c E ^ 



4>c 



(14.40) 



elnnG 



4>C&S r 



where /3 g and /c^ c are the same as above. | M \= \\ (n!r c !) when n / 2,6; | M | = 

CeK r (G) 

1 I ( r c0 w hen n = 2. 

C&Kr(G) 

Next we simplify formula (|14.40p . In (|14.40p . since jc depends only on conjugate class, it can 
be computed by means of Corollary 114. 4.211 Notice that k^ c denotes the number of independent 
cycles in independent cycle decomposition of 4>c in S r . 



Definition 14.4.22. (See fJM pages 292-295] ) Let 
[x] n = x{x — l)(x — 2) ■ • • {x — n + 1) 

n—k , 



n 



1,2,.-- 



Obviously, [x] n is a polynomial with degree n. Let (— l) n s(n,k) denote the coefficient of x in 
[x] n and s(n,k) is called the 1st Stirling number. That is, 

n 

[x] n = ^2(-l) n - k s(n,k)x k . 

k=l 
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|123l Theorem 8.2.9] obtained the meaning about the 1st Stirling number: 

Lemma 14.4.23. ( f!2S\ Theorem 8.2.9]) There exactly exist s(n,k) permutations in S n , of 
which the numbers of independent cycles in independent cycle decomposition are k. That is, 
s(n,k) = | {t £ S n | the number of independent cycles in independent cycle decomposition of r 
is k}\. 

About (3 g , we have 

Lemma 14.4.24. Let G = S n . Then £ g = £ | Z g n C \=\ G \= n\ for any C G K{G). 

geG geG 

Proof. For any C £ /C(G), we have 



Eiwi = E 

geG geG 



U (z g n M) 

hec 

EEi^nwi 

EEi** n wi 
Ei^i 

n! ( by Corollary EXTT^ii)). □ 



Theorem 14.4.25. Lei G = S n with n ^ 6. T/ien 



Proof. We shall show in following two cases. 



"wo- n r+r 1 )- (1441) 
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i) n / 2,6. By Proposition |14.4.1f ii). InnG = G. Applying (|14.40|) . we have 
1 

n (^co 



N{s - r) = n Wl n E &c E ^ 



7c 



n f^E a.) n (h e 

II II (~~ |E s ( r o'^c] fbv Lemma [14.4.241 [T4X231) 

:7C r (G) ' Ge/C r (G) \ C ' k=l J 

II f n ( ~ 1)r ° E(- 1 ) r °"**( r o. ^(-to)*) 

CeK r (G) V C ' fc=l / 

II ( ^r(- 1 ) r °(-7c)(-7c -!)••• (-7C " + !)) Definition [HX22D 



Ce/C r (G) 

(7G + r - 1) • • ■ (7C + 1)7C 



= n 



ce/c r (G) r °' 



- n ( 7c+ ; c_1 )- n 

ceK.r(G) v ' 
(ii) n = 2. In this case we have InnG = {!}, (f) g = 1 and @ g = 1 in (j!4.40|) . Thus 



Af(s "' r) = n 1 m n E 

GG/C r (G) CeKr(G) (f>ceS rc 



= ( — f Z— ^ 7cf° I ( similar t° the computation of (i)) 

CG/Cr(G) \ C ' <t>C&Sr c ) 

- n (nr 1 )- 

Ge/C r (G) v ° ' 

Corollary 14.4.26. J/r = J] C, i.e. r c = 1 /or any C G /C(G), i/ien 

CeK{G) 

N{G,r)= H 7G- (14.42) 

CeK(G) 

Proof. Considering JC r (G) = IC(G) and applying Theorem 114.4.251 we can complete the 
proof. □ 

Corollary 14.4.27. If C = {{!)} and JC r (G) = {G }, then 



N{G,r) 



1 n= 1 

r„ + 1 re > 2 



Proof. By Corollary 114.4.211 we have 7 Cq = 1 when re = 1; j Qo = 2 when re > 2. Applying 
Theorem 114.4.251 we can complete the proof. □ 
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14.4.7 Represetative 

We have obtained the number of isomorphic classes, now we give the representatives 

Definition 14.4.28. Given an RSC(G,r,~x,u), written Z u ^ = {Q^^a I i = 1)2, ••• ,7c*} 

and m := \ {j \ Xc = €u(C)} I' f or an ^ C G K-r(G) and 1 < i < ~/ u ( C ) , then 
{(ni,n 2 ,--- ,n lc )}ceK r (G) ™ called the type of RSC(G,r,x ', u). 

Lemma 14.4.29. RSC(G,r,~x ,u) and RSC(G,r, x' ,u) are isomorphic if and only if they 
have the same type. 

Proof. If RSC(G,r,~x ,u) and RSC(G,r, x' ,u) have the same type, then there exists a 
bijective map <pc £ S ra such that x'c G ^ = ^ or an y * G ^c*( r )> C £ K, r {G). Let = idg 
and (7 C = 1. It follows from Corollary 114.4.121 that they are isomorphic. 

Conversely, if RSC(G,r, x > n ) and RSC(G,r,x\ u ) are isomorphic, then, by Corollary 
114.4.121 there exist 4> £ AutG and £ <Sr C ) as well as g c £ G such that u(G) = 4> g (u(C)) 
and Xc <j>g a (h) = Xc( h ) for an y ^ G ^r(G), /i £ Z u{c) , i G Ic(r). Thus 5c* £ Z«(c) and 
X? cW V 5c W = x'^Wsc 1 ) = X? cW) (^ = Xc\h) for any £ Z u(c) , i.e. X ? cW) = 

. This implies that RSC(G, r,~x,u) and RSC(G, r, x' ,u) have the same type. □ 

Theorem 14.4.30. Let G = S n (n ^ 6) and uq be a map from JC(G) — ► G wft uq(C) £ G 
/or any G £ /C(G). Ze£ S1(G, r, uo) denote the set consisting of all elements with distinct type 
in {(G,r,~x ,uo) \ (G,r,~x ,uq) is an RSC }. Then Q(G,r,uo) becomes the representative set of 
n(G,r). 

Proof. According to Theorem 114.4.251 and [35], the number of elements in Q(G, r, no) is 
the same as the number of isomorphic classes in f2(G, r). Applying Lemma [14.4.291 we complete 
the proof. □ 

For example, applying Corollary 114.4.261 we compute A/"(G, r) for G = S3, £4, £5 and r = 

£ c. 

Ce/C(G) 

Example 14.4.31. (i) Let G = S 3 and r = £ G. TTten 

Ce)C(G) 





l 3 


l^ 1 


3 1 


7c 


2 


2 


5 



By {IJ^.^2^ , AA(S3,r) = 12. We explicitly write the type of representative elements as follows: 
{(1, 0) 18 , (1, 0)!i 2 i , (1, 0, 0)31}, {(0, 1) 13 , (1, 0) ll2 i , (1, 0, 0)31}, {(1, 0) 13 , (0, 1)^1 , (1, 0, 0)31 }, 
{(0,l) 1 3,(0,l) 1 i 2 i,(l,0,0) 3l },{(l,0) 1 3,(l,0) 1 i 2 i,(0,l,0)3 1 },{(l,0) 1 3,(l,0) 1 i 2 i,(0,0,l) 3l }, 
{(0,l) 1 3,(l,0) 1 i 2 i,(0,l,0) 3l },{(0,l) 1 3,(l,0) 1 i 2 i,(0,0,l) 3l },{(l,0) 1 3,(0,l) 1 i 2 i,(0,l,0) 3l }, 
{(1,0) 1 3,(0,1) 1 i 2 i,(0,0,1) 31 },{(0,1) 1 3,(0,1) 1 i 2 i,(0,1,0) 31 },{(0,1) 1 3,(0,1) 1 i 2 i,(0,0,1) 31 }. 

(ii) Let G = S4 and r = ^ G. Then 



type 


l 4 


l^ 1 


l 2 2 x 


2 2 


4 1 


1C 


2 


3 


4 


4 


4 
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By pUty , Af(S A ,r) = 384. 

(Hi) Let G = S4 and r = C . Then 

CeK.{G) 



type 


l 5 


1141 


l 2 3 x 


l^ 1 


l x 2 2 


2 1 3 1 


5 1 


lc 


2 


4 


6 


4 


4 


<? 


5 



By [TUty , Af(S 5 ,r) = 23040. 
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Chapter 15 

Appendix 



The proof of Theorem I14.1.U We define two functors W and V as follows. 

W: k £M k £ - rW( G) M kZu(c) 

f -> W(f), 

where for any morphism / : B — > B' in ^-^feG' = {^ C V 1 }ce/C(GV 

{M(C)} CeK{G) ^ ® y=xg ^ u{C ) ge , x , yeG x ® ®*^(o) !». 

/ " ^(/), 

where for any morphism / = {fc}celC(G) ■ { M (C)} C elC(G) ~* { N (C)}ceK(G), V{f)(x ® 
m ®kz u{c) 9o) = x ® /c(m) ®fcz (u{C)) 5e for any m G M c , x,y G G with x _1 y = g^u^gg. 
That is, ^(/f = id ® / c ® id. 

We will show that W and V are mutually inverse functors by three steps. 

(i) Let B be a fcG-Hopf bimodule. Then it is easy to see that ^B 1 is a right kZ u ^ G y module 
with the module action given by 

b<h = h~ 1 -b-h, b G < c )B l , h G Z u(c) . (15.1) 



Hence W(-B) is an object in IlceA:(G) -^fc^cc) - Moreover, one can see that W(f) is a morphism 
from W(B) to W(B') in ]lceC(G) -^fc^to ^ f ■ B ^ B' is a morphism in Ic-^kG- Now ^ is 
straightforward to check that is a functor from ^.A^g to I1g€A;(G) ^kz u{c y 
(ii) Let M = {M(C)}ceK(G) G Ilc7eiC(G0 ^^^^ , we define 



h- (x®m ® k z u{c) ge) = hx <g> m® k z uio) go, (15-2) 
{x ®m® kZu{C) ge) ■ h = xh® m® kZu(C) geh = xh® (m < (e(h)) ®kz u{0) ge> , 

where h,x,y G G with G C and the relation (|14.2p and (|14.3j) . m G M(C). It is easy 

to check that V(M) is a /cG-Hopf bimodule. If / : {M(C)} CeK{G) {iV(C)} Ce jc(G) is a 
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morphism in Ylce)C(G) -MkZ u{C y then one can see that V(f) : V(M) — > V(N) is a morphism 
in \%Mt% Now let / : {M(C)} CeJC(G) - {iV(C)} CeC(G) and /' : {iV(C)} - {L(C)} Celc{G) 
be two morphisms in Y\celC(G) -^ kZ u(c)- Then for any x,y £ G with = g^ 1 u(C)gg and 

m G M(C), we have 

V(f'f)(x ® m ®fcz u(C) ge) = s <g> (f'f)c(m) ®kz u(C) 9e 

= x <g> fc(fc(jn)) ®kz u(c) 9e 
= V{f)(V{f)(x®m® kZu{C) g e )). 

Therefore, V(/7) = V(f)V(f). It follows that K is a functor from nce)C(G) M hZ <(3 ) to 
kG Jvl kG- 

(iii) We now construct two natural isomorphisms 99 and V as follows. Let B G fcG-^fcG- 
Define a /c-linear map ip B from S to VW(jB) = (B y=X g-\(c)ge, x, y eG x ® m(C) -B 1 ®fcz u{c) 9e by 

V?b(6) = x (g> (fl^aT 1 ) • 6 • fif^ 1 ®fc2 u(c) ^e, (15.3) 

for any x,y £ G satisfying Eq. (|14,2j) . b G V B X . Now we have 

8~ (ggx~ l ■ b ■ g^ 1 ) = (ggx^ 1 ) ■ (8~{b)) ■ g$ l (B is a A;G-Hopf bimodule.) 
= (gex^ 1 ) ■ (y <g> b) ■ gg 1 
= gex^ygg 1 (g> g$x~ x -b- g e l 
= u{C)®g e x- 1 -b-g- 1 (by Eq.([IMl)) 

and 

$ + {gex~ l ■ b ■ gg 1 ) = g e x~ l ■ b ■ g e l ® 1. 

It follows that gex~ l ■ b ■ g^ 1 G ^B 1 , and hence x <g> gex~ l ■ b ■ g^ 1 ®kz u(c) 9e G y VW{B) x . 
This shows that ips is a fcG-bicomodule map. 

Next, let x,y £ G with x"^ = g^u^ge, C G /C(G), and let b G "B 1 and h £ G. Then 
h ■ b £ hy B hx and (fcr)" 1 ^) = x^y = g^u^ge- Hence 

V9b(/i -6) = /ix® geihx)' 1 ■ (h ■ b) ■ g e l ®kz u(c) 9e 
= hx® g e x~ l - b-g' 1 ®kz„ <c , 9e 



h- (x® gex 1 • b ■ g e 1 



fcZ„ (c) 30) 



This shows that tps is a left fcG-module map. On the other hand, b-h £ v h B xh and (xh) 1 (yh) = 
h~ x x~ x yh = hr x g B x u(C)geh. By Eq. (|14.3j) . one gets ggh = (e(h)g$> with ( d (h) £ Z u ^ and 
6' £ ®c- Hence (xh)~ 1 (yh) = g^ 1 C ! 0(h)~ l u(C)Qo(h)goi = gg, 1 u(C)ge' ■ Thus we have 

tp B (b-h) = xh® go^xh)- 1 ■ (b-h) ■ g~ l ® kZu{C) g , 

= xh® gg'h^x^ 1 -b- hg^, 1 ® kZu(c) go> 

= xh® (9(h)- 1 gex' 1 ■ b • g e l Ce{h) ®kz u(c) 9e> 

= xh^dggx- 1 ■ b ■ g^ 1 ) < £ e (h)) ® kZ<c) g e , (by (fT43|)) 

= (x® gex' 1 - b-g- 1 ® kZu(C) 9e) ■ h 

= tpB(b) ■ h. 
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It follows that <pb is a right kG- module map, and hence (fs is a /cG-Hopf bimodule map. 

Suppose that = with 6 G ^i? 1 '. Then x ge x ~ l ■ & • <7^ ^fcz^c) 56* = 0, and hence 

• 6 • t^ 1 ® fcZu(C) 5e = 0. Since M(C) ® fc ^ (C) A;Z u(c)5e ^ M(C) ^ M(C) 

as A;-vector spaces for any right kZ u ic) -module M(C), we have gex~ 1 ■ b ■ g^ 1 = 0. This implies 
6 = 0. It follows that tpB is injective. 

Let x®b®kz u{c) ge G V VW(B) X with 6 G "^S 1 and a;- 1 ?/ = g^u^ge- Put 6' := xg^-b-ge- 
Then 

J- (6') = xgg 1 ■ 5~ (b) ■ g e 

= xgg 1 • (u(C) ®b)- g e 

= y®b', 
5+(b') = b'®x. 

Hence 6' G y B x and <fB(b') = x ®b ®kZ u ( C) 9e- This shows that <^b is surjective. 

If / : B — ► B' is a fcG-Hopf bimodule map, then it is easy to see that <fB'°f = oi^jg. 
Thus we have proven that <p is a natural equivalence from the identity functor id^r^Q\ to the 
composition functor yW^. 

Now for any M = {M(C)} Ce K(G) G II<7e>C(G) M kZ u(C ) > ^ follows from Eg . (114.21) that 
"(^(M) 1 = 1 ® M(C) ® fcZt , (c) 1. Hence W(M) = {1 M(C) ® k z u(c) 1W(G)- Define 
a map V>M from M to WV(M) by 

where C G IC(G),m G M(C). Clearly, (iPm)c is ^-linear. Let m G M(C),h G Z„(c)- Then 

((^m)cH)<'i = (1 <8> ®kz u(c) 1) < ft 

= h- 1 • (1 ® m ®fcz u{c) 1) • ft 
= 1 ® m < ft ®fcz u(c) 1) 
= (ipM)c(m < ft). 

That is, (iPm)c is a kZ u in\ -module map. Obviously, (iPm)c is bijective and V is a natural 
transformation. Thus ip is a natural equivalence from the identity functor ^rr CgJC{G) M k z c ^° 
the composition functor WV . □ 

The proof of Lemma 114.1.31 (i) We first show that every irreducible representation of G is 
one dimensional. In fact, this is a well-known conclusion. For the completeness, we give a proof. 
Assume that p is an irreducible representation of G corresponding to V. For any g G G, since 
p(g m ) = idy, all eigenvalues of p(g) is m-th roots of 1, which belong to k. Say that X g is an 
eigenvalue of p(g). It is clear that Ker(p(g) — \ g idy) := W is a fcG-submodule of V and W ^ 
since A 9 is an eigenvalue of p{g). Therefore, W = V, which implies p(g) = \ g idy- Considering 
V is irreducible, we have that dim V = 1. 

Next we show that the order n of G is not divisible by char (A;) = p. Assume that (3 G k is 
a primitive m-root of 1. If p | n, then p | m since there exists an element with order p. Say 
m = pt. See (/3 m — 1) = (f3 t — l) p = 0, which implies j3 l = 1. We get a contradiction. 
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Using Maschke's Theorem, we have that every fcG-module is a pointed module. 

(ii) Assume M is a kG- Hopf bimodule. By Theorem EXT], M = ® y =g- 1 u (c)g e x y&G x ® 
M(C) ® k z u(C) 9e as £;G-Hopf bimodules with M(C) = u ^ M 1 for any C G /C(G). It follows from 
(i) that M(C) is a right pointed foG-module. Therefore, M is a PM £;G-Hopf bimodule. □ 

The proof of Lemma 114.1.41 It is clear that If £ is a graded linear map from graded vector 
space V = (Bj> Vty to graded vector space V = © i>0 VL , then 

^LiTTi = LilVi£, £ij = LiTTi&i, 7T;£ = ^0^. (15.4) 

for i = 1,2,- •• . 

Observe that (M, a~,a + ) is a S-bimodule. Since Ah and fin are graded, we have the 
following equation by (|15.4p : 

Atl7Tl = (tlTTi (g) i TT )A + (iQlTQ (E) LlTTi)A. (15.5) 

Since nii\ = id, it follows from Eq. (|15.5|) that 

Ati = (ti7Ti <8) io 7r o)Az.i + (io^o <8 ii7ri)Aii. (15.6) 
By a straightforward computation, one can show the following two equations: 

tTvri = (vr (8 7ri)A, <5 + tti = (vri (8 vr )A. (15.7) 

Now we have 

(id (g> (5~)<5 _ = (id® (5 _ )(7T ®vri)Aii 

= (vr ® vr ®vri)(id® A)Ai X ( bv Ea. ([I577|l ). 

and 

(A B <8id)<T = (A jB ®id)(7r (g)7ri)Aii 

= (7r (8)7ro®7ri)(A®id)A<,i. 

This shows that (id <8 5~)J _ = (A# <8> id)5~. Clearly, (e (8 id)<5~ = id. Hence (M, 5~) is a left 
S-comodule. Similarly, one can show that (M,<5+) is a right S-comodule and (M,8 is a 

S-bicomodule. Next, we have 

5~a + = (7To (8) 7ri)Aii7ri^(ti (8) io) 

= (7T (8) 7ri)Ajti(ii (8) t ) ( bv Eq. (fT53]) ) 

= (tt /j, (8 7ri/i)(id (8 r (g) id) (Aii <8> Ai ) 

= (//g (8 7ri)(7r (8 7r (8 m) (id <8 r (8 id) (A (8 t (8 io)(ii <8 A B ) 

= (a*b <8 7ri)(id <8 id (8 A*)(id <8 id <8 ii <8 io)(id <8 r (8 id)(7To (8 7Ti (8 id (8 id) 

(Aii <8 A B ) ( by Ea. (fT53D ) 

= (^ (8 a + )(id(8 r (8 id)((5" (8 A B ), 
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where r is the usual twist map. This shows that 5~ is a right S-module map. Similarly, one 
can show that 5~ is a left -B-module map, and hence a l?-bimodule map. A similar argument 
shows that 5 + is also a i?-bimodule map. Hence (M, a~ , a + , 5~, 5 + ) is a 5-Hopf bimodule. □ 

Proof of Lemma 114.1.51 (i) Suppose that the tensor algebra Tb(M) of M over B admits a 
graded Hopf algebra structure. Obviously, B is a Hopf algebra. It follows from Lemma 114.1.41 
that M is a i?-Hopf bimodule. 

Conversely, suppose that B admits a Hopf algebra structure and M admits a B-Hopf bi- 
module structure. By [911 Section 1.4], Tb(M) is a bialgebra with the counit e = eb^o and 
the comultiplication A = (to <S> to)^B + En>o ^^n^M), where eb is the counit of B, 
Am = (to 8> ti)5 M + (ii <8> to)<^f" ^ * s eas y ^° see ^ n& t Tb{M) is a graded bialgebra. Then 
it follows from |91[ Proposition 1.5.1] that Tg(M) is a graded Hopf algebra. 

(ii) Assume that the cotensor coalgebra T B (M) of M over B admits a graded Hopf algebra 
structure. Clearly, B is a Hopf algebra. By Lemma [14 . 1 . 4 1 one gets that M is a 5-Hopf bimodule. 

Conversely, assume that B admits a Hopf algebra structure and M admits a l?-Hopf bimodule 
structure. By [911 Section 1.4], T B (M) is a bialgebra containing 8 as a subbialgebra, and the 
multiplication of T B (M) is = /jb(7t <g> tt ) + ]Cn>o r n(/ u M)A n _i, where /ijj = a M (7r ® 7Ti) + 
a M (7ri (8> 7To). Since A preserves the grading, fj, is a graded map. Thus Tg(M) is a graded 
bialgebra. By J9TJ Proposition 1.5.1], T B (M) is a graded Hopf algebra. □ 

The proof of Lemma 114.1.61 (i) Since (ft is a Hopf algebra map, to 1 ^ : B — > Tb'(M') is an 
algebra map. Since tft is a -B-bimodule map from M to ^M^, ti^ is a -B-bimodule map from 
M to Lq a,Tb'{M' ) t0( £. It follows that Tg(to</>, tiVO i s an algebra homomorphism from Tg(M) to 
Tb'(M'). Clearly, Tb{lo4>, tiip) preserves the gradation of Tg(M) and T B '(M'). 

Let := Ts(tQ0 5 Then both At b i{M')® an d (^ ® $)Ay B ( M j are graded algebra maps 
from Tb(M) to T B ,(M') <g> T B ,(M'). Now we show that A Tfl , (M /)$ = ($ <g) $)A Ts(M) . By the 
universal property of T B (M), we only have to prove that A^,^')^^ = ($ <g> ^)A Tg ^^L n for 
n = 1,2. Since (ft is a coalgebra map, one can see that Ay ^(MO^o = <8> $)Ay s (M)io- Note 
that -0 is a -B'-bicomodule map from to M'. Hence by the proof of Lemma 114.1.51 we have 

A T B ,(M') $t l = ^T B ,(M') i lV' 

= (to ® Ll^Mffp + (tl •XUo)^,^ 

= (to 8" tl)(<A 8> VO^m + (tl 8> t )(^ <8> 4>)&M 

= {lq4> <8> ti^)5 M + (ti-0 8) t </>)^ M 

= ($ ® *)(t (8) ti)5 M + ($ (8) $)(n ® t )4/ 

= ($<8)*)[(t (8)ti)<5 M + (n(8)to)(5 M ] 

= ($<g>$)A TB(M) ti. 

Furthermore, it is easy to see that e T B /(M')^ ) = e T B (M)- It follows that $ is a coalgebra map, 
and hence a Hopf algebra map since any bialgebra map between two Hopf algebras is a Hopf 
algebra map. 

(ii) Since (ft is a Hopf algebra map, (ftiiQ : T B {M) — > 1?' is e a coalgebra map. Since ^ is a 
.B'-bicomodule map from ^M^ to M', ipiri is a S'-bicomodule map from <t™oT B {M)'t mo to M' . 
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We also have corad (T£(M)) C lq(B), and hence (ipm ) (cor ad (T£(M))) = 0. It follows that 
Tg,((fiiro,ipiri) is a coalgebra map from Tg(M) to Tg,(M'). Clearly, Tg,((f>7ro,ipiri) is a graded 
map. 

Put ^ := Tg, (4>tto, ipTTi). Then both ^Ht^(m) an d /Mr c ,(M')(^'®^') are graded coalgebra maps 
from T B (M)®T B (M) to T B ,{M'). Since T B {M)®T B {M) is a graded coalgebra, corad(Tg(M)<g) 
?1(M)) C (T B (M) (8) T B (M)) = to(5) *o(B). It follows that (7Ti \P //t§ (M) ) (cor ad (T B (M) 
T%(M))) = and (7ri// T c ;(M ,)(* ® #))(corad (Tg(M) 8) Tg(M))) = 0. Thus by the universal 
property of T B ,(M'), in order to prove ^fJ-T^(M) = A*T°,(M')(* ® we om y need to show 
ir n *$> fJ-T°(M) = 7r n/ u T c ,(M')(^' ® ^ or n = lj 2. However, this follows from a straightforward 
computation dual to Part (i). Furthermore, one can see ^(1) = 1. Hence ^ is an algebra map, 
and so a Hopf algebra map. □ 

The Proof of Lemma 1.6: (i) (ii) Assume that 4> '■ B — > B' is a Hopf algebra isomorphism 
and ip : M — > ^ M'^ is a i?-Hopf bimodule isomorphism. Then tft^ 1 : B' —> B is also a Hopf 
algebra isomorphism and ip~ l : M' — > ^ > _ 1 M^_ 1 is a i?'-Hopf bimodule isomorphism. By Lemma 
I14.1.6l fi). we have two graded Hopf algebra homomorphisms Tb(lq4>, i\ip) : Tb(M) — ► Tb'(M') 
and Tbi{iq4>~ 1 , tiV' -1 ) : Tb'(M') — ► Tb(M). Then we have 

= ^(t>~ 1( t> = ^0 

and 

T B '{iQ(jr 1 ,ii^ l )TB{.iQ^,iif)ii = T B '{iQ(j)~ l , iii}" 1 )^ 

It follows from the universal property of Tb{M) that Ts'(to^ -1 ) L\if) ^Tb^q^, '-lVO = idT B (M)- 
Similarly, one can show that T b (lo4>, ^i^)Tb' {i-q4>~ 1 , i i'4 ) ~ l ) = idjvtiw 7 )- Hence T B (M) = 
Tg'(M') as graded Hopf algebras. 

(i) =>• (iii) It is similar to the proof above. 

(ii) =£- (i) Assume that / : Tb(M) — > Tb*{M') is a graded Hopf algebra isomorphism. Put 
</> := tto/^o an d V' := ^lAi- Then it is easy to check that is a Hopf algebra isomorphism from 

to B' and -0 is a l?-Hopf bimodule isomorphism from M to t M't . 

(iv) =>■ (i) Assume that (p is a graded Hopf algebra isomorphism from £?[M] to B'[M'\. Let 
cf) := TTQtpio and ip := ~K\ipL\. Obviously, is a Hopf algebra isomorphism from B to B' and if) is 
a bijection from M to M' . Now we show that ip is a 5-Hopf bimodule isomorphism from M to 
^ M'^ . Assume that a~,a + ,5~ and 5 + are the module operations and comodule operations 
of M; a' - , a /+ , <5'~ and <5 /+ are the module operations and comodule operations of M' . 

See that 

Oi'~((f) if)) = irin(i0TT0(ft0 ® ilTTl^il) 

= TTifj,(cpLo (g> and 
V?a~ = 7Ti<^ii7ri/x(io <8 i-i) 
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Thus tp is a left S-module homomorphism from M to a,M' . Similarly, we have that ip is a right 
5-module homomorphism from M to M'^. See that 

(8) idM>)5'~ip = {<t>~ 1 ® idM')(^o ® 7ri)Aii7Ti99ii 
= (0 _1 7To (8) 7Ti)A(/?ti and 

= (0 _1 7T O (8) 7Tl)A(^il . 

Thus ^ is a left S-comodule homomorphism from M to ^ 1 M / . Similarly, we have that if) is a 
right £?-comodule homomorphism from M to Af'^ . 
(iii) =>■ (iv) Obvious. □ 

The proof of Theorem 114.1.91 (i) (ii). Assume that (Q,G,r) is a Hopf quiver, where 
r is a ramification of G. For any C G K(G), let M{C) be a trivial right fcZ^^-module with 
dimM(C) = rc- That is, m ■ h = m for any m £ M(C) and /i G Z u iq\. From the proof of 
Theorem EXTJ M := ® y=xg -i u ^ C )g e , x, y eG^ x ® M ( c ) ®kz u{c) go) is a /cG-Hopf bimodule. Let 
{£q I i G Ic(r)} be a basis of M(C) over fc. Let <fi : kQ± ->Mbea /c-linear map defined by 

<P(axl) = £ ® fj? ®kz u(C) go, 

where x,y G G with x~ x y = gou(C)g e ~ 1 , C G fC r (G) and i G Ic( r )- It is easy to see that is a 
/c-linear isomorphism and a /cG-bicomodule homomorphism from kQ\ to M. It follows that the 
arrow comodule kQ\ admits a /cG-Hopf bimodule structure. 

(ii) (i). Assume that the arrow comodule kQ\ admits a /cG-Hopf bimodule structure. 
Then by Theorem 114.1.11 and its proof, there is a vector space isomorphism y (kQ'i) x = x (8> 
u ( c \kQ\) 1 ®kz u(c) go for any x,y G G with y = xggu(C)g g ~ 1 . Hence for any x,y G G with 
y = xggu(C)g e ~ 1 , we have dim y (kQ1) x = dim ui ' C \kQ\) 1 . This shows that Q is a Hopf quiver. 

(ii) <^ (iii) It follows from Lemma ll4.1.81 □ 

The proof of Lemma I14.2.7t We first show that t B(V) is a Nichols algebra of ^ V by 
following steps. Let R :=t B(V). 

(i) Obviously, i?o = k, R\ = P{R) and R is generated by R\ as algebras. Since C(x <8> y) = 
C'(x' (g> y') for any x',y' G R, x,y G 0(F) with x' = x, y' = y, where C and C denote the 
braidings in ^yT> and ^',yT>, respectively, we have that R is a graded braided Hopf algebra in 

%yv. 

(ii) R 1 =J 1 B(V)i ={ ' y as YD .B'-modules, since B(V) X = V as YD 5-modules. 
Consequently, ^ B(V) is a Nichols algebra of ^ V. By [7, Proposition 2.2 (iv) ], R = 

£>(^ V) as graded braided Hopf algebra in %yT>. □ 

Proposition 15.0.32. If (kQ1,G,r,~x,u) is a kG -Hopf bimodule, then (kG)* -coactions on 
the {kG)* -Hopf bimodule (kQf,G,r, Xi u ) are given by 

<n«E) = E^® a ®^-^ * + ^) = Y,xc(Co(h- 1 )- l )af h _ 1)Xh _ 1 ® Ph 

heG heG 

where x,y G G with x~ 1 y = g (} 1 u(C)gg, (g is given by (|14.3|) . C G K r (G), i G Ic(r) 
G (kG)* is defined by p h (g) = 6 h>g for all g,h £ G. 
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Proof. Let {kQ\ , G, r, ~x, u) = (kQf, a~, a + ) and (kQf,G,r,~x,u) = (kQf,5~~ ,5 + ). Since 
(kQI, kQf) is an arrow dual pairing, £&Q a is a (kG)*- Hopf bimodule isomorphism from (kQf, 5~ ,5 + ) 
to ((kQf)* , a"* , a + *) (see Lemma [T4.1.8[) . Now let h,x,y,v,w G G with x" 1 ^ = g e 1 u(C)ge, 
where C G JC r (G), 6 G ©c- By Proposition I14.1.1H we have 

((4S)*)> & ® <&) = <(<&)*, & • 41) 
= (( a y}x)*, a hw,hv) 

3x,hv&y,hw"i,j 
= ^h- 1 x,v^h~ 1 y,w^i,j ■ 

This shows that S~ ((a y %)*) = J2hecP h ® fc-ia)*' Hence the left (/cG)*-coaction of the 

(fcG)*-Hopf bimodule (kQf; G, r, ~x, u) is given by 

In order to show the second equation, we only need to show that 

< 8+((a% )*),ag2 <8> >= £ < ^(C^- 1 )- 1 )^-!^)* ® P„ aW IS * > (15.8) 

for any h,v,w G G, D G K(G),j G ^d(^) and G D, since ^Q a is a (fcG)*-Hopf bimodule 

isomorphism. liv^xh or w y£ yh , then there exists p G such that a^ it , • /i = f3a^ h vh by 
Proposition 114.1.111 By simple computation, both the right hand side and the left hand side of 
(|15.8p are zero. 

Now assume d = xh~ x andto = yh" 1 . Assume gg hr x = (e(h~ 1 )ge>. ThusTj -1 ^ = hg~ 1 u(C)geh~ 1 
= gg^Ceih-'yMCKeih-^ge' = 9^(^96'- Since g e >h = Ce'^^ge, (e>(h) = CeQiT 1 )- 1 . 
Now we have 

the left hand side of (flXSD = (5 + ( (a y % )*), a£]v 8> h) 

= (O^jm:) j ®"ui,v ' h) 
= X { S\(e>(h))((a y %y ia { X vh ) 
= x^iCeihWij 
= X { § {Ce{h- l )- l )5 h3 
= the right hand side of (|15.8p . □ 

Now, we give an interesting quantum combinatoric formula by means of multiple Taft alge- 
bras. Let n be a positive integer and S n be the symmetric group on the set {1, 2, • • • , n}. For 
any permutation a G S n , let r(a) denote the number of reverse order of a, i.e., t(cj) = |{(i,j) | 
1 < * < j < n,a(i) > a(j)}\. For any ^ q G k, let S n (q) := ZaeS n <f (a) ■ 

Lemma 15.0.33. In kQ c (G,r,~x ,u), assume g G K r (G) and j G I{g}(r). Let q := X/giG?)- 
If " ,im be non-negative integers, then 

Jj) . a U) n U) _ n p m + m{m - 1) a ( n -l\pU) In m ) 



where a m = h + i 2 H + i m , Pjf \g,m) = agi h>gm -i h agi-i h>gm -2 h ■ ■ ■ a g h, h , P 

An = EfciH*! + *2 + • • • + ij) if™ > I- 



and 
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Proof. Now let ai = a gi t +i % t f° r I = 1>2, ■■ ■ , m and consider the sequence of m arrows 
^4 = (a m , ■ ■ ■ ,ai). We shall use the notations of [HU p. 247]. For any a £ S m and 1 < I < m, let 
m(o,l) = \{i\i< l,<r(i) < <r{l)}\. Then 

m(a,l) = (I- 1) - |{* | i < l,a(i) > a(l)}\, 

and hence 

ZT =l m(a,l) = =^-E£i|{i|i<i^(0>^(0}| 

m(m—l) i \ 

Now it follows from |36|, Proposition 3.13] that 

= Z„es m (II™ i fl H+^+-+V(O- 1 +-(-.0)P ff (£ ( 5 , m) 

o . m ( m — 1 ) -, / ~ 

= / m+ ^^5 m (g- 1 )P 9 ( l( 5 ,m). □ 

Let G = Z be the infinite cyclic group with generator g and let r be a ramification of G 
given by r^ g y = 1 and ^{ g «} = if n / 1. Let 7^ q £ fc. Define £ C by (<?) = °- Then 
(G, r, % , u) is an RSC . Using Lemma 114.3.31 and Lemma ll5. 0.331 one gets the following result. 

m(m— 1) -. 

Example 15.0.34. (i) For any 7^ q G fc, (m) g ! = g 2 S m (q~ ), and S m (q) = 

m(m— 1) 

(m)i!q 2 ; where m is a positive integer. 

q 

(ii) Assume q is a primitive n-th root of unity with n > 1. T/ten S m (q) =0 if m > n, and 
S m (q) / 0j/0<m<n. 

Let i? and I? be algebras over field fc and H be a Hopf algebra over k. 

If B is a right .ff-comodule algebra with R Q B and 5 caff = R : then i? is called an 
H -extension of A. Furthermore, if there exists an convolution-invertible right ii-comodule 
homomorphism 7 from H to B, then B is called an .ff-cleft extension. 

Theorem 15.0.35. (see fET] theorem 7.2.2]) An H-extension R C B is an H-cleft iff 

B = R^ a H as algebras. 

Sketch of proof. If R C B is an if-cleft, then there is an convolution-invertible right 
.ff-comodule homomorphism 7 from H to B. Set 

a(h,a) = y^7(/ti)a7~ 1 (/i2) 

and 

a(h,k) =Y J l(.h 1 h(k 1 ) 1 - 1 (h 2 k 2 ) 

for any h,k £ H,a £ R. We can show that the conditions in Theorem 14.1.11 are satisfied. Thus 
Rjf a K is an algebra. We can check that $ is an algebra isomorphism from Rff a H to B by 
sending affh to arfifi) for any a £ R, h £ H . 
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Conversely, if R# a H is an algebra, we define that B = R# a H and j(h) = l#h for any 
h £ H. It is clear that the convolution-inverse of 7 is 

l-\h) = Y,^\S{h 2 )M#S{h 1 ) 

for any h S H. We can show that R C B is an if-cleft extension. □ 

Theorem 15.0.36. (see jl90[ theorem 7.2.2]) Let H be a finite- dimensional, semisimple and 
either commutative or cocommutative. Let A# a H be a crossed product. Assume that R is H- 
prime. Then R# a H has only finite many minimal prime ideals and their intersection is zero. 
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Index 



A°v, A cop O 
ad C/ig] 

A# a H,A a>a ^H,Chm 

Atx\ H, A ixi H, A* txf* H C/iJJ 

A tx\ R H El 

A>^ r #1731 

cy#£ c^oi 
c ED 
77, Cfrfl] 

/i, /; 

m Chm 

0(H,A), Chm 
QYBE Ch\I3\ 
S Chm 

EH 

action , adjoint action, C/iJH 
algebra , C/i{TJ 

almost commutative, C/iJT] 
anyonic Hopf algebra J8.ll 

bialgebra, C/iQ] 



A*, A* l7.3l8.ll C/tfT1 

ED 

A^ p #^H,At#H, Chm 
A&txfp H, Atx\ H fO 

c,c r ,c fl , c/ifn 
c(M) EH 

A,e, CTiUJ 
/*<?, CMJJ 

fry, C/iUJ 
U, iff, C/tfJ 
rgD,wD,lpd, ChM 

M H ,M coH , Ch^\ 

TTA^H, ChM 

rH,r Hb ,r bH ,r Hj ,r jH 112.11 M M 

/, c/iUJ 

adjoint coaction, C/iJH 
almost cocommutative, C/if7] 

antipode, C/i{TJ 

anyonic algebra, 12.11 
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biproduct, bicrossproduct 1 4.11 
braided group, C7i|T] 

Braided tensor category ,C/i(T] 

classical Yang-Baxter equation, 260 
cobound Lie bialgebra, C/tJTBI 
coevaluation , C/iQ] 

comodule, comultiplication , C/iQ] 
comp onent ] 9.11 
coradical ] 9.11 

double bicrossproduct ,Ch J3] 

Drinfeld double FO 
e Lie algebra J 2.11 

graded algebra, graded coalgebra J 2.21 
Hopf module I 2.11 
ff-Hopf moduleOD] 
i?-m-sequence, C/iJTT] 
^-radical, Ch\M 

left dual, Chm 

Maschke's theorem ! 2.11 
quantum Yang-Baxter equation 17.11 
quasit r iangular , Ch Q] 

relative irreducible ! 9.11 
restricted Lie algebra J 10.21 
strongly symmetric element J 13.21 
superspace, super-Hopf algebra J 2.11 

a, (5- skew symmetric ! 13.21 

skew group ring, C/iflOl 

tensor category, Ch Q] 

twisted H- module, C/i|H 

weak action, 79 

weak-closed 1 9.11 

Yetter — Drinfeldmodule, C/iQ] 



Braiding, Ch\T} 
braided Hopf algebra, C/iJH 
braided group analogue ! 5.11 
coalgebra , C/i|T] 
2-cocycle, 2-cycle ,C/i|H 
cocommutative, commutative ,C/i|H 
convolution ,C/iQ] 

coquasitriangular ,C/iH] 
counit , C/iQ] 
cross (co)product, C/ij3] 
evaluation, C/i[U 
full ff-comodule ! 9.11 

Hopf algebra , C/iQ] 

Hopf module algebra 1 11.11 
.ff-module (co) algebra ] 11.11 
ff-m-nilpotent . C/tfTTI 
inner action, C/iU] 
integral, Ch[[\ 

Lie colour algebra, Lie H-algebra l 2.11 
module algebra, module coalgebra, C/iQ] 
quantun group, C/iQ] 
quantum commutative J4.3I 

.R-matrix, C/iJT] 

smash coproduct, smash product, C/iJH 
symmetric tensor category ,C/iQ] 
a, /3-svmmetric l 13.H 
skew pairing, skew copairing, C/iJT] 
triangular Hopf algebra f2.il 
twist map, C/iQ] 
wedge product 1 9.11 

weak i?-matrix, weak r-comatrix, C/iJT] 
w-relational hereditary ! 9.11 
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